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SECTION  I 


INTRODUCTION 


This  report  describes  the  development  of  new  theoretical  techniques 

. . » . ‘ T --Mr' 

and  results  obtained  In  the  theoretical  Investigation  of  Inelastic  cross 
sections  for  electron-impact  excitation, and  Ionization  of  atoms  and  mole- 
cules Initially  In  their  metastable  states.  The  research  described  here 
was  conducted  under  the  auspices  of  USAF  contracts  F3361S-74-C-4003  and 
F3361S-76-C-2003.  The  cross  sections  to  be  obtained  as^  a result  are  of 
basic  significance  to  kinetic  modeling  of  rare  gas-rare  gas  exclmer  and 
rare  gas-hallde  laser  systems. 

The  objectives  of  these  contracts^  were  (a)  to  assess  the  suitability 
of  application  of  any  present  theoretical  treatments  of  electron-atom 
scattering  to  atoms  Initially  In  excited  states  and  then  (b)  to  select 

t ■ • ' f . 

one  or  more  of  these  theories  for  calculation  of  the  cross  sections  <x  for 
excitation  and  Ionization  of  metastable  atoms  (He*,  Ne*,  Ar*,  Kr*  and 
Xe”)  and  molecules  (N.  , CO  ) by  collision  with  electrons  as  a function 
of  Inpact-energy  E.  This  latter  step  (b)  also  required  the  formulation 
of  the  selected  theory  or  theories  Into  computer  codes  which  are  suitable 
for  CDC-6400  and  CDC-6600  computers  and  which  yield,  as  the  end  product, 
the  required  cross  sections  o versus  E.  The  computer  programs  are  fully 
documented  In  an  accompanying  report  entitled,  "User's  Manual." 

EXCITATION;  However,  as  the  Investigation  progressed.  It  soon 

' ^ I 

became  apparent  that  there  were  not  any  available  methods  that  were 
directly  suitable  for  colllslonal  excitation  between  excited  states 
and  that  new  theoretical  treatments  were  required.  The  physics  of 
this  situation  was  carefully  examined  and  this  effort  culminated  In 
the  development  of  a new  theoretical  method  which  we  named,  "The 


multichannel  elkonal  treatment  of  electron-atom  colllslona,”  which  was 


designed  with  excited  states  In  mind,  and  which  was  directly  applicable 


to  excitation  collisions  between  electrons  and  excited  rare-gas  atoms 


The  method  has  since  met  with  considerable  success  and  has  received 


The  method  is  fully  described  In  Sections  4.1-  4.5,  is  fully  tested 


by  coiif>arlson  with  other  theoretical  descriptions  and  experiments  for 
collisions  involving  ground-state  species  In  Sections  4.2 -4.5  and 
Appendix  C and  Is  then  applied  to  electron-metastable  helium  collisions 


Various  Interesting  trends  emerged  In  this  Investigation,  all  of 


which  are  fully  documented  in  this  report.  For  example,  contrary  to 


expectation,  the  optically  forbidden  2 * S 3 


Induced  by  electron- Impact,  are  much  more  probable  than  the  optically 


allowed  I'*' * s - S"*" ’ r transitions,  except,  of  course,  in  the  limit  of 


high  Impact  energies  when  a for  the  dipole  transitions  with  their  slower 


varying  E In  E dependence  eventually  dominate. 

These  unexpected  trends  were  fully  Investigated  and  were  found  to  be 


but  particular  cases  of  a more  general  trend  underlying  collisions  In' 


volvlng  atoms  In  excited  states  In  general.  This  Investigation  culminated 
In  new  predictions  for  the  preferential  population  of  final  states  with 


angular  momentum  1'  In  collisions  Involving  atoms  initially  excited.  We 


tlons  and  form  factors  for  nJt'^'n'l*  direct  colllslonal  transitions 


Is  fully  described  In  Section  7 


Here,  certain  theoretical  predictions  are  presented  for  the  prefer- 


ential population  of  final  states  with  angular  momentum  1*  In  collisions 


Involving  an  atom  Initially  excited.  With  variation  of  we  find  that 

the  maxima  of  both  the  Inelastic  form  factors  and  cross  sections  for  the 

nJ,-*-n'l'  transitions  in  hydrogen.  Induced  by,  collision  with  electrons  and 

heavy  particles,  in  general  oscillate  on  a background  which  rises  as  1’  is 

Increased,  tmtil  they  both  attain  a pronounced  peak  at  a unique  value  I' 

max 

which  Is  strongly  dependent  only  on  the  initial  principal  quantum  nuorijer  n 
and  %rhich  is  fairly  insensitive  to  changes  iri  I and  n*.  An  eii^ression  for 
^max  derived.  For  t'  > the  form  factors  and  associated  cross 

sections  eidiiblt  a dramatic  decline,  resulting  in  negligible  population 
of  those  states.  The  predictions  differ  from  that  suggested'  by  the  Bethe 
high-energy  asymptotic-limit  which  favors  dipole  transitions,  and  assume 
significance  in  situations  where  excited  states  are  important  as  in  laser 
modeling,  astrophysical  and  fusion  plasmas,  and  in  laboratory  studies  of 
excited  Rydberg  states.  For  heavy-particle  (nl-»-n')l')  collisional- 
transitlons  the  additional  (mdulatlons  which  appear  in  the  cross  sections 
over  a wide  energy-range  are  predicted  and  explained. 

> IONIZATION;  The  ionization  by  electron  impact  of  rare  gas  atoms 
(He*,  Ne*,  Ar*,  Kr*,  Xe*)  initially  in  their  metastable  states  is  treated 
by  the  Bom  and  by  the  binary  encotnter  approximations,  the  only  basic' 
methods  at  present  used  for  ionization  cross  sections.  This  work  is 
fully  documented  in  Sections  5.2  and  6 of  this  report. 

The  cross  sections  for  excitation  and  ionization  of  He*,  Ne*,  Ar*, 

Kr*  and  Xe*  calculated  in  this  report  as  a function  of  electron-impact 
energy  E are  quite  basic  and  important  to  the  kinetic  modeling  of  both 
rare  gas-rare  gas  excimer  lasers  and  of  rare  gas-halide  lasers. 


I 


SECTION  II 


SUMHART  OF  VX)RK  PERFORMED 


S)  Collisions;  In  Section  3,  the  collision  processes 


are  examined  as  a function  of  Impact  energy  E by  application  of  both  the 
Bom  and  the  various  Vainshtein,  Presnyakov  and  Sobel'man  approximations 


These  results  Indi- 


cated that  a much  more  elaborate  theoretical  treatment  was  required,  a 
treatment  which  Included  couplings  between  excited  states  and  which  allowed 


In  particular  for  the  Influence  of  the  (2  ’ S - 2 * P)  dipoles  In  the  col 


llslon  process 


collisions,"  Is  proposed.  Among  Its  many  advantages  discussed  fully,  this 
description  Includes  couplings  In  a very  efficient  way  and  convergence  of 
cross  sections  In  the  Impact-parameter  representation  Is  quickly  achieved. 
These  advantages  are  to  be  contrasted  with  the  customary  quantal  close- 
coupling approximation  which  (a)  becomes  prohibitively  difficult  to  apply 
with  Increase  of  Impact-energy  E and  of  number  of  atomic  states  being 
plagued  with  slow  convergence  and  (b)  has  serious  Inherent  problems  asso- 
ciated with  Its  application  to  electron-excited  atom  collisions. 


In  Section  4 the  present  method  Is  fully  tested  by  comparing  the 
cross  sections  for  the  following  processes  Involving  ground-state  atoms 


Initially 


4 


I the  relative  population  of  the  M-0  substate  and  (5)  yields  the  dif- 

ference In  phases  of  the  respective  scattering  aii9>lltudes,  both  parameters 
X and  X AS  functions  of  scattering  angle  6 and  Impact-energy  E.  These 
parameters  therefore  yield  valuable  Inslgbt  to  the  polarization  of  the 
emitted  radiation  from  the  colllslonally  excited  state. 

I 


S' 


1 3 

2 . 3 e-He(2  * S)  Inelastic  Collisions;  In  Section  5 , the  multichannel 
elkonal  treatment  la  further  discussed  from  a slightly  different  perspective 
than  that  In  Section  4 and  Is  applied  to  the  processes, 

e + He(2^S)  -*■  e + He(l^S,2^P,3^S,3^P,3^D)  (7) 

and 

e + He(2^S)  -*•  e + He(2^P,3^S,3^P,3^D)  . (8) 

Excitation  cross  sections  — differential  and  Integral  — and  the  X and  x 
parameters  are  obtained.  Here  ve  also  demonstrate  that  the  method  satis- 
fies the  principle  of  detailed  balance,  l.e.,  the  rates  for  the  forward 
l^S-»-2^S  and  reverse  2^S-»-l^S  transitions  In  e-He  collisions  satisfy 

where  a.-  and  a_.  are  the  cross  sections  for  the  forward  and  reverse 
If  fi 

transitions,  and  where  and  k^  are  the  wavenuo^bers  of  relative  motion 
of  the  Incident  and  scattered  electron  respectively. 

Also  In  Section  5,  the  excitation  md  the  Ionization  processes, 

e + He(2^S)  e + He(4^S,P,D,F;5^S,P,D,F,G)  (10) 

and 

e + He(2^’^S)  -*•  e + He'*'(ls)  + e (11) 

respectively  are  examined.  Important  conclusions  are  reached. 

Tables  and  figures  of  the  cross  sections  versus  liiq>act  energy  E for 
the  above  processes  (7)  _ (u)  are  displayed  In  pages  157-159  of  this 
report . 


6 


2.4  e-Ne*,  Ar  , Kr*.,  Xe*  lonlaatloo: ..  Cross  sectioi^s  for  Ionization 
of  metastable  rare-gas  atoms  (Ne*,  Ar*^  Kr*,^Xe*)  aa(J -of  metastable 

and  CO  by  electron  Intact  are  obtained  as -a  function -o£. Impact  anengy 'E 
and  are  displayed  In  tables, apd  flgureSj.on  pagas  160-165  o£  this  report. 

2.5  General  Trends;  Section  7 contains  a full  dlscu'sslon  of,  for 
example,  the  reasons  that  the  cross  section  for  2 * S - 3 ’ D transitions 
dominate  the  2^*^S  - 3^*^P  dipole  transitions  in  e-He(2^*^S)  collisions 

at  low  and  Intermediate  Impact-energies  E.  It  is  found  that  this  behavior 
Is  but  a particular  case  of  a more  general  trend.  Certain  theoretical 
predictions  are  presented  here  for  the  preferential  population  of  final 
states  with  angular  momentum  V In  collisions  Involving  an  atom  Initially 
excited.  Not  only  does  this  section  represent  a very  fitting  conclusion 
to  the  work  performed  In  the  previous  sections  but  also  It  points  the  way 
to  a whole  new  arena  of  problems  In  atomic  and  molecular  collisions  of 
direct  reference  to  feasibility  studies  of  gas  lasers  and  of  laser  fusion. 

2.6  Other  Related  Work;  Finally  in  Appendix  A,  another  new  theo- 
retical description  of  transitions  In  electron-atom  and  heavy-particle 
collisions  at  Intermediate  energies  Is  developed.  In  Appendix  B,  new 
semlclasslcal  treatments  of  rotational  and  vibrational  transitions  In 
heavy  particle  collisions  Is  proposed  and  applied  to  the  rotational 
excitation  of  H2(X^E^,J)  by  H(ls)  and  by  He(l^S).  In  Appendix  C,  the 
multichannel  elkonal  treatment  published  In  the  book,  "Electron  and  Photon 
Interactions  with  Atoms,"  edited  by  H.  Xlelnpoppen  and  M.  R.  C.  McDowell 


Is  given. 


2.7  Ph.D.  Theses;  As  a result  of  the  research  reported  here,  two 
fomer  graduate  students,  R.  J.  KcCann  and  W.  R.  Morrison  obtained  their 
Ph.D.  degrees  awarded  by  Georgia  Institute  of  Technology  In  1975  and' In 
1978.  Copies  of  their  theses  which  served  as  partial  fulfillment  for  the 
Ph.D.  degrees  have  been  presented  separately  as  reports  AFAPL-TR- 
and  AFAPL-TR-78>57. 


EXCITATION  IN  ELECTRON-METASTABLE  HELIUM  COLLISIONS 
In  this  section  the  Born  and  the  Vainshtein,  Presnyakov  and  Sobel'aan 
approxlnatlons  are  applied  to  the  theoretical  Investigation  of  the  cross 
sections  for  the  excitation  processes 

e + He(2^*^S)  -*■  e + He(2^» ^,3^* ^S,3^*^P,3^’\,4^’^P)  (1) 

as  a function  of  Inpact  energy  E.  This  work  Is  published  In  Journal  of 
Applied  Physics  46  (1975)  1186-1190  and  a detailed  account  now  follows. 

3.1  Excitation  In  Electronr-Metastable  Hellua  Collisions; 
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Excitation  in  electron-mataatabla  haNum  collisions* 

M.  R.  Flannery,  W.  F.  Morriaon.  and  B.  L Richmond 

Sekoot  df  Phyties.  GtanHa  IrnMult  tf  Ttdutotao.  Allmm.  Orntgia  J(Bi2 
OUoehicd  U October  1974) 

Tlw  2'^P,  V-^S,  i'-’P,  3'''0  aod  4'^P  cidtotioM  iriiiet  ftoa  <-ll«(2'-*S)  mIliBnoi  ire  eumined 
by  apiiiicatioa  of  the  Bm  imI  of  the  Veieiblebi.  Pt— ybfl*.  Md  aobcriMa  lyyrniieMlinM  Totil 
excitation  cron  tectiom  are  calculated  for  the  above  trauiiliaaa  for  ilertma  anpact  tnergy  £ up  to 
300  eV.  Contrary  to  expectation,  excitation  to  the  S'-’O  and  3'-*S  itaMa  rtnBiailr  the  3''’P  and 
d'-’P  except  at  incident  tnergite  above  100  eV. 


I.  INTRODUCTION 

While  theoretical  and  experimental  knowledge  of  colli- 
sions between  electrons  and  ground-state  atomic  qiecles 
has  increased  significantly  during  the  past  decade, 
relatively  little*  is  known  with  any  great  certainty  about 
collisions  involving  metastables.  In  a high-density  gas 
discharge,  metastable  states  are  populated  predomi- 
nantly by  dissociative  recombination 

« + Hei-He  + He*  U) 

between  slow  electrons  and  molecular  ions  formed 
initially  by  the  rapid  three-body  association  process 

He*  + 2He-H^  + Ho.  (2) 

In  (1),  the  excited  levels  with  principal  quantum 
number  3 (except,  perhaps,  the  3*'%  states)  are 
depleted  by  associative  ionization  (or  the  Hombeck- 
Molnar  process) 

He**+He-H«4  + e (3) 

thereby  ensuring  that  the  2**^  metastable  states,  which 
are  also  formed  by  direct  electron-impact  excitation 
from  the  ground  state,  are  the  dominant  excited  atomic 
species.  The  rates  of  the  subsequent  collision  processes 
involving  the  metastables  are  very  important  to  the 
analysis  of  gaseous  discharges  and  gaseous  nebulae* 
and  are  at  present  unknown.  In  vacinim  uv-lasers,  for 
example,  excited  molecular  states  Hej  are  formed 
mainly  by 

He*  + 2He-He*+He  (4) 

which  radiate  photons  of  wavelength  ~ 610  A to  the  dis- 
sociative ground  state,  thereby  ensuring  automatic 
population  inversion.  The  metastable  He*  formed  via 
(1)  is  primarily  depleted  by  the  excitation  processes, 

e+He(2*-*S)-e  + He(»‘'’L),  n=2-4;  L=S,  P,  D 

(5) 

the  cross  sections  for  which  would  critically  affect  the 
over-all  formation  rate  of  He{  by  (4).  Any  information 
on  the  above  processes  (5)  is  very  scarce. 

In  an  effort  to  systematically  explore  the  various 
processes  involving  metastables,  we  will  consider  in 
this  piq>er  the  excitation  cross  sections  for  (5)  by  using 
initially  the  simpler  theoretical  iqiproaches— the  Bom* 
and  the  Vainshtein,  Presnyakov,  and  Sobel’man  (VPS) 
approximations.*  Various  effects  such  as  the  repulsion 
between  the  incident  and  excited  electrons,  effective- 
charge,  and  electron-exchange  effects  are  included  to 
first  order  In  the  VPS  method.  Not  only  will  this  present 


investigation  establish  some  remarkable  pnverties  of 
the  cross  sections  but  also  will  provide  the  additional 
insight  to  the  collision  needed  as  a basis  for  more  re- 
fined descriptfons. 

11.  THEORY 

According  to  the  Bora  approximation*  for  electron- 
atom  collisions,  the  total  cross  section  for  excitation 
of  state  N from  an  initial  state  i of  the  target  atom  is 
givmi  by 

in  atomic  units  (<^,  where 

P„(K)  ={4>i(Ti,  rg)  I ^ «q>(«*  r^l  ♦.(rj, r,)>  (7) 

is  generalized  form  factor  connecting  states  i and  m of 
atomic  helium,  the  bound  electrons  at  r,  and  r,  being 
described  by  the  set  of  wave  functions  ^,(r,,r,)  with 
eigenenergles  €,.  The  vector  K=k, -k,,  where  k,  and 
k„  are  the  Initial  and  final  wave  numbers  of  rdative 
motion,  is  the  momentum  change  suffered  by  the  colli- 
sion. From  a knowledge  of  the  form  factor  (7),  the 
excitation  cross  sections  are  easily  calculated  from  (6). 

In  Born’s  approximation,  however,  and  in  more  re- 
fined descriptions,  e.g.,  the  close-coupling  method,  the 
total  wave  function  for  the  collision  system  is  expanded 
in  terms  of  unperturbed  atomic  states , the  interaction 
between  the  incoming  electron  and  the  atom  being 
treated  as  a perturbation,  assumed  small.  In  this  in- 
stance, the  averaged  attraction  of  the  incident  electron 
with  the  screened  nucleus  is  of  primary  importance, 
while  details  of  repulsion  with  the  atomic  electrons  is 
ignored  in  the  wave  function  describing  the  relative 
motion.  However,  when  an  atom  is  initially  in  an  excited 
state,  the  electron  is  generally  quite  distant  from  the 
core  [for  HOi),  <r,>=n*V>  for  He(2*S),(r^  = 5.S«^l  and 
hence,  the  incident  electron  is  subjected  not  to  the 
avera^  field  of  the  orbital  electron  about  the  core  but 
actually  to  two  strong  Coulomb  fields — the  e-e  repulsion 
and  the  c-core  attraction.  Theee  two  fields  reduce  to  the 
averaged  field  only  for  distant  encounters. 

For  electron-hydrogen  scattering,  Vainshtein  et  al* 
have  introduced  a method  whereby  a product  of  Coulom- 
bic  functions  is  chosen  to  represent  the  zero-order  (un- 
perturbed) wave  function  for  the  e-H  rriatlve  motion. 
The  method  achieved  notable  success  for  e-H  (Is)  exci- 
tation and  ionization.  The  extension  of  their  analysis  to 


f 


colliBionB  is  straightforward,  and  results  in 
the  cross  section, 

"l^ii,CW|*[/(v,*)p^  (8! 

in  which  the  integrand  oi  (6)  is  multiplied  by  the  square 
ot  the  {actor. 


sions  in  which  electrons  1 and  3 have  been  interchanged. 
By  taking  F,,,  to  be  a plane  wave,  then  (14)-<16)  gives 
rise  to  the  Bom-Oppenheimer  appraximation.*  By  taking 
to  be  a plane  wave  and  to  be  a product  ot  unper- 
turbed Coulombic  waves,  then 

gir  = (K*/2**)/<v,  i)/f. , (17) 

/5=/i.  wlthF,.,=e3q>(ik^,*r,), 

for  the  exchange  amplitude  can  eventually  be  derived 
from  application  of  the  VPS  approximation  which  also 
assumes  and  hence  V,  =1  in  (14).  Then, 

the  total  cross  section  including  nchange  for  singlet- 
singlet  transitions  is  finally 

«};*(*,)=  ^ / |F«(«)|Mcoe9) 

(18) 

For  the  triplet-triplet  transitions  in  (5),  the  over-all 
antisymmetric  spatial -spin  state  function  can  either  be- 
long to  a doublet  or  as  a quartet  spin  state.  Scattering 
in  the  doublet  mode  occurs  in  one-third  of  all  collisions 
while  two-thirds  of  all  collisions  are  in  a quartet  mode. 
The  total  wave  function  analogous  to  (11)  is  therefore 

♦*•(1 , 3;  3)  = (*1(1 , a)F,  (3) 


' vv  ' 

.sinhsv 


where  F is  a hypergeometric  function  with  arguments 

ao) 

in  which  is  the  excitation  energy  in  atomic 

units  (27.2  eV)  and  where  the  second  value  of  v in  (10)  is 
designed  to  account  for  the  fact  that  the  atomic  electrons 
are  bound  so  as  to  give  an  effective-charge  effect. 

The  effect  of  exchange  between  the  incident  and  atomic 
electrons  is  ignored  by  (6)  and  (8).  Bs  acknowledgment 
involves  explicit  inclusion  of  spin  functions.  For  sing- 
let-singlet transitions  the  over-all  spin  state  for  the 
(e-He)  system  is  a doublet  and  the  total  wave  function 
for  the  three  electrons  denoted  by  1,  2,  and  3 is,  in  a 
two-state  treatmmit,  given  by. 


*•*•*  (11) 

+ ♦»(!,  2)F,(3)1  x-a , 3;3)  - 

where  F,(3)  is  the  wave  function  describing  the  pro- 
jectile-target relative  motion,  where 

X*(l,2;3)  = (l/V3D(o,/i^-8,o,)o,  (12) 

is  the  normalized  doublet  spin  function,  and  where 
**(1,2) =*'*(2,1)  is  the  symmetrical  spatial  wave  fonc- 
tion  for  singlet  helium.  The  over-all  wave  function  **, 
normalized  by  Af,,  is  antisymmetric  with  respect  to 
interchange  of  say  two  electrons.  The  Bom  approxlina- 
tion  to  the  amplitude  for  scattering  by  angle  • is 
therefore 

where  V(r„r„r^  is  the  c-Be  electrostatic  interaction 
and  Ff(f)  = 0xp(^  • r).  On  performing  the  cyclic  sum- 
mations in  (11),  on  summit  over  the  sptn  substatss 

in  (13)  and  on  using  the  oithonomml  properties 
of  the  spin  functions  at,  and  fi,,  than,  the  seattertag 
amplitude  reduces,  after  some  analysis,  to 

/?*(•)=^J(/,.-gJ,  (XA) 

where 

/,.(»)* -^  ^<**.U,a)F,(3)|  K|**a,8)F,(l))  08) 

is  Os  scattering  amplltads  for  diruet  eolHeleas  alcas 

and 


in  which  *^(1,2)  is  the  antisymmetric  spatial  wave  func' 
tion  for  triplet  helium  and  where  ttie  three-electron 
normalised  spin  functions  are 

Afs  = + | 

X^(I,2,S  - (i//5)(o,j£,^^+a^^or,+^,o,o,),  Ms  = +i 


(20a) 

for  the  quartet  spin  state  arlth  total  magnetic  components 
M«  = } and  i,  and 

Xj(* , 2;  3)  = (l//8H2a,o^  - o,(a,fl^  + o,^,)],  M j = + 1 

(20b) 

represents  the  doublet  state.  The  functions  appropriate 
to  states  with  negative  magnetic  quantum  numters  are 
obtained  from  (12)  and  (20)  by  the  o,  •— > interchange 

tor  sacb  of  the  three  electrons  in  the  corresponding 
function  tor  positive  itf, . 

By  rndMtimtiag  (18)  and  (20)  in  (13)  and  by  performing 
the  eyelle  summations,  thsn  after  lengthy,  although 
stralghifonrard,  analyiris, 

F"(D)=17,C/,.+g,^  (21a) 


(21b) 

are  obtained  for  the  scattering  amptttudes  in  the  doublet 
(D)  and  quartet  (Q)  modes,  respectively.  Since  one-third 
and  two-thirds  of  all  collisions  are  in  the  J>  and  Q 


<**(3,2)F,(1>|F|**0,2)F,(I)>  08) 


FK}.  1.  (t)  The  2*P  end  t>)  the  3*S  eroes  necttiobs  tor  excttetlon  ertslng  Irom  e-HeC'S)  coHIsIobb  u a function  of  electron  Impact 
energy.  Broken  curve:  Bom  approximation,  (6)  in  text;  eoltd  curve:  VPS  approxlnaatton,  1,  2— (Bl— dOl  in  text,  with  and  without 
affective  charge,  3 — (18)  with  affective  charge  and  exchange. 


examination  of  the  excitation  processes, 

e+He(2‘’*S)-e  + He^'*i.),  « = 2-4,  L=S,  P,  D,  (|4) 

for  incident-electron  enerKies  E from  threshold  up  to 
SOO  eV.  Highly  aemnt*  form  factors  (S)  have  already 
been  computed  fay  Kim  and  Inokutl*  from  the  eodremety 
reliable  correlated  wave  foncttons  of  Weiss.*  The 
following  tour  sets  of  cross-section  caicnlattona  were 
performed  for  each  transition  in  (|4)— the  Bom  approxi- 
mation B given  by  (6),  aad  the  three  YPt  approsimattons 
given  by  (■)— (10),  with  and  without  the  alfeettve  charge, 
and  by  (II)  and  (11)  whieh  include  the  additional  oCfoet 
of  eleetran  eaelHmge  in  siagUt-sliwlot  and  triplet- 
tiiplot  transltioss,  rsspsetiveiy. 

In  Pigs.  1—4  are  prsesstsd  the  Bern  aad  TH  eresn 
sections  (In  v4*0>M*<4^  •■■*)  nnicwlsted  to  wllhia 
1%  aecnmcy  as  a tanetion  of  Impnct  snsrgj  E (e¥).  The 
present  Bom  valnas  agree  with  those  previously  given 
by  Kim  aad  Inokutl*  for  the  M-I'P  and  the  triplet- 
triplet  traasttions.  The  optleal  line  strengths  S tor  the 
a**9-8‘'*l>  trsMitioM  am  the  largest  (M.S  and  17.7 
atomic  units,  respsctlvoly*)  aad  hence  it  Is  only  to  be 
sspsotsd  that  the  eollision  cross  sectiens  for  these  sa- 
cltations  dominate.  However,  Pi^.  3 demonstrates  a 
remarkable  feotum  at  low  E when  the  collisional  eaci- 
tattoM  am  hi  the  following  descending  order  S‘l)>  3'S 
>S*P>4‘P.  At  high  B>100  eV,  the  natural  order  3*P 
> 3*B  > 3*3  > 4'P  is  followed  when  the  cross  ectlons 


modes,  respectively,  then 

(22a) 

= l/,.l*-2RsOiX)  + 3|A,l*.  (22b) 

Hence,  the  total  excitation  cross  section  for  triplet- 
triplet  transitions  is  then 

«»:*(*,)= 2*  Jj-  J |/”(8)|*d(co88)  (23a) 

_ 8v  f IP..(K)I«4^..  - ,1 


on  iqppllcation  of  the  VPS  approximations  0)  aad  (17) 
for  and  g^,  respectively.  Note  that  at  high  Impact 
energies,  the  fonetion  /(v,x)  — 1 so  that  the  Bom  aad 
the  Ochkur*  approximations  am  recovered  for  the  dimtd 
and  exchange  scattering  amplitudes,  respectively.  The 
Ochkur  method  is  a simplification  to  the  original  Bora- 
Oppenheimer  approximation  mentlonod  above  and  ia 
therefore  based  on  the  use  of  plane  wavoa  for  the  rela- 
tive motion. 


III.  RESULTS  AND  DISCUSSION 
The  theory  outlined  abom  has  been  applied  to  the 


apf)roximatlon  (3)  with  effective  charge  and  exchange;  i/dOf-)’. 
close-coupling  results  of  Burke  et  al.  (Bef.  8). 


~E’^  loB  for  the  optically  allowed  transitions,  and  ~F** 
for  the  optically  forbidden  transitions.  For  the  singlet 
transitions  flr(3*S) ><t(3*P)  from  threshold  up  to  ~12  eV, 
while  <t(3'I))  remains  greater  than  o(3^P)  up  to  100  eV. 
Figure  4 demonstrates  that  similar  behavior  occurs 
also  for  the  triplet  transitions,  the  crossover  point  for 
the  cross  sections  being  shifted  however  to  higher 
energies,  l.e.,  o(3*S) ><r(3’P)  for  £<100  eV  and  o(3*D) 
><t(3*P)  for  £<  1000  eV. 

The  basic  reason  for  this  unexpected  bdiavior  is  that 
the  line  strength  for  the  transittoiw  in  helhim 

is  abnormally  small,  i.e. , 2.5  atomic  units''  to  be  com* 
pared  with  the  value'  18. B for  the  2s-3p  transition  in 
atomic  hydrogen.  The  Importance  of  the  quadrupole  and 
higher-order  optically  forbidden  mult^mle  terms  rela- 
tive to  the  optically  allowed  dipole  term  Is  therefore 
strong  such  that  the  optically  forbidden  colUsional  exci- 
tations dominste  the  optically  allowed  excitation  at  low 
and  intermediate  impact  energies. 

The  effects  acknowledged  by  the  various  VPS  approxi- 
mations are  demonstrated  in  Fig.  1 for  the  2‘P  and  the 
3'S  excitations  which  were  found  to  be  repreeentatlves 
of  the  optically  allowed  and  forbidden  transitions  in 
(24).  Tto  use,  as  in  (8)  with  v=lir',  of  the  aero-order 
Cottlombic  fonctions  for  the  relatire  motion  (instead  of 
a piano  wave)  yields,  in  general,  cross  sections  which 


are  lower  than  the  Bom  values  in  the  low-  and  inter- 
mediate-energy region  and  which  eventually  converge 
onto  the  correct  Bom  limit  at  high  energies . The 
optically  allowed  transitions  am  affected  more  by  this 
inclusion  than  am  the  optically  fort>idden  excttations. 
Whan  the  effective  charge  is  acknowledged  by  the  use  of 
•'=[*(  + (2^J)*'*^*  in  (8)  and  (9),  all  the  crons  sections 
are  significantly  increased.  The  additional  inclusion  of 
exchange,  as  by  (18;  and  (23;,  causae  a relatively 
smaller  decrease.  The  use  of  more-refined  wave  func- 
tions lor  the  relative  motion  thus  appears  to  be  more 
important  than  the  Inclusion  of  exchange . 

This  claim  is  further  supported  in  Fig . 2 by  the 
close-coupllog  study  of  Burke  et  al*  who  included  dis- 
tortion and  exchange  effects  in  the  solution  near  thres- 
hold of  the  equations^  closely  coupling  all  the  n = 2 
states.  The  close-coupling  results  lie  in  general  be- 
tween Bom  and  VPS  treatments  except  at  the  lowest  E. 
The  agreement  exhibited  in  Fig.  2 between  the  VPS  and 
close-coupling  tqtproximations  for  the  2*S-2’P  is  re- 
markable. The  sin^et  excitation  cross  sections  are,  in 
general,  greater  than  those  for  the  triplet  excitations. 

In  Figs . 3 and  4 are  displayed  the  comparison  of  the 
Bom  cross  sections  with  the  VPS  approximation  (with 
effective  charge  and  exchange)  for  the  singlet-singlet 
and  triplet -triplet  transitions  to  the  n = 3 and  4 states. 
Convergence  to  the  Born  limit  is  attained  at  high  ener- 
gies . The  dip  in  the  Bom  3'P  and  4*P  cross  sections  at 


Flo.  3.  Ths  3*3,  S'P,  S'D,  sad  4*P  axellstlaBS  srlslng  from 
s-Bstt'g)  eolHslaBS.  Broksa  enrvat  aem  ssproalmstiee;  aolid 
enrvat  VPS  appraaimstlaa  0)  with  eflsctim  ohaige  and  ex- 
efenagn. 
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resorting  to  more* refined  theoretical  treatments  as, 
for  example,  the  close-coupling  or  multichannel  eikonal 
approach.*  However,  in  the  absence  of  any  experimental 
data  and  since  the  above  two  an^iroximations  correspond 
to  the  two  extremes  of  relative  motion,  each  set  of 
curves  in  the  figures  simply  display  the  present 
theoretical  uncertainty  in  finding  reliable  cross  sections 
for  excitation  out  of  metastable  helium.  Application  of 
the  VPS  !4>proximation  to  the  ls-2s  and  ls-2/>  excita- 
tions and  the  ioni^ion  of  atomic  hydrogen  by  electron 
impact  does  yield,  however,  cross  sections*’*®  in  good 
agreement  with  experiment . The  agreement  exhibited 
between  the  VPS  and  close -coupling  methods  for  the 
2*5-2*P  excitation  is  also  encouraging. 

However,  all  the  figures  clearly  indicate  the  need 
that  theoretical  treatments  more  refined  than  above 
must  closely  couple  all  the  excitation  channels  together. 
The  3*P  cross  section  is  smaller  than  both  the  3‘D  and 
3*S  cross  sections  at  low  energies  such  that  it  would  be 
affected  by  the  presence  of  the  3‘fl-3*P  and  3*S-3‘P 
dipole  couplings  which  would  therefore  tend  to  enhance 
the  3*P  excitation  at  low  energies.  Thus  for  impact 
energies  E < 100  eV,  it  is  highly  desirable  to  closely 
couple  all  the  2*S,  2‘P,  3*S,  3*P,  and  3*fl  channels. 
Such  an  investigation  would  involve  the  solution  of  up 
to  ten  coupled  differential  equations  and  is  quite 
difficult . 


FIG.  4.  The  3*S,  3*P,  3*P,  and  4’P  excitations  arising  from 
e-He(2*S)  collisions.  Broken  curve:  Bom  approximation;  solid 
curve:  VPS  approximation  (3)  with  effective  charge  ai:d 
exchange. 

10  eV  is  a direct  result  of  a zero  occurring  in  the  cor- 
responding form  factors  (7),  and  this  dip  is  further 
reflected  in  the  VPS  curves  which  are  increasing  with 
H at  10  eV. 

In  conclusion,  total  excitation  cross  sections  for 
transitions  arising  from  electron-metastable  helium 
transitions  have  been  derived  from  two  different  ap- 
proximations. In  the  Bom  incident 

relative  motion  is  represented  by  a plane  wave  unaffect- 
ed by  the  target,  while  in  the  VPS  method,  the  relative 
motion  is  taken  as  a product  of  two  Coulomb  waves 
arising  from  the  incident  electron-atomic  electron  re- 
pulsion and  the  incident  electron-atomic  core  attraction 
The  differences  exhibited  in  the  various  sets  of  cross- 
section  curves  is  a measure  of  the  Importance  of  ob- 
taining accurate  wave  functions  for  the  relative  motion. 
At  present,  the  situation  is  difficult  to  assess  without 
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THE  MULTICHANNEL  EIKONAL  TREATMENT  OF  ATONIC  AND  MOLECULAR  COLLISIONS 

In  the  following  subsections,  4. 1-4.5,  a new  method  entitled,  "The 
nultlchannel  elkonal  treatment,"  Is  fully  developed.  This  method  was 
developed  with  electron-excited  atom  collisions  In  mind,  an  Instance 
for  which  no  realistic  treatment  was  available.  The  method  Is  formu- 
lated here  and  Is  fully  tested  via  application  to  electron-ground-state- 
atom  collisions,  i.e. , e-H(ls)  and  e-He(l^S)  collisions  In  particular. 
Accuracy  of  the  treatment  Is  assessed  by  comparison  with  previous  experi- 
mental and  theoretical  data  of  the  calculated  (a)  Integral  cross  sections 
as  a function  of  Impact-energy  E,  (b)  differential  cross  sections  as  a 
ftmctlon  of  both  scattering  angle  6 and  E and  (c)  the  very  basic  X and 
X parameters  as  a function  of  9 and  E. 

A con|>lete  description  of  all  of  the  above  work,  which  has  also 
been  published  In: 

(1)  J.  Phys.  B:  Atom.  Mblec.  Phys.  7 (1974)  L223-L227 

(2)  J.  Phys.  B:  Atom.  Molec . Phys.  7 (1974)  2518-2532 

(3)  Phys.  Rev.  A 10  (1974)  2264-2272 

(4)  J.  Phys.  B:  Atom.  Molec.  Phys.  7 (1974)  L522-L527 

(5)  J.  Phys.  B:  Atom.  Molec.  Phys.  8 (1975)  1716-1733 

now  follows. 
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AbMraet  The  basic  equation  for  the  scattering  amplitude  as  determined  from  a multistate 
eikonal  description  of  electron-atom  collisions  is  presented.  The  relationship  with  other 
semiclassical  treatments  is  examined.  Four -state  eikonal  calculations  of  the  cross  sections 
for  elastic  and  the  2s  and  2p  excitations  of  H(ls}  by  electrons  with  incident  energy  E in 
the  range  l3-6eV  S E ^ 200eV  are  carried  out,  and  are  compared  mth  other  rehned 
theoretical  treatments  and  with  experiment. 

Recently,  a variety  of  theoretical  jnodels  have  been  proposed  for  elastic  and  inelastic 
electron-atom  collisions  at  low  and  intermediate  energies.  These  descriptions  include 
the  close-coupling  expansion  with  its  pseudo-state  modifications  (Burke  and  Webb 
1970),  a polarized  orbital  distorted-wave  model  of  McDowell  et  al  (1973),  the  Glauber 
approximation  (Tai  et  al  1970),  the  impact-parameter  approach  (Bransden  and  Coleman 
1972,  Bransden  et  al  1972),  the  eikonal  approximation  of  Byron  (1971),  and  the  distorted- 
wave  eikonal  theory  of  Chen  et  al  (1972).  The  purpose  of  this  letter  is  (a)  to  present  a 
preliminary  account  of  a new  generalization  of  the  eikonal  method,  (b)  to  illustrate  its 
explicit  relationship  with  other  eikonal  treatments  and  with  the  impact  parameter 
approximation  and  (c)  to  present  its  comparison  with  experiment  and  various  theories. 

Flannery  and  McOnn  (1974,  in  preparation)  have  developed  a multistate  eikonal 
formulation  of  the  stationary  state  description  of  a collision  between  an  incident 
particle  B with  an  atomic  system  (A + e).  The  treatment  differs  from  previous  approaches 
of  Byron  (1971)  and  of  Bransden  et  al  (1972)  in  that  no  additional  assumptions,  other 
than  the  eikonal  approximation  to  the  relative  motion  and  a multistate  expansion  for 
the  electronic  motions,  are  made.  Different  speeds  for  various  channels  are  ack- 
nowledged. The  basic  equation  derived  for  the  amplitude  for  scattering  into  4>) 
about  the  incident  Z-direction  lEf  is,  in  the  centre-of-mass  frame, 

ue,<l>)  = jcxp(iJr.R)dR5:BJp,Z)FJR)expi(k.-kJZ  (1) 

where  k,  is'  the  wavenumber  of  relative  motion  in  each  channel  n,  K = k^—kf  is  the 
momentum  change  caused  by  the  collision,  and  Vf,  is  the  interaction  matrix  element 
<^^r)|f^(r,  where  are  the  eigenstates  describing  the  isolated  systems  with 

reduced  mass  pu  The  electrostatic  interaction  between  the  B and  (A-l-e)  systems  at 
separation  R = (R,  0, 0)  = (p,  (b,  Z),  in  spherical  and  cylindrical  coordinate  frames 
respectively,  is  f'lR,  r).  The  cbeflBcients  B,  satisfy  the  set  of  coupled  differential  (phase 
<&-dependent)  equations. 


where  N is  the  number  of  channels  considered.  It  can  be  observed  that  (1),  with  B,  = 
(where  i is  the  initial  state),  reproduces  the  Bom-wave  amplitude.  Also,  after  some 
algebraic  manipulation,  the  distorted-wave  Boro  formula  of  Chen  et  of  ( 1972)  is  recovered 
from  (1)  and  (2).  Moreover,  the  expressions  for  the  eikonal  elastic  scattering  amplitude 
(cf  Bransden  1970)  follows  by  solving  (2)  with  B,  = Bi^.,  for  B,  and  by  performing  the 
<l>-integration  in  (1).  The  chief  attributes  of  equations  (1)  and  (2)  above  are  that  they 
account  explicitly  for  different  relative  speeds  in  the  various  channels,  and  that  they 
permit  full  inclusion  of  as  many  states  (or  pseudo-states)  as  desired.  It  is  hoped  that 
more  complete  details  of  the  theory  and  its  relationship  with  other  theories  will 
eventually  be  provided  in  a later  paper. 

The  different  exponents  within  the  summation  signs  of  (1)  and  (2)  are  significant. 
With  the  aid  of  (2),  the  scattering  amplitude  (1)  reduces  to 

m ^)  = -^  j «p  'IK.  B-(k.-lc,)Z]^^^d«.  (3) 

Since  is  composed  of  central  potential^  K^(B)  s KJB,  ©)  exp(iAd>)  where 
A = the  integral  change  in  the  azimuthal  quantum  number  M,  and  hence 

the  substitution  C,^,Z)  = B;(p,Z)exp(-jA^)  yields  a set  of  phase-independent 
equations  for  C,  similar  to  (2).  The  amplitude  reduces  on  d>-integration,  to 

Jail^'p)Hp,B)pdp  (4) 

where  K'  is  the  XT-component  kf  sin  0 of  K,  where  are  Bessel  functions  of  integral 
order  A,  and  where  the  function 

7(p,<?)  = J”  exp(iaZ)^^^|^d2  (5) 

in  which  the  difference  between  Kg,  the  Z-component  of  the  momentum  change  at 
angle  0,  and  the  minimum  momentum  change  (kj-lcf)  in  the  collision  is 

a(0)  = /cf(l  - cos  0).  (6) 

We  note,  in  the  heavy-particle  high-energy  limit,  when  0 « 0,  that  x % 0 and  hence 

/(p,  ef)  w />i,(p)  = (C,(p,  Qo)  - ^u).  (7) 

Thus  the  eikonal  approximation  of  Byron  (1971)  is  reproduced  from  (3)  with  (7)  together 
with  the  further  assumptions  that  the  quantities  kf,  and  (kj— kf)  appearing  explicitly  in 
(3)  are  taken  as  k,,  and  <ri/p|  respectively.  If,  in  addition  k,sin0  is  approximated  by 
k,  sin0  » 2k,  sin  ^ for  small  0 and  large  kf,  then  the  scattering  amplitude  based  on 
the  impact  parameter  description  of  Bransden  and  colleagues  is  recovered. 

As  a test  of  the  present  full  eikonal  model,  calculations  based  on  (l)-(6)  have  been 
performed  for  the  processes 

e-^H(ls)-^e-^H(ls,2s,2po.i,)  (8) 

in  which  the  Is,  2s,  2po.  2p^,  states  of  atomic  hydrogen  are  closely  coupled.  The 
total  elastic  and  inelastic  ctoss  sections  Q{nt)  computed  by  direct  integration  of 
over  all  sdid  angles  are  displayed  in  the  table  and  compared  with  other 
refined  theoretical  calculations  (Burke  and  Webb  1970,  Sullivan  et  al  1972,  McDowell 
et  al  1973),  and  with  experimenUl  daU  (Long  et  al  1968,  Kauppila  et  al  1970)  in  figures 


/u(0,<(>)^  -ikfi^j 


TaMt  I.  Elaitic  and  ineUslk  cron  wctioiif  (2(a/)aa|  for  the  prooenes  c-t-  H(lf)  -*  e+  IKa/): 
nl  » It,  2<,  2po.t  I • **  electron  eoergy  £,  (eV) 


£(eV) 

Oils) 

C(2s) 

(2(2Pe) 

«2Pt.) 

«2P) 

13.6 

0988 

0-143 

0140 

0077 

0217 

20 

0-703 

0-131 

0319 

0297 

0616 

30 

0-522 

0113 

0362 

0441 

SO 

0-332 

0085 

0347 

0514 

0661 

100 

0-202 

0050 

0191 

0-439 

0630 

200 

0-125 

0028 

0118 

0335 

0453 

1 and  2.  Note  that  the  2 measurements  include  the  cascade  contribution  0-23  Q(3p) 
from  the  3p  level  such  that  direct  comparison  is  not  possible  until  we  perform  similar 
multistate  calculations  for  the  3p-excitation.  Also,  the  experimental  2p-cross  sections 
are  normalized  to  our  value  of  0453  jWo  at  200  eV  instead  of  the  corresponding  Bom 
value  of  0485  naj.  which  is  7%  higher. 

The  agreement  for  the  2p-excitation  between  the  present  treatment,  the  pseudo-state 
method  and  experiment  is  very  good  down  to  impact  energies  £,  ~ 20  eV,  below  which 
the  effects  of  exchange  and  polarization  distortion  neglected  in  the  present  description, 
become  important.  Also  shown  are  cross  sections  computed  from  the  standard  four- 
state  impact  parameter  prescription.  The  comparison  of  these  results  with  those 
labelled  S of  Sullivan  et  al  (1972)  is  then  a direct  measure  of  the  effect  arising  from  their 
inclusion  of  second-order  potentials. 


near*  1.  Total  cross  sections  <2(ls-2p)  for  e-f  H(ts)  -» e+ H(2p)  at  eiectron  energy  E,  (eV)i 
PBA  four-state  eikonal  approximation  (present  treatment),  A experiment  (Long  ei  al  1968), 
• pseudo-sute  (Burke  and  Webb  1970),  □ four-sute  impact-parameter  treatment, 
S second-order  potential  method:  four-channel  approximation  (Sullivan  et  al  t972k  B Bom 
approximation. 
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FigmZ.  Total  cross  sections  Q(ls-2s)ror  e-«-H(ls) ->  e + H(2s)at  electron  energy  E,(eV). 
FBA  four-state  eikonal  approximation  (premnt  treatment),  • pseudo-state  (Burke  and  Webb 
1970),  X polarized-orbital  distorted  wave  model  (McDowell  et  al  I973X  □ four-state 
impact-parameter  treatment,  S second-order  potential  method;  four-channel  approxima- 
tion (Sullivan  et  al  1972),  B Bom  approximation,  A Q(l^2t)-t-0-23<2(1s-3p):  experiment 
Kauppila  et  al  1970) 


For  the  2s-excitatioo,  the  agreement  between  the  present  results  and  the  recent 
polarized-orbital  distorted  wave  model  of  McDowell  et  al  (1973)  is  encouraging.  All 
the  theoretical  results  show  different  variations  with  impact  energy  £,  below  40  eV. 
The  experimental  situation  is  somewhat  obscured  by  the  diflSculty  in  obtaining  direct 
account  of  the  contributions  arising  from  cascade,  mainly  from  the  3p  level.  The  large 
difference  between  the  impact  parameter  cross  sections  indicates  the  sensitivity  of  the 
2s-cross  section  to  modification. 

Finally,  since  the  main  object  of  this  letter  is  to  present  the  basic  outline  of  the  new 
treatment  and  to  give  some  preliminary  indication  as  to  its  success,  it  is  our  intention 
to  eventually  furnish  a more  complete  theoretical  description  and  a more  detailed 
comparison  (including  differential  cross  sections,  in  particular)  with  other  theoretical 
models. 
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AlMtracl.  A multichannel  eikonal  description  of  atomic  collisions  is  presented.  The  basic 
formula  for  the  scattering  amplitude  reduces  upon  successive  approximation  to  expressions 
previously  derived.  In  particular,  the  equations,  in  the  heavy-particle  or  high-energy  limit 
reduce  to  the  standard  impact  parameter  formulae.  A four-state  treatment  of  e-H(ls)  elastic 
and  2s  and  2p  inelastic  scattering  is  carried  out  The  calculated  cross  sections,  which  illustrate 
the  effects  of  various  approximations,  compare  very  favotirably  with  other  refined  theoretical 
methods  and  with  experiment. 


1.  latrodnctioa 

A variety  of  methods  have  been  proposed  for  the  theoretical  description  of  e-atom 
collisions  at  low  and  intermediate  energies.  The  close  coupling  expansion  with  its 
pseudo-state  modifications  (Burke  and  Webb  1970),  and  the  polarized  orbital  distorted 
wave  model  of  McDowell  et  al  (1973)  are  among  those  that  follow  from  the  full  wave 
treatment  of  the  collision.  Other  methods,  termed  as  semiclassical — the  eikonal  ap- 
proximations of  Byron  (1971 ) and  of  Chen  et  al  (1972),  the  impact  parameter  approach 
(Bransden  and  Coleman  1972)  and  the  Glauber  approximation  (cf  Tai  et  al  1970) — all 
essentially  separate  the  relative  motion  of  the  incident  electron  (described  by  an  eikonal- 
type  or  Bom  wavefunction  for  the  electron  in  a static  field)  from  the  internal  electronic 
motions  of  the  atomic  system  which  is  described  by  a multistate  expansion. 

These  semiclassical  methods  are  all  amenable  to  systematic  improvement  at  little 
extra  cost  eg  additional  atomic  states,  electron-exchange,  and  polarization  effects  can  be 
suitably  incorporated  into  the  treatment.  Moreover,  their  application  to  collisions  with 
complex  atoms  is  without  the  almost  insurmountable  hurdles  associated  with  the 
application  of  the  full  wave  treatment  to  non-hydrogenic  systems.  In  particular,  e-excited 
atom  collisions — important  to  analysis  of  gaseous  discharges,  laser  development  and 
astrophysical  problems — can  be  treated  with  relative  ease  by  these  semiclassical  methods. 
It  is  therefore  highly  desirable  to  investigate  these  methods  in  greater  detail  and  to  propose 
possible  improvements. 

In  this  paper,  a new  generalization  of  the  eikonal  approach  to  atomic  collisions  is 
presented.  It  accounts  explicitly  for  the  changes  in  speed  associated  with  the  various 
channels  and  for  other  effects  not  acknowledged  by  the  previous  semiclassical  de- 
scriptions. Its  relationship  with  the  former  treatments  is  discussed  and  its  overall  relia- 
bility is  assessed  by  comparing  the  calculated  differential  and  total  cross  sections  for 


e-H(ls)elastic  and  inelastic  collisions  with  other  refined  treatments  and  with  experiment. 
A preliminary  account  of  this  generalization  has  already  been  presented  (Flannery 
and  McCann  1974a). 


2.  Hwory 

Consider  the  collision  of  a particle  B of  mass  Mg  and  incident  velocity  Vi  along  the  Z>axis 
with  a one-electron  atomic  system  (A-f-e)  of  mass  The  subsequent  analysis 

can  be  immediately  generalized  so  as  to  cover  multi-electron  systems.  Let  X.Xf.r  and  r. 
denote  the  A-B,  B-(Ae)  centre  of  mass,  e-^AB)  centre  of  mass  and  e-A  separations,  re- 
spectively. In  the  (ABe)  centre-of-mass  reference  frame,  the  scattering  amplitude  for  direct 
transition  between  an  initial  state  i and  a final  state  /of  the  collision  system,  of  reduced 
mass  fi,  is 

-£|^<'F/*^;r,l?)lF(r,«)l'P;(*,;r,ir)>,.,  (1) 

in  which  F(r,  J?)  is  the  instantaneous  electrostatic  interaction  between  the  collision  species, 
and  where  the  scattering  is  directed  along  the  final  relative  momentum  hk^l. 

The  final  stationary  state  of  the  isolated  atoms  in  channel  / is  and  'V*  is  the  solution 

of  the  time  independent  Schrodinger  equation, 

VJ  -t-  HjirH  V{r,  R)  = £,'P/(r,  R)  (2) 

solved  subject  to  the  asymptotic  boundary  condition, 

4'/(r,ir)-^S  (3) 

in  which  are  eigenfunctions  of  the  Hamiltonian  H.(r)  % H,(r,)  for  the  isolated 
atomic  system  (A+e)  with  internal  electronic  energy  e,  such  that  the  total  energy  E,  in 
channel  i is  t,+h^kf/2/i  which  is  conserved  throughout  the  collision. 

2.1.  The  multichannel  eikonal  approximation 
The  eikonal  approximation  to  (2)  sets 

•P/fr,  J?)  = S A,(p,  Z)  exp  i5,(p,  Z)xJr,  R)  (4) 

R 

where  the  nuclear  separation  R = (£,0,0)  = (p,0,Z)  in  spherical  and  cylindrical 
coordinate  frames  respectively.  The  eikonal  S,  in  (4)  is  the  characteristic-function  solution 
of  the  classical  Hamilton-Jacobi  equation  (ie  the  Schrodinger  equation  in  the  h -»  0 
limit)  for  the  A-B  relative  motion  under  the  static  interaction  Pj(ll),  and  is  therefore 
given  by 

Sjlp,Z)  = KZ+\  K(£)-kJdZ 
in  which  the  local  wavenumber  of  relative  motion  at  R is 


(5) 


and  where  dZ  is  an  element  of  path  length  along  the  trajectory  which,  at  present,  is 
taken  as  a straight  line.  For  electron-atom  collisions,  k,  in  (6)  is  always  real.  The  use 
of  the  actual  classical  trajectory  with  its  'built-in’  turning  point  is  therefore  not  as  essen- 
tial as  in,  for  example,  positron-atom  collisions  when  k,  becomes  imaginary  for  suffi- 
ciently close  rectilinear  encounters.  The  general  problems  associated  with  the  choice  of 
classical  trajectory  within  a multichannel  framework  are  at  present  unresolved,  although 
the  forced-common  turning-point,  two-state  procedure  of  Bates  and  Crothers  (1970)  is 
attractive. 

The  interaction  matrix  elements 

yj^H)  = *)l  y(r,  R)\xJr,  R)>  (7) 

connect  the  various  electronic  states 

mM 

Xjir,  R)  = (/)X)  exp(il*, . r)  / = — ^ (8) 

in  which  the  phase  factor  which  ensures  satisfaction  of  the  boundary  condition  (3)  de- 
scribes the  translational  motion  of  the  electron  relative  to  the  (A-B)  centre  of  mass,  and 
is  unimportant  to  the  present  development  only  when  rearrangement  channels  are 
neglected.  Moreover  the  eikonal(S)  ensures  that  *¥*  contains,  in  addition  to  the  incident 
wave,  outgoing  scattered  waves  which  differ  from  the  undistorted  Bom  wave,  exp(ik^ 
by  the  following  amount  of  phase-distortion. 


(K,-kJdZ 


which  vanishes  outside  a cylinder,  with  axis  along  the  Z direction,  with  infinite  length 
and  with  diameter  corresponding  to  the  range  R^  of  the  static  interaction  yj(R).  Thus, 
at  impacts  less  than  the  interaction-range,  distortion  to  the  incident  plane-wave  relative 
motion  does  occur,  thereby  causing  actual  scattering.  Applicability  of  (S)  is  therefore 
not  confined  to  small  angle  scattering  alone,  although  a straight-line  element  dZ  is 
normally  taken  in  (S).  On  assuming  that  the  main  variation  ofV*  on  p is  contained  in 
S„  ie  provided  KJff)  varies  slowly  over  many  wavelengths  2x/k(J7)  of  relative  motion, 
and  the  coefficients  Aj(p,  Z)  therefore  vary  primarily  along  Z,  then  substitution  of  (4)  in  (2) 
yields  the  set  of  coupled  differential  equations, 

—k/A/^:Z)  ^ f = 1,2 N (9) 

H oz, 

*i 

where  N is  the  number  of  channels  adopted  in  the  expansion  (4).  The  phase  substitution 


B/(P,Z)  = Ay<p,Z)expi  f (iC/-k,)dZ  s A/p,Z)expid>y(p,Z)  (10) 

ir  ~ CO 

with  the  aid  of  (6),  reduces  (9)  to 


= 5:  BJip,Z)VJR)c%pi{k,-kf)Z 


/=  1,2,. ..,N 


(11) 


a set  of  Af  coupled  equations  to  be  solved  subject  to  the  asymptotic  condition 


B/p,  -00)  = 8ft  which  ensures  that  '4',  ~ ^^r.)  exp(Ui:,Z)  as  Z -oo.  The  scattering 
amplitude(l)withtheundistortedfinalwave*F/  - ^/(rjexp(iily . *)inserted,i8therefore, 

cxp(ilf.^)d«  f B.{p,Z)VfJtR)txpi{k,-k;iZ  (12) 

where  K is  the  momentum  change  kt-kf  caused  by  the  collision.  Since  the  electrostatic 
interaction  V(r,  R)  is  composed  of  central  potentials,  Vj/tR)  * 0)  exp  iA®,  where 

A = Mt-Mf  is  the  change  in  the  azimuthal  quantum  number  of  the  atom.  Hence  the 
substitution 

Cfip,  Z)  = Z)  exp(  - iA®)  (13) 

yields  the  set  of  phase  ^-independent  equations 


/(P.Z) 


= Z CJfi,Z)VfJ^p,Z)txpHk,-kf\Z 

»■  1 


(14) 


solved  subject  to  the  boundary  condition  C/p,  - oo)  = <5^^.  On  completion  of  the  ♦- 
integration  in  (12),  the  scattering  amplitude  reduces  to 

4(0,^)=  -i^*«  r^(/^»[/,(p.fl)-i/,(p,d)]pdp  (15) 

•'0 

where  K'  is  the  X T-component  kf  sin  0 of  IT  and  where  are  Bessel  functions  of  integral 

order.  Both  the  functions 

/,(p,0;a)  = J Kf(p,  Z)  ^ j exp(igZ)  dZ  (16) 

and 


li{p.9\(x)  = J ^Kf{Kf-kf)+^Vff^Cf(p,Z)exi){iaZ)dZ 

contain  a dependence  on  the  scattering  angle  0 via 
a = kj{l  —cos  0)  = 2kfSm^  ^ 


(17) 


(18) 


the  difference  between  the  Z-component  of  the  momentum  change  K and  the  minimum 
momentum  change  kf—kf  in  the  collision.  Equations  (14-18)  are  the  basic  formulae 
given  by  the  present  treatment  representing  the  full  multistate  eikonal  description  for  the 
scattering  amplitude,  and  can  be  easily  generalized  so  as  to  cover  collisions  involving 
multielectron  systems.  It  is  apparent  that  a variety  of  approximations  readily  follow. 
Note  that  in  the  absence  of  all  couplings  except  that  connecting  the  initial  and  final 
dtannels  ie  C,  =•  6^,  then  either  (12)  or  (IS)  directly  yields. 


Vf/iR)cxv(iK.R)iR 

which  is  the  Born-wave  scattering  amplitude. 


(19) 


[ 


I 


I 
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2J.  Approximations  to  the  fitll  multistate  eikonal  equations 

(i)  The  fint  multistate  approximation  A to  the  above  treatment  follows  by  expanding 
Kf  in  (17)  as 

K/«)  * (20) 

valid  for  Icinetic  energies  h^kfllp  Thus,  with  (6)  for  k}  and  (20)  for  k^,  both  Ij 
and  the  term  within  square  brackets  on  the  LHS  of  (14)  vanish  identically  so  that  the 
scattering  amplitude  given  by  approximation  A is 

J cxp[i(A.«+A<!»)]<W  £ C^p.Z)l>j(R,0)expi(k,-k,)Z  (21a) 
= - i^*  ‘ J*  Ja(K'p)p  dp  J*  K/ j exp(iaZ)  dZ  (21l>) 


ih*  dC^  " 

— = I Cj(p. Z)V^Jlp,Z)exp Hk,-k^)Z.  (22) 

(ii)  A related  multistate  approximation  B involves  setting  all  the  local  wavenumbers 
K,  in  A,  ie  in  (21b)  and  (22),  equal  to  their  asymptotic  values  k, . Both  approximations  A 
and  B yield  the  Bom-wave  elastic  and  inelastic  scattering  amplitudes  when  = «i.  is 
substituted  in  (21a).  When  the  effect  of  all  inelastic  channels  is  neglected,  ie  when 
Cj  = Cf  b(,  in  (22)  with  xy  = kf,  then 


(*(p,  Z)  = expj^ J'  V,Jlp,  Z')  dZ' j. 


On  performing  the  integrations  in  (21a)  with  (23),  we  find  that  the  corresponding  elastic 
scattering  amplitude  reduces  to 

/«(®.^)= ->*ij  io|2*iPsin^|[exp2iz(p)-l]pdp  (24) 


where  the  eikonal 


X(P)=  W+Z*)‘/»]dZ. 


This  is  just  the  customary  eikonal  expression  for  elastic  scattering  (cf  Glauber  1959, 
Bransden  1970)  by  a fixed  potential. 

In  particular  when  the  foil  wavefonction  (4)  is  projected  onto  the  distorted  wave 

*P/r.  R)  - ^y(r  J exp  i|*,  • * " dZ  j (26) 

for  the  final  state,  rather  than  onto  the  undistorted  wave  exp(iJly . R),  as  previously 
used  in  equation  (12),  then  the  preceding  analysis  follows  throu{^  with  the  result, 

/5*(0,^)=  J^(K'p)pdpJ*  k*j^|expijaZ-(-jj^|%,^dzj  dZ  (27) 
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where,  in  approximation  B,  Cf  satisfies  (22)  with  k,  = k^.  Setting  Cj  = Cf  ij,  ® (22) 
then,  with  the  aid  of  (23),  the  scattering  amplitude  (27)  reduces  to 


^)  = si®  dp  J Z) 

X exp  i[{(*,  - fc^) + a}Z + Mf{Z)]  dZ  (28) 

where 

Equation  (28)  is  the  distorted-wave  Born  approximation  which  is  identical  to  that 
derived  by  Chen  et  al  (1972)  from  a different  approach. 

(iii)  In  the  heavy-particle  or  high-energy  limit,  the  asymptotic  wavenumbers  in 
approximation  B tend  to 


(30) 


and  a third  approximation  Qa)  follows  by  setting  all  the  individual  in  approximation 
B equal  to  k,,  and  any  difference  k,-kf  = Hence 


/5<6,0)  = J J4(X'p)^J  ^ exp(igZ)  dZ jp  dp 


(31fl) 


In  addition,  for  small  angle  scattering,  a % 0 from  (18)  and  the  Z-integration  above  can 
therefore  be  performed  so  that  a further  approximation  C(a  = 0)  is  characterized  by 


^)  = - f " ^(a:'p)[<^(p,  00)- dp  (31b) 

•'O 

where  K’^  = K^-  and  the  amplitudes  Cp  satisfy 

>^‘’1^=  I <^(P,Z)f},(p,Z)exp|^^|  (32) 

in  which  v^  = hkjn  for  n = 1, 2, . . . , IV,  is  the  incident  speed.  These  equations  (31)  and 
(32)  are  simply  the  familiar  impact-parameter  equations  which  have  received  widespread 
application  to  atom-atom  and  ion-atom  scattering  (Flannery  and  McCann  1973, 
1974b-e).  Also,(32)with(31b),inwhich^'  = 21[j  sin  have  been  modified  by  Bransden 
and  Coleman  (1972)  so  as  to  acknowledge  implicitly  the  polarization  effect  on  the  inci- 
dent channel  due  to  couplings  ignored  nrplicitly  by  the  truncated  expansion  (4).  Byron 
(1971)  has  also  obtained  (31a)  although  he  actually  used  (3  lb)  and  (32)  for  e-He  collisions. 
The  preceding  analysis  shows,  however,  that  (31-32)  are  strictly  valid  only  in  the  heavy- 
paitkle  or  high-energy  limit. 

In  the  limit  of  very  high  impact-speeds,  the  phase  <^,Z/ht)|  in  (32)  can  be  neglected  and 
Byron  (1971)  solved  the  infinite  set  (N  -*  ao)  of  coupled  equations  exactly  to  give 

cy(p. Z)  = <^/r,)  exp  J*  V(r„K)dZ  ^Xr.)>  (33) 


a solutioD  easily  verified  and  which  includes  the  effects  arisinf  from  all  discrete  and  con- 
tinuum atomic  states.  Substitution  in  either  equation  (31a)  with  a » « 0, 

and  with  the  ^integration  re-introduced  or  in  equation  (31h)  with  K'  - K,  yields 

/?(».  J l]^/rjdr.  dp  (34) 

where  the  phase  shift 

X{p,r,)^  —j"  V{r„p,Z)dZ  (35) 

thereby  providing  an  alternative  derivation  of  the  expression  of  Glauber  (1959).  Thus,  the 
Glauber  approximation  is  a high-energy  approximation  which  acknowledges  all  coup- 
lings between  all  discrete  and  continuum  atomic  eigenstates.  The  approximation  has 
been  applied  by  Tai  et  al  (1970)  to  e-H(ls)  excitation. 

In  genera),  for  all  the  above  approximations,  the  total  cross  section  is  given  by 

= 2jt^  r*  1/^0, 0)1^  sin  6 dO  (36) 

•'0 

which,  for  the  special  case  of  approximation  C(a  = 0)  alone,  reduces  to  the  customary 
impact-parameter  expression 

a^k,)  = J"  IC^p,  00)  - dp  (37) 

for  the  total  cross  section.  This  expression  is  valid  provided  the  energy  is  sufficiently  high 
(k,  » kf)  and  the  scattering  is  into  small  angles  such  that  the  quantity  K'^  » »2kf 
(1  —cos 0)  can  be  used  in  the  integrand  of  (311>)  and  (36)  and  that  the  integral 

JiyKp)J^{Kp')K  dK  Sip -p')  (38) 

can  be  used  to  reduce  (36)  to  (37).  The  JWKB  approach  of  Bates  and  Holt  (1966)  involves 
the  use  of  (37)  with  Cf  replaced  by  the  solution  Af  of  (9)  In  the  next  section,  the  effect 
of  all  the  various  approximate  schemes  A,  B,  Qa)  and  QO)  above  to  the  full  multistate 
eikonal  treatments  equations  (14-15)  will  be  fully  examined  by  direct  calculation. 


3.  Results  and  discasshm 

The  theory  derived  in  the  previous  section  is  now  applied  to  the  examination  of  the 
elastic  and  inelastic  collisions, 

c-^H(ls)-♦e-^H(ls,2s,2po.t,)  (39) 

in  whidi  the  lowest  five  states  Is,  2s,  2po  and  2p^ , of  atomic  hydrogen  are  closely  coupled. 
It  is  worth  pointing  out  that  the  resulting  set  of  coupled  equations  are  not  approximations 
to  the  five  actual  coupled  differential  equations  obtained  from  the  full  quanta!  close- 
coupling method.  One  advantage  of  the  present  procedure  is  that  an  infinite  number  of 
distorted  partial  waves  of  relative  motion  are  automatically  acknowledged  via  the  eikonal 
in  (4)  and  all  these  waves  in  turn  are  further  correlated  with  the  target  wavefunctions  via 
A,  in  (4).  This  is  done  at  the  expense  of  the  full  correlation  between  the  incident  and 
atomic  electrons  included  in  a quanta!  close-coupling  description  of  a gfnen  partial  wave. 
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Differential  and  total  cross  sections  for  (39)  are  calculated  for  incideat  energies  E,  in  the 
range  13-6  eV  < £,  < 200  eV.  In  table  1 are  diq?layed  the  total  cross  sections  obtained 
from  the  full  eikonal  treatment  equations  (14-18, 36)  at  three  representative  impact 
energies  together  with  comparison  values  obtained  from  the  approximate  schemes  A,  B, 
Qa),  C(0)  and  IP  previously  discussed,  and  summarized  in  figure  1. 


TaUt  1.  Tout  CTOM  MctioM  (soj)  at  imiMct  eaergy  E/LtV)  for  the  procetMs  e +H(li) 
e-(-H(ii/);  nl  « ls,2s,2p,,^,,  obU^|d  froni  vuiow  approximate  fchemei. 


Full  eikonal  Approximate  eikonal 

treatment  treatmenu 

£/eV)  nl  equations  (14'IS)  A B Qa) 


A;  equations  (20-22, equations  (21, 22. 36)  with  K.  = k.;Qa);  equations  (31a,  32, 36) 
0(0):  equations  (31h,  32, 36);  IP;  equaUons  (316, 32,  37). 


3.1.  Total  cross  sections 

The  comparison  between  the  last  two  columns  QO)  and  IP  in  table  1 is  a direct  measure 
of  the  error  introduced  by  the  use  of  (37)  rather  titan  (36)  for  the  total  cross  section.  In 
general,  IP  exceeds  C(0)  except  for  the  2p^  | and  2p  excitations.  The  overestimates  for 
A » l(2pjti)  transitions  and  the  underestimate  for  A 0(2po)  transitions  are  direct 
consequences  of  the  difforent  behaviour  of  the  Bessd  functions  and  J|  in  (38)  at  the 
non-physical  small  momentum  dianges  K < k,-kf  and  at  the  non-physical  large 
momentum  changes  K > k,+kf  which  are  automatically  induded  in  equation  (37)  via 
assumption  (38). 

Inclusion  of  the  phase  a by  approximation  Qa),  equation  (31a),  causes  a further 
reduction  in  the  total  cross  sections  at  all  energies.  The  difference  between  the  asymptotic 
speeds  p.  is  acknowledged  via  approximation  B,  equations  (21-22)  with  k.  « k,.  This 
indusion  yields  cross  sections,  column  B,  in  general  larger  than  those  given  by  Qa\ 
particularly  at  the  lower  incident  speeds,  as  expected  from  examination  of  the  LHS  or(22). 
The  effect  at  adopting  in  (21)  the  approximate  local  wavenumber  given  by  (2(^  rather 
than  the  asymptotic  value  k,  as  in  ^ is  examined  in  columns  A and  B.  The  cross  sections 
become  greater  at  all  energies  with  the  result  that  the  imnad  parameter  cross  sections 


GiBubcf  opproMfMtNft 
•quotions  (34*35) 


(column  IP)  are  effectively  better  than  the  actual  approximation  meriu ; the  effect  of  the 
various  refinements  introduced  via  C(0)  and  C(«)  is  largely  offset  by  those  acknowledged 
via  B and  A. 

Finally,  the  cross  sections  given  by  the  full  multistate  description  equations  (14-18) 
with  the  additional  integral  (17),  are  somewhat  less  than  those  given  by  A.  In  conclusion, 
the  <^hnnp!!t  introduced  by  the  various  modifications  to  the  full  eikonal  treatment  are,  as 
exhibited  by  table  1,  significant  at  the  lower  incident  energies  and  become  vanishingly 
email  at  the  high  impact  energies,  as  they  should,  since  the  basic  framework  of  the  model 
is  essentially  preserved. 


3J2.  Comparison  of  various  theories  and  experiment 

In  Uble  2 are  presented  the  final  elastic  and  inelastic  cross  sections  Oi^E,)  obtained 
from  the  present  full  multistate  eikonal  treatment  of  processes  (39)  for  various  impaa 
energies  £|(eV).  The  present  2s  and  2p  exciution  cross  sections  are  compared  in 
figures  2 and  3,  curve  FE,  with  those  given  by  other  refined  treatments — the  pseudo-state 
method  of  Burke  and  Webb  (1970X  the  second-order  potential  approach  of  Sullivan  et  al 
(1972)  and  the  polarized  orbital  distorted-wave  model  of  McDowell  et  al  (1973).  Also 
displayed  in  figures  2 and  3 are  results  of  approximation  B,  of  the  impact  parameter 
IP  treatment  and  of  the  Bom  approximation.  The  2p  experimental  data  of  Long  et  al 


TWHtX  Ehttk  aad  iatlaftic  crow  MdioM  (««{)  from  the  ftiB  eikoaal  epproximuioD  to  the 
prooemm  •+  H(U)  -»  e-t- H(iiOi  ■<  - li.2i,2p,.2pi,  u etectroo  cncrty  C|(en 
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npnZ  Total  cromeectioH«,^2,(£^fr)re-t-Il(li)-*e+H(2p)  at  impact  energy  £,(«V). 
FE;  friO  ettoDal  approximatioii.  equationt  (14-18)i  four-eute  treatment;  EB;  eikoaal 
approximatioa  B,  equatione  (21-22)  with  s » k.,  Ibur-etate  treatment;  A:  experiment 
(Long  <(  of  1968);  •:  peendo-ttate  (Burke  and  Webb  1970);Q : four-sUte  impact  parameter 
treatment,  equatkme  (32, 37);  S : eeoood-order  potential  method,  rour-channel  approximation 
(Sullivan  et  al  1972);  B:  Born  approximation. 


(1968),  normalized  to  the  present  value  of  04S3iMo  at  2(X)eV  (rather  than  to  the  cor- 
responding Bom  results  of  (MSSicnJ  whidi  is  7 % higher^  and  values  of  0,^2,  -I-  0-23ff 
measured  by  Kauppila  et  al  (1970)  are  also  shown  in  figures  2 and  3,  respectively. 
Although  the  Glauber  treatment  involved  a heavy-particle  high-energy  limit,  the  Glauber 
results  of  Tai  et  al  (1970)  which  are  not  diown,  agree  very  well  with  experiment. 

The  agreement  between  FE,  pseudo-state  values  and  experiment  is  very  good  for  the 
2p  excitation.  The  EB  results  which  were  reported  earlier  (Flannery  and  McCann 
1974a)  are  indistinguishable  fi-om  the  full  treatment  FE  for  £,  ^ SOeV.  The  difference 
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Film  3.  Total  crota  tectiona  e-t-H(la)  -» e-t-H(2a)  at  inqpact  enercy  £,(eV). 

FE:  full  eikonal  approximation,  equationa  (14-18X  four-atate  treatment;  EB:  dkonal  ap- 
proximation B,  equationa  (21-22)  whb  k,  •>  k,,  four-atate  treatment;  •:  paeudo-atate 
(Burke  and  Webb  1970);  x ; polarized-orbitaldiatorted  wave  model  (McDowell  er  of  1973); 
□ ; four-atate  impact  parameter  treatment,  equationa  (32,  37);  S:  aecond-order  potential 
method,  four-channd  approximation  (Sullivan  et  al  1972);  B;  Bom  approximation;  A- 
<'i>-2>(£|)+0'23<r,^,(£J;  experiment  (Kauppila  et  al  1970). 

between  S and  □ is  a direct  measure  of  the  effect  of  the  second-order  potential  intro- 
duced by  Bransden  and  Coleman  so  as  to  reproduce  exactly  the  long-range  interaction 
in  the  incident  channel.  The  present  treatment  represents  a considerable  improvement 
over  both  the  Bom  and  impact-parameter  approxinuitions. 

For  the  2s  excitation,  there  is  a much  greater  scatter  between  the  refined  theoretical 
cross  sections  for  impact  energies  E,  < SOeV.  The  measured  values  of  Kauppila  et  al 
(1970)  do  not  offer  any  definition  since  the  3p  cascade  contribution  0.23<r|^3p  whidi,  of 
course,  varies  with  E„  was  included.  Direct  comparison  between  FE  and  experiment 
will  only  be  possible  when  the  higher  n = 3 channels  are  included  in  the  multistate 
expansion  (9).  Inclusion  of  Xf  as  in  FE  rather  than  the  use  of  fc/  as  in  EB  introduces  a 
maximum  to  the  2$  excitation. 

The  close  agreement,  for  energies  E,>  40  eV,  of  the  present  treatment  with  that  of 
McDowell  et  nf  (1973)  who  included  exchange  and  polarization  effects  is  either  fortuitous 
or  else  demonstrates  that  exchange  and  polarization  effects  make  little  contribution  at 
these  energies. 


3J.  Differential  cross  sections 
Examination  of  the  differential  cross  sections. 
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permits  additional  insight  into  the  accuracy  and  possible  limitations  of  the  present 
treatment.  Although  the  treatmeht  can  be  suitably  modified  so  as  to  theoretically  acknow- 
ledge electron-exchange  and  that  portion  of  the  polarization  distortion  not  included  by 
virtue  of  the  four-state  expansion,  the  present  analysis  has  neglected  such  effects. 

33.1.  EUutie  scattering.  Results  (MEA)  for  elastic  scattering  at  SOeV  and  100  eV  are 
shown  in  figure  4 together  with  the  measured  values  of  Teubner  et  at  (1973)  and  the 
theoretical  predictions  of  Winters  et  at  ( 1973)  and  the  Glauber  results  of  Franco  (1968)and 


Scottwing  ongk  tflStg) 

Flgana  Dinereiitial  croawctiont  tor  elastic  scattering  at  SO eV.  MEA:  present  four-state 
(ls,2s,2p(,2p^,)  eikonal  treatment  at  (a)  SOeV,  (b)  lOOeV;  G:  Glauber  approximation 
(Franco  1968);  PG:  polarized  Glauber  approximation  (Mathur  1974);  W;  second-order 
potential  tbet^  with  exchange  (Winters  et  al  1973);  A Teubner  et  al  (1973) 


of  Mathur  (1974).  Although  the  experimental  data  are  subject  to  ± 35  % error,  comparison 
between  MEA  and  W clearly  demonstrates  the  necessity  of  including  the  full  polarization 
distortion  (for  distant  encounters)  electron-exdumge  and  a wave  treatment  modification 
(for  the  closer  encounters),  all  of  which  were  acknowledged  by  the  one-channel  approxi- 
mation of  Winters  et  al  (1973).  The  present  differential  cross  sections  were  rather 
insensitive  to  the  approximations  in  § 22  (cf  table  1). 

Further  accord  with  experiment  is  introduced  by  inclusion  of  electron-exchange  and  a 
wave  treatment  of  the  close  collisions  (with  angular  momentum  1 < 7)  as  carried  out  by 
Winters  et  al  (1973).  In  condusion,  figure  4 displays  the  inadequacy  of  the  present 
treatment  to  properly  describe  elastic  scattering  at  dl  angles ; polarization  distortion 
mainly  affects  sfliall-angle  scattering  while  electron-exchange  becomes  dominant  for 
larger  angle  scattering. 


3JJ.  Indastic scattering.  In  figures 3(aX(fr) are diq>layed  the  2pQ,^,  and 2pdiflerentul 
cross  sections  at  SO  eV  and  100  eV.togetba  with  the  di^rted-wavecalculadons  of  Chen 
et  al  (1972).  Comparison  shows  that  the  eflect  of  coupling  with  the  2s  diannel  is  to 
decrease  the  2p  scattering  only  at  small  angles  :gl(f . The  Glauber  results  of  Tai  et  al 
(1970)  are  also  shown  at  100  eV. 


FlgMcS.  DiflereDtialGr<Miiectioiitrorthe2po,2pi, andZpexciUtioasarMoinichydrogen 

by  dectron  impact  at  (a)  SOcV  and  (b)  lOOeV  incident  energy; picMat  four-etate 

(l*,2t,2p,,2p^,)  eikonal  treatment; dietotted-wave  treatment  (Cben  et  al  1972); 

• Glauber  approximation  (Tai  et  a(  1970). 


Figures  6(a),  (b)  display  the  corresponding  2s  scattering.  A two-state  treatment  has 
also  been  canied  out  and  the  results  agree  closely  with  Chen  et  al,  who  found  that 
electron-exchange,  the  importance  of  which  increases  with  0,  is  very  small.  Figures 
6(a)  and  (b)  show  that  the  more  important  eflect  arises  via  coupling  with  the  2p  channel, 
particularly  for  small  momentum  transfers.  The  Glauber  approximation  is  in  general 
agreement  with  the  four-channel  calculations  excq>t  at  high-momentum  changes. 

In  summary,  a multichannel  generalization  of  the  eikonal  approach  to  atomic  col- 
lisions has  bera  presented.  Various  approximate  schemes  have  been  proposed,  and 
examined  in  detail  for  e-H(ls)  collisions.  In  the  heavy-partide  or  hi^-energy  limit,  the 
basic  formulae  reduce  to  the  standard  impact  parameter  method.  For  e-I^ls)  collisions 
at  low  and  intermediate  energies  £,  the  actional  refinements  introduced  are  necessary 
for  an  adequate  description  of  excitation.  Very  good  agreement  with  experiment  and 
with  other  refined  treatments  is  obtained  for  the  2p  excitation  while  the  2s  excitation  (the 
cross  sectkM  for  which  being  less  definitive  for  £ < 40eV)  is  in  satisfactory  accord. 
However  polarization  distortion  and  electron-exchange  which  are  neglected  in  the 
present  description  are  very  important  for  elastic  scattering  at  all  angles. 


SeotUring  angit  0(d«g) 

FI(hc  (.  Diflereotial  crots  section*  for  the  2*«icitatioa  of  atomic  hydrogen  by  electron- 

impact  at  (a)  JOeV  and  (6)  lOOeV  incident  energy: present  four-state  (Is,  2s,  2po,  2p  j ,) 

eikonal  treatment; present  two-state  (Is,  2*)  eikonal  treatment; distorted-wave 

treatment  (Chen  eC  al  1972);  • Glauber  approximation  (Tai  el  of  1970). 
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4. 3 Multichannel  Elkonal  Treatment  of  Atomic  Collisions; 

The  2^S  and  2^P  Inelastic  Scattering  of  Electrons  by  Helium 


Multiduuinel  eikonal  treatmeot  of  atomic  coUisioiis:  The  2'S  and  2'P  inelastic  scattering 

of  electrons  by  helium* 

K.  J.  McCann  and  M.  R.  Flannery 
School  of  Physics,  Georgia  Instilule  of  Technology,  Atlanta,  Georgia  30332 
(Received  3 June  1974) 

A multichannel  eikonal  treatment  of  atomic  collisions  is  presented  and  applied  to  the  excitation  of 
atomic  helium  by  electrons  with  incident  energy  E in  the  range  50  i E ^ 500  eV.  Two  different  sets 
of  orthogonal  wave  functions  are  employed.  A four-channd  description  yields  differential-  and  total- 
excitation  cross  sections  in  satisfactory  agreement  with  experiment. 


1.  INTRODUCTION 

Apart  from  the  application  of  the  first  and  second 
Born  approximations,*"*  Ochkur  modifications,* 
Glauber -type  swtoaches,***  and  impact -param- 
eter methods*' ' to  collisional  excitation  of  atomic 
helium  by  incident  electrons,  theoretical  knowledge 
of  these  collisions  for  low  and  intermediate  impact 
energies  beyond  the  inelastic  thresholds  is  very 
limited.  The  experimental  measurement  of  the 
vacuum-uv  excitation  functions  is  difficult*"**  and 
requires  high  resolution,  and  full  account  must 
be  taken  of  cascade  and  other  well-identified 
problems.  In  order  to  provide  absolute  cross 
sections,  the  measurements  must  then  be  normal- 
ized to  some  high-energy  theoretical  cross  sec- 
tion, and  the  energy-point  of  departure  of  the 
actual  cross  sections  from  the  corresponding  Born 
and  Bethe  values  is  extremely  uncertain. 

In  an  effort  to  obtain  an  accurate  description  of 
electron-(excited)  atom  collisions  in  the  intermedi- 
ate energy  region,  a multistate -eikonal  treatment 
of  atomic  collisions  has  recently  been  devel- 
oped.*®' **  The  method  achieved  notable  success 
for  c -H(ls)  excitation  and  the  resulting  dif- 
ferential and  total  cross  sections  agreed  closely 
with  experiment  and  with  other  refined  treatments. 
Moreover,  the  basic  formulae  which  acknowledged 
different  speeds  in  various  channels  reduced  upon 
successive  approximation  to  those  obtained  pre- 
viously by  other  authors.*'**"**  In  an  effort  to 
probe  the  further  reliability  of  the  present  method, 
the  2 *S  and  the  2 'P  excitations  of  atomic  helium 
by  electron  impact  are  examined  in  this  paper. 

The  resulting  total  and  differential  cross  sections 
are  compared  with  previous  treatments  and  with 
experiment. 

n.  THEORY 

The  scattering  amplitude  describing  a transition 
between  an  initial  channel  i and  a final  channel 
/ of  the  electron-helium  collision  system  of 
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reduced  mass  p is,  in  the  center -of -mass  ref- 
erence frame, 

/,y(e,<p)  = -(l/4it){2nm 

x<*,  (K, ; r,  R)1  V(f.  R)| ♦;(!?, ; F,  R)>-  ; 

(1) 

where  ^(r,  R)  is  the  instantaneous  electrostatic 
interaction  between  the  electron  at  R and  the 
helium  atom  with  internal  electronic  coordinates 
denoted  collectively  by  r,  both  vectors  being  rela- 
tive to  the  helium  nucleus  as  the  origin.  The  wave 
numbers  for  the  relative  motion  in  the  initial  and 
final  channels  asymptotically  (R-“)  tend  to  fe, 
and  kf , respectively,  the  final  stationary  state 
of  the  isolated  atoms  in  channel  / is  4'^ , and 
is  the  solution  of  the  time-independent  SchrO- 
dinger  equation, 

("  V (f)  + K(F.  R))  ♦:(r, R)  = £t*,*(F, R)  . 

(2) 

solved  subject  to  the  asymptotic  boundary  condi- 
tion 

♦;(r,R)  JSBJL  5 

X9»,(f„rj,),  (3) 

in  which  r,)  are  eigenfunctions  of  the 

Hamiltonian  H,  {T)  for  the  isolated  helium  atom 
with  internal  electronic  energy  c, , such  U»at  the 
total  energy  fi,  in  channel » is  Cj  +**fc}  /2p,  which 
is  conserved  throughout  the  collision.  In  the 
absence  of  Hie  Interaction  the  wave  function  for 
the  system  in  the  final  channel  is  therefore 

The  eikonal  approximation  to  (2)  writes  the 
total  wave  function  in  Hie  presence  ol  ttie  interac- 
tion as 


♦;(r,R)=  5 A,(p,Z)exi»S,(p,ZV,(f„r,) , 


C,{p.Z)=‘A,($,Z) 


where  the  e-lon  separation  S > (R,  6, 4)  • (p,  Z) 

In  spherical  and  cylindrical  coordinate  frames, 
respectively.  The  eikonal  S,  in  (4)  is  the  char- 
acteristic-function  solution  ^ the  classical  Hamll- 
ton-Jacobi  equation  (l.e.,  the  SchrOdinger  equa- 
tion in  the  ft ->0  limit)  for  the  e - He  relative  mo- 
tion under  the  static  interaction  ^),  and  is 
therefore  given  by 

£,(f,Z)  = ft,Z+  j ] [ic,(5)-ftJdZ  , (5) 

in  which  the  local  wave  number  of  relative  motion 
at  R is 

*.(5)=lfe>-(2M/ft»)K,.(m]*'*.  (6) 

and  where  dz  is  assumed  to  be  an  element  of 
path  length  along  the  trajectory.  The  interaction 
matrix  elements  coupling  the  various  atomic  states 


By  inserting  Eq.  (4)  into  (1),  and  with  the  aid  of 
Eqs.  (2)-(7),  Flannery  and  McCann*’  have  shown 
that  the  scattering  amplitude  then  reduces  to 


•'a 


^ll,(p,0)-ilt(p,e)]pdp,  (f 

where  K'  is  the  XY  component  ft^sind  of  K and 
where  </^  are  Bessel  functions  of  integral  order. 
Both  the  functions 


fi(P,  »;«)=  \ ^ Kf(p,Z)(^- 


c‘"dZ 


j"  ^*/(*/~ft/)+  Vff^Cf(p,Z) 


^e*^dZ  (10) 

depend  on  the  scattering  angle  6,  via  the  param- 
eter 

asft^(l -cos0)s2ftySin*(9/2) , (11) 

the  difference  between  the  Z component  of  the 
momentum  change  K and  the  minimum  momentum 
change  ft|  - ft/  in  the  collision.  The  transition 
amplitudes  C/  (p,Z)  which  are  related  to  the 
original  i^ase  b -dependent  coefficients  A/ (JS.Z) 
by 


where  A is  the  change  - Af/  in  the  azimuthal 

quantum  number  of  the  atom,  can  be  shown  to 
satisfy  the  following  set  of  Af -coupled  differential 
equations 

+ (Pf  2)^C/  (p,  Z) 

= ^C,(p,Z)K„(p,Z)e'<*--»/>*, 
n *1 

/=1,2,...W  (13) 

to  be  solved  subject  to  the  boundary  condition 
Cf  (p,  -‘°)  = fi|/.  Equations  (8)-(13)  are  basic  to 
the  present  multichannel  eikonal  treatment  and 
a variety  of  approximations  readily  follow.  For 
example,  in  the  absence  of  all  couplings  except 
that  connecting  the  initial  and  final  channels,  l.e., 
C,  =0,1  in  (13),  then  (8)  reduces  to 

J K/,(R)exp(iK-R)dR  . 


which  is  the  Born-wave  formula  for  the  scattering 
amplitude. 

When  K/  (5)  is  approximated  by  ft/  - (p,^lt/)  V/zlR) 
then,  with  the  aid  of  (6)  for  , both  /,  and  the 
term  within  large  parentheses  of  the  left-hand 
side  of  (13)  vanish  Identically  to  give 

/f/(e.«>)  = -»^*‘  r’jA(K'p)pdp 
-'0 


an  approximation  A to  the  scattering  amplitude, 
for  which  the  Af-coupled  equations  reduce  to 


fft*  act 


C|f(p,Z)V/.(p,Z)e‘“--V'*, 


/»l,2...,Af.  (16) 

If  the  local  wave  number  «/  in  (15)  and  (16)  is 
now  replaced  by  its  asymptotic  value  ft/ , then  a 
further  approximation  B is  obtained.  For  a one- 
channel  approximation  B,  C*  >C*6„  in  (16)  with 


K|  sk, , After  some  analysis,  the  customary 
eikonal  expression**  lor  elastic  scattering  by 
a fixed  potential  is  then  recovered.  More- 

over, if  the  distorted  wave  for  the  final  state 

(r,H)  = <(»,(?„?,) exp*  (e, *5-^  VffdZ^ 

(17) 

is  used  in  (1),  then  the  theory  follows  through  as 
before,  to  give,  In  approximation  B 

/?/'(«, = I' 

xexp»(aZ+'^J  VffdZ'^dZ 

(18) 

where,  Cf  satisfies  (16),  with  Kf=k,.  Equation 
(18)  represents  the  multichannel  distorted -wave 
treatment.  By  setting  Cf  =Cf6,,  in  a two-state 
treatment  of  (16),  then,  after  some  analysis, 

(18)  reduces  to 

/5*'*  (8,  <P)  = j[  «^a(*/P sine)PrfPj[^  V„{p,Z) 

X e3q)i{[(fe, -kf)*a]z  +6*(Z)}  dZ  , 

(19) 

where 

(20) 

formulas  which  are  identical  to  the  distorted  Born- 
wave  expressions  of  Chen  et  al.^^  for  e-H  colli- 
sions. Equations  (19)  and  (20)  have  been  used  by 
Shields  and  Peacher**  to  evaluate  differential  cross 
sections  for  atom -atom  collisions. 

In  the  heavy -particle  or  high-energy  limit,  the 
asymptotic  wave  numbers  kf  in  approximation  B 
can  be  replaced  by 

k,=k,-  {€„  /«o  ,)[1  + (€„/2pt)?  )+•••],  €,«=«/-«!. 

(21) 

and  a third  approximation  C(a)  follows  by  setting 
all  the  individual  h,  in  approximation  B equal  to 
Ik, , and  any  difference  fc,  -h/  =€/,/v, . Hence 

•'0 

X (£"  ■^^^*^exp«o2)dz')pdp, 

01  (22) 


In  addition,  for  small-angle  scattering  at  high 
energies  osO  from  (11)  and  the  2 -integration 
above  can  therefore  be  performed  so  tiiat  a further 
approximation  C(a  -0)  is  characterized  by 

X f J,y(K'p)(Cf(p,«>)-6y)pdp 
•'0 

(23) 

where  K'*  =K*  - , and  the  amplitudes  C} 

satisfy 

CS(p,Z)V,.(p,Z)exp(i^)  , 

(24) 

in  which  =Hk(/p,,  for  « = 1,2,.. .,  IV,  is  the 
incident  speed.  Equations  (22)-(24)  are  simply 
those  derived  previously**  for  the  differential 
cross  sections  in  the  multistate  impact  parameter 
description  of  heavy  particle  collisions.  They  have 
recently  been  applied  to  various  atom -atom  and 
ion-atom  collisions.*''  Equation  (22)  has  previously 
been  obtained  by  Byron*  who  subsequently  applied 

(23)  and  (24)  to  s -H(ls)  collisions.  In  order  to 
acknowledge  polarization  of  the  initial  state  due 
to  the  incident  electron,  Bransden  and  Coleman** 
modified  (24)  and  used  (23)  with  K'  =2h,sini0.  The 
above  derivation,  however,  demonstrates  that  the 
validity  of  the  impact  parameter  equations  (22)- 

(24)  is  confined  only  to  the  heavy -particle  or 
high-energy  limit  of  atomic  collisions  when  h, 
and  the  scattering  is  mainly  in  the  forward  direc- 
tion. 

The  Glauber  approximation  which  follows  by 
neglecting  the  exponential  term  in  (24),  and  by 
inserting  the  exact  solution  Cf  of  the  resulting 
equations  in  (23),  is  also  a heavy-partlcle-high- 
energy  approximation  and  one  in  which  no  account 
is  taken  of  the  different  relative  momenta  in  die 
various  channels.  In  spite  of  this,  however,  it  is 
apparently  remarkably  successful. 

in.  RESULTS  AND  DISCUSSION 

The  full  multichannel  eikonal  theory,  as  repre- 
sented by  Eq.  (8)-(13),  is  now  applied  to  the  ex- 
amination of  differential  and  total  cross  sections 
for  the  excitation  processes 

e+He(l*S)-c+He(2'S,2'i>)  (25) 

in  which  the  four -channels  e - (1  *S,  2 *S,  2 ‘P,,  „) 
of  die  e-He  system  are  closely  coupled.  For  this 
investigation  two  relevant  orthogonal  sets  of  wave 
functions  were  adopted.  The  first  set  includes  the 
normalized  Hartree-Fock  ground-stale  function  of 


Byron  and  Joachain,** 

<Pu . I. 

x(«''‘«'t+0.7M*-»'“'t) , (M) 

the  2 '/>  function  of  Goldberg  and  Clogstoo,** 

= (0. 37831  /» ‘ «^i  ♦*'i) 


J'.-ff,)]..  »1) 


and  the  2 'S  function  of  Flannery^ 

0.70640  , . .-L.  ..... 

Vu.M  't) f « *(«  -c*”,*  ) 

+ «-*'!  («-^'t-cr,e-<",)]  , 
(28) 

In  which  the  parametera  Asl.1946,  30.4733, 

c 30.268  32,  and  n =0.007  322,  which  ensured  ortho- 
gonality with  (28),  were  chosen  so  as  to  provide 
a simple  curve  fit  to  the  multi-parameter  function 
of  Cohen  and  McEachran.’*  With  the  aid  of 
standard  integral  techniques,  the  interaction 
potentials  (7),  deduced  from  the  above  set  of 
wave  functions  (26)-(28),  can  be  expressed  as 
analytic  functions  of  S,. 

Hie  second  choice  of  wave  functions  are  the 
actual  analytical  multi -parameter  Hartree-Fock 
frozen -core  set  of  McEachran  and  Cohen’*  and  of 
Crothers  and  McEachran,”  which  yield  very 
accurate  eigenenergies.  The  set  is  written 

(29a) 

where  the  normalized  function  representing  the 
frozen  Is  orbital  is 

<^o(r)=2’/»e-«-  K^(F)  , (29b) 

and  where  the  unnormalized  orbital  for  the  second 
electron  in  state  (nlm)  is,  in  atomic  units, 

<P.i-(f)=  a;'(2r)'c-*’-L/***(2^)y, .(?),' 

i»tl  +1 

0=1  , (29c) 


where  the  coefficients  aj**  of  the  associated 
Laguerre  polynomials 

have  been  tabulated”"”  for  various  states  of 
helium.  In  order  to  evaluate  the  interaction 
matrix  elements  (7)  as  analytic  functions  of  fi, 


it  is  convenient  to  express  (29c),  with  the  aid 

of  (29d).  as 

^.i-(»)-  B;'«'*'r*-‘F,.(#)  , (30a) 

Jf»l  ♦» 

with  coefficients  given  by 

B-«-  i'  (-l)*-o:'2'C;t)»(28)*-»- 

which  are  tabulated  in  Table  I for  the  1 *s,  2 *S 
and  2 states  at  interest.  The  overall  normaliza- 
tion factor  in  (29a)  is  »[2(lif„  +0*,  )]"*'*,  where 


= 2»/»  ^ . (30d) 

and  is  also  given  in  Table  I.  With  the  aid  of  (30a) 
and  (30b),  and  standard  integrals,  die  interaction 
matrix  elements  can  be  expressed  in  the  form 

(5)=  (~~of 

1*1  ,«-i  / 


The  tabulation  of  the  coefficients  tor  the  various 
(l/u  +1/”'),  and  Z.  values  is  extensive  and 

TABLE  I.  Coefficients Bjy',  parameters  0,  normallz- 
atton  factors  N„,,  and  eigenenergies  fa.u.)  given  by 
the  Hartree-Fock  frozen-core  set  of  wave  Ihnctions 
(29a)-(30a)  for  helium. 


Af\a 

Is 

2s 

2> 

1 

-1.8385(0)’ 

-5.5677(-l) 

0.0000 

2 

2.9332(-2) 

5.2732  (-1) 

-1.2768(-1) 

3 

-1.2332(0) 

-4.1053(-1) 

-5.8948(-2) 

4 

-4.7143(-3) 

3.1444(-1) 

-l.S165(-2) 

5 

1.0769(-1) 

-9.0158(-2) 

-1.3793(-2) 

« 

-7.9926(-2) 

1.7266(-2) 

4.9854(-3) 

7 

2.0400(-2) 

-l.S858(-3) 

-1.2073(-3) 

8 

-2.6249(-3) 

7.3009(-5) 

1.1861(-4) 

9 

1.2433(-4) 

-3.0876(-7) 

-5.2312(-6) 

0 

2.0 

1.0 

1.0 

>^.1 

2.2745 

9.ie27(-2) 

3.6218(-2> 

e,  (calc) 

-0.8725 

-0.1434 

-0.1224 

«,(expt) 

-0.9036 

-0.1460 

-0.1238 

’Numbers  in  parentheses  indicate  the  power  of  10  by 
which  the  entry  is  to  be  multiplied. 


is  svsUable  upon  request.  With  a knowledge  of 
the  Interaction  matrices  (31),  the  appropriate 
set  of  coupled  differential  equations  (13)  can  be 
solved  lor  the  real  and  imaginary  parts  of  C|  by 
standard  numerical  procedures. 

In  Figs.  1 and  2,  the  resulting  differential  cross 
sections, 

(32) 

computed  from  (8)-(13)  as  a function  of  scattering 
angle  6 are  displayed  as  solid  and  double -dashed 
curves  [labeled  FEl  and  FE2  associated  with  the 
first  and  second  choices  (26)-(28)  and  (29a)-(29d) 
for  the  wave  functions,  respectively]  at  two 
representative  electron -impact  energies  E^  of 
so  eV  and  100  eV.  Use  of  the  more  refined  set 
of  wave  functions  (29a)-(29d)  causes  the  scattering 
to  be  increased  only  in  the  forward  direction 
(0&2O“)  in  the  case  of  2 ‘P  excitation,  and  into  all 
angles  for  the  2 'S  collision.  This  amount  of 
enhancement  decreases  with  energy  increase. 

Also  shown  are  recent  results  labeled  S,  single - 
dashed  curves,  obtained  by  Berrlngton  et  al.” 
who  used  the  first  set  of  orthogonal  wave  functions 
(26)-(28)  in  the  second-order  potential  theory  of 
Bransden  and  Coleman,**  i.e.  Eq.  (23)  with  K' 

=2k,  sinid  and  Eq.  (24),  suitably  modified  so  as 
to  acknowledge  polarization  of  the  initial  state. 
While  the  long-range  polarization  is  expected  to  be 
more  effective  for  small -angle  scattering  (i.e., 
distant  encounters),  Berrlngton  et  al.^^  have  shown 
that  the  resulting  reduction  in  da/dil  is  nonetheless 
relatively  small  at  small  9 and  vanishes  for  larger 
6 and/or  E^.  Figure  1(a)  and  1(b)  show  that  the 
present  treatment  causes  a further  reduction  both 
at  small  and  large  scattering  angles  for  the  2 ‘P 
excitation.  In  Figs.  2(a)  and  2(b)  the  effect  is 
reversed  for  the  2 'S  excitation.  These  effects 
can  be  attributed  to  the  presence  in  (9)  and  (10)  of 
a which  tends  to  reduce  all  the  cross  sections 
particularly  at  the  larger  scattering  angles  and  to 
the  more  important  inclusion  in  the  various  chan- 
nels of  the  different  local  momenta  k,  (^)  which 
tend  to  enhance**  the  2 'S  excitation  at  the  expense 
of  the  2 *P  excitation  at  energies  z 50  eV. 

The  2 'S  Glauber  cross  sections  of  Yates  and 
Tenney**  and  of  Chan  and  Chen,**  shown  as  crosses 
in  Fig.  2,  agree  closely  with  the  Glauber  results 
of  Franco**  who  used  the  same  2 *S  wave  functions 
as  in  FEl.  The  corresponding  2 *P  cross  sec- 
tions** are  in  harmony  with  the  present  calcula- 
tions in  the  angular  range  S'-IO*,  but  are  larger 
for  scattering  in  the  forward  direction. 

The  2 'P  and  2 'S  differential  cross  sections 
measured  by  various  groups*'  '**'*  are  also 
displayed  in  Figs.  1 and  2 for  comparison  purposes. 


FIG.  1.  Differential  cross  sections  for  the  process 
e + He(l*S)  — e + He(2  *P)  at  Incident  electron  energy  (a) 
50  eV  and  (b)  100  eV.  TTieoty:  FEl,  Four-channel 
elkonal  treatment  with  first  set  of  atomic  wave  functions 
(26)-(28);  FE2,  four-channel  eikonal  treatment  with 
second  set  of  atomic  wave  functions  (29);  S,  second- 
order  potential  method  with  first  set  of  atomic  wave 
functions  (Berrlngton  et  at.  (Ref.  33)1.  Experiment: 

A,  Chamberlain  et  at.  (Ref.  17),  x.  Crooks  and  Rudd 
(Ref.  18),  •,  Truhlar  et  at.  (Ref.  19)  at  5S.S  eV  and 
Vrlens  et  at.  (Ref.  15)  at  100  eV. 


FIG.  3.  Tout  croM  8«oUaiic  for  (a)  the  2 '/>  and  (b) 
the  2*6  eocdtatioiiB  of  He(l'S>  by  electron  impact. 
Theory:  FEl,  Four-channel  eikonal  treatment  with  flrat 
aet  of  atomic  wave  Amcticoa  (26)-(281:  FE2,  four-chan- 
nel eikonal  treatment  with  second  aet  of  atomic  wave 
ftinctions  (3S);  S,  second-order  potential  method  with 
first  set  of  atomic  wave  funcUona  (Berrincton  <(  mt. 

(Ref.  33)1;  B,  Bom-approaimatlon  (Ref.  2):  4-:  Glauber 
approocimation  (Refs.  35  and  36).  Bcperiment: 

A,  Donaldson  tt  ml.  (Ref.  9);  ■,  Jobe  and  St.  John  (Rd. 
10);  X,  Mouetafa-Mousaa  (Ref.  11);  •,  van  Eok  and 
de  Joi«h  (Ref.  12);  (2*5).  A,  Lasaettre  ml  ml.  (Ref.  13); 
X,  Miller  mt  ml.  (Ref.  14);  O,  Vriens  ml  ml.  (Ref.  15). 


FIG.  2.  Di&erential  cross  sections  for  the  process 
m 4 He(l  *5)  — « 4 He(2  *5)  at  incident  electron  energy. 

(a)  50  eV  and  (b)  100  eV.  Theory;  FEl,  Four-channel 
eikonal  treatment  with  first  set  of  atomic  wave  ftmcUons 
(26)-(28);  FE2,  four-channel  eikonal  treatment  with 
second  set  of  atomic  wave  functions  (29);  S,  second- 
order  potential  method  with  first  set  of  atomic  wave 
functions  [Herrington  ml  ml.  (Ref.  33)1;  4;  Glauber 
approximation  (Refs.  34  and  35).  Experiment;  SMM, 
Simpson  el  ml.  (Ref.  16);  A,  Chamberlain  ml  ml.  (Ref. 

17);  X,  Crooks  and  Rudd  (Ref.  18);  •,  Rice  ml  ml.  (Ref. 
4)  at  55.5  eV  and  Vriens  ml  ml.  (Ref.  15)  at  100  eV. 


Although  large  discrepancies  do  exist  between  the 
measured  values,  particularly  for  scattering  at 
all  angles  lor  50  eV,  and  lor  large-angle  scat- 
tering, in  general,  the  over-all  agreement  with 
theory  is  satisfactory  only  lor  scattering  into  small 
and  intermediate  angles  £ 50*. 

While  the  present  treatment  includes  several 
Important  effects,  e.g.,  the  2 'P  -2  'S  coupling 
and  the  different  relative  local  momenta  in  the 
various  channels,  it  ignores  both  electron -exchange 
and  that  additional  part  of  the  polarization-inter- 
action in  the  incident  channel  not  included  via  the 
four -state  treatment.  Electron -exchange  is  mainly 
effective  at  the  large  scattering  angles  (i.e.,  close 
encounters)  while  the  long-range  polarization 
attraction  mainly  effects  elastic  scattering  in  the 
forward  direction.  For  e-H(ls)  excitation  at  50 
eV,  Chen  et  al.^^  have  shown  the  exchange  effect 
to  be  small  lor  9&30°,  an  effect  which  is  entirely 
dominated  by  the  more  important  2p  -2s  coupling 
included  by  Flannery  and  McCann,’*  but  neglected 
in  the  treatment  of  Chen  et  al.'^  According  to 
Berrlngton  et  the  neglect  of  the  additional 
amount  of  polarization  in  the  incident  channel 
introduces  relatively  small  error”  lor  e-He 
inelastic  scattering  in  the  forward  direction.  The 
present  theoretical  formulation  is  however  amena- 
ble to  the  Inclusion  of  both  electron -exchange  and 
the  full  polarization  interaction. 

However,  both  polarization  in  the  incident  chan- 
nel and  electron -exchange  are  significantly  more 
important  for  elastic  scattering  than  for  inelastic 
scattering.  Flannery  and  McCann’*  have  shown 
that  inclusion  of  these  effects  causes  an  overall 
increase  in  the  total  cross  section  for  e-H(ls) 
elastic  scattering,  polarization  being  mainly 
responsible  for  enhancement  in  the  forward  direc- 
tion while  electron-exchange  is  needed  to  properly 
describe  intermediate  and  large-angle  scattering. 


In  Figs.  3(a)-3(b)  are  displayed  the  theoretical 
cross  sections  together  with  other  theoretical 
values  and  the  measurements  for  the  total  2 'P 
excitations.  Refs.  9-12,  and  for  the  2 *&'  excita- 
tions, Refs.  13-15.  Donaldson  et  a/.*  normalized 
their  experimental  data  to  the  Born  cross  sections 
at  2000  eV.  As  exhibited  in  the  figures,  the 
present  theory  represents  considerable  improve- 
ment over  the  Born  B and  the  second-order 
potential  treatments,  although  a great  deal  of 
scatter  still  exists  in  the  e]q>erlmental  data.  The 
theoretical  prediction  of  a peak  in  the  2 *P  excita- 
tion around  80  eV  is  consistent  with  the  experi- 
mental data.  The  use  of  the  less  accurate  wave 
functions  (26)-(28)  reduces  the  2 ‘P  and  2 *S  (FE2) 
cross  sections  by  6 and  12%,  respectively.  Com- 
parison of  FEl  and  S in  Fig.  3(b)  shows  that  the 
additional  physical  effects  acknowledged  by  the 
present  treatment  for  the  2 'S  excitation  has  in- 
troduced closer  accord  with  experiment,  while 
comparison  between  FE2  and  FEl  demonstrate 
the  need  for  using  wave  functions  as  accurate  as 
possible. 

Note  that  Berrington  et  al.^  obtained  their  total 
cross  sections  by  integrating  the  computed  transi- 
tion probabilities  over  impact  parameter  p,  a 
procedure  which,  in  general,  overestimates  the 
cross  section  calculated  by  integrating  (32) 
directly  over  all  solid  angles.  It  is  worth  noting 
that  the  present  Hartree-Fock  frozen-core  set 
of  wave  functions  are  the  most  accurate  employed 
to  date  in  a collision  description  more  refined 
than  the  Born  approximation. 

The  Glauber  cross  sections”*’*  are  in  accord 
with  the  present  FEl  results  for  impact  energy 
£(>100  eV,  for  the  2 'P  excitation,  and  £,>200, 
for  the  2 *S  excitation.  The  2 ‘P  wave  function 
used”  was  the  same  as  in  FEl  while  the  2 ‘S  wave 
function”  differed. 


TABLE  n.  Inelastic  cross  sections  (iWo*)  f®*"  t**e  process  e -He(l'S)— e +He(2P). 


£|(eV) 

2'Po 

F£* 

2*?,,  2‘P 

pb 

S’ 

2'P 

jpi 

Born* 

50 

0.0732 

0.0600 

0.1332 

41.9 

0.215 

0.232 

0.1694 

80 

0.0637 

0.0750 

0.1387 

25.9 

e • e 

• e. 

0.1596 

100 

0.0547 

0.0759 

0.1306 

18.1 

0.155 

0.161 

0.1485 

200 

0.0347 

0.0671 

0.1018 

1.7 

0.105 

0.107 

0.1069 

300 

0.0237 

0.0577 

0.0814 

-9.8 

0.0822 

0.083 

0.0841 

400 

0.0173 

0.0500 

0.0673 

-18.2 

0.0681 

0.069 

0.0700 

500 

0.0120 

0.0466 

0.0586 

-32.0 

0.0581 

0.058 

0.0602 

’Present  four-channel  elkonal  treatment  (refined  set  of  wave  functions,  Eqs.  (29a)-(29d). 
'’Percentage  polarization  of  emitted  radiation. 

‘Second-order  potential  method  [Berrlngton  et  at . (Ref.  33)1. 

''impact-parameter  method  [Berrington  et  at . (Ref.  33)). 

’Born  approximation  [Bell  et  at , (Ref.  2)1. 
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TABLE  ni.  Inelastic  cross  sections  (ni|t)  for  the  pro- 
cess «+ He(l'S)-»#  ')’He(2‘S). 


(eV) 

FE* 

s'* 

IP^ 

Born'* 

50 

0.0215 

0.0225 

0.031 

0.0390 

80 

0.0175 

• a. 

• e • 

0.0270 

100 

0.0153 

0.0154 

0.0182 

0.0222 

200 

0.0096 

0.0093 

0.0102 

0.0118 

300 

0.0070 

0.0066 

0.0071 

0.0080 

400 

0.0054 

0.0052 

0.0054 

0.0060 

500 

0.0045 

0.0042 

0.0044 

0.0048 

* Present  four-channel  treatment  [refined  set  of  wave 
functions,  Eqs.  (29a)-(29d)]. 

’’Second-order  potential  method  [Berrlngton  *t  s(  .(Ref. 
33)1. 

‘impact-parameter  method  [Berrlogton  et  oi  .(Ref.  33)1. 

^Born  approximation  (Bell  et  el . (Ref.  2)1. 

In  Tables  n and  m are  displayed  the  actual 
numerical  2 'Pg,  and  2 'S  excitation  cross  sec- 
tions FE2,  together  with  those  given  by  Born’s 
approximation  B,  the  four-state  impact  treatment 
IP  and  the  second-order  potential  method  S.  For 
the  2 ‘P  excitation  at  impact  energies  E^  &200  eV, 
IP  and  S are  higher  than  B which  at  50  eV  is,  in 
turn,  higher  than  the  present  four -state  eikonal 
results  FE2  by  34%.  For  the  2 ‘S  excitation  all 
the  cross  sections  are  lower  than  Born’s  approxi- 
mation and  the  use  of  the  more  accurate  second 
set  of  wave  functions  (29a)  has  resulted  in  (for- 
tuitous) closer  accord  with  IP  and  S which  were 
determined  from  wave  functions  (26)-(28).  At  500 
eV,  the  Born  cross  sections  are  3 and  6%  higher 
than  the  FE2  results  for  the  2 *P  and  2 ‘S  excita- 
tions, respectively. 
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Also  tabulated  in  Table  n is  the  percentage 
polarixation  P of  the  radiation  emitted  from  the 
3 'P  level  obtained  from  the  formula** 

P = 100(Oo  - a,)/(ag  + 0,)  , (33) 

where  is  the  cross  section  for  excitation  of  a 
particular  substate  m.  Direct  measurement  of 
P for  a vacuum  uv  emission  is  extremely  difficult. 

In  conclusion,  the  theoretical  acknowtedgment 
of  the  different  local  wave  numbers  k,  (R)  [Eq.  (6)] 
of  relative  motion  in  various  channels,  the  impor- 
tant 2 'P  - 2 *S  dipole  coupling,  the  momentum 
parameter  a{Eq.  (11)],  and  various  distortion 
effects  within  a multichannel  eikonal  treatment  ot 
atomic  collisions  has  introduced  closer  accord 
with  experiment  for  c-He  collisions  and,  in  par- 
ticular, has  produced  a theoretical  peak  given 
also  by  Glauber’s  approximation  but  absent  in 
previous  theoretical  treatments  of  the  2 ‘P  cross 
section.  The  effect  of  including  these  physical 
effects  can,  however,  be  rendered  null  for  the 
2 'S  excitation  by  an  inappropriate  choice  of  wave 
functions,  l.e.,  the  inclusion  of  refinements  to  the 
collision  theory  should  be  preferably  accompanied, 
whenever  possible,  by  a choice  of  accurate  He 
wave  functions.  The  present  agreement  for 
e-He(ls*)  collisions  taken  together  with  the  pre- 
vious” agreement  for  c-H(ls)  collisions  is  en- 
couraging and  represents  the  status  of  the  present 
multichannel  eikonal  approximation.  In  particular, 
this  theoretical  model  finds  ready  application  over 
a large  impact  energy  range  to  e -excited  atom  and 
e-complex  atom  collisions,  instances  for  which 
application  of  the  full  wave  treatment  is  pro- 
hibitively difficult. 
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Ahalfitt.  The  tflect  of  incliiding  the  3i  aad  3|1  peewdoemei  m tiatiawl  far  the  2i  aad  2p 
eidtatioB  of  atornic  hydrogen  by  incident  electron*  aritb  energy  £ (eV)  in  the  rai^ 
16-5  < £ < 20Gl  The  2s  excitation  is  most  strongly  aflected  aad  dis^ys  a behavioiir 
oonsisteat  with  measurement  and  refined  theories  which  include  polatiatioiL  The  2p 
excitatioo  agrees  particalatly  well  with  the  full  quaatal  pseudostate  treatment  and  with 
experiatent  A seven-channel  (Is,  2s,  2p,  3s,  3p)  treatment  is  also  peridrased.  and  the  resulting 
2t  and  2p  cross  section*  lie  closer  to  those  of  the  pseudostate  dcacription  than  to  the  four- 
channel  (Is,  2s,  2p)  results,  as  expected. 


In  this  letter,  the  multichannel  eikonal  approach  (Flannery  and  McCann  1975)  is 
examined  for  the  excitations, 

e-l-H(ls)-e-l-H(2s,2p,3s,3p)  (1) 

in  which  the  3s  and  3p  pseudostates  of  Burke  and  Webb  (1970)  are  explicitly  adtnow- 
ledged.  In  this  treatment,  the  amplitude  for  scattering  with  final  relative  momentum  k, 
in  direction  (0,<p)  with  respect  to  polar  axis  along  the  direction  of  incident  relative 
momentum  A,  is,  in  the  iAI  firame, 

UO, «)  - - i**  • f’  ia(K'p)[/ ,(P, «)- i/,(p,  9)]p  dp  (2) 

Jo 

where  are  Bessel  functions  of  integral  order,  and  where  K'  is  the  ATT  component 
kf  sin  9 of  the  momentum  change  K ^ A, -A,.  The  collision  functions 

/,(p,9;«)-J  >c,(p,Z)|^^^^|exp(iaZ)dZ  (3) 

and 

j |M»Cf-kf)+^*'rr|c,(p,Z)exp(i«Z)dZ  (4) 

contain  a dependence  on  the  scattering  angle  0 via 

a >=  A,(l-co$9)  2A,sin^(^  (5) 

the  difference  between  the  Z component  of  the  momentum  change  £ and  the  minimum 
change  A,  - A,  in  the  collision.  The  coupling  amplitudes  C,  are  solutions  of  the  following 
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set  of  N coupled  differential  equations 

* i C,(p.Z)K,^,Z)expKk.-fc,)Z.  /=1.2....,Af  (6) 

9»  1 

solved  subject  to  the  boundary  condition  C^,  - oo)  = d„.  The  local  wavenumber  of 
relative  motion  at  separation  R s (R,  0,  d>)  s (p,  Z)  is 

where  the  interaction  matrix  elements 

K-W  = <4^j[rmr,R)I^Jr)> 

coimect  the  various  electronic  states  describing  the  isolated  systems  and  where 
V{r,  Jl)  is  the  instantaneous  electrostatic  interactioa 

The  present  description  has  automatically  included  an  infinite  number  of  partial 
waves  of  relative  motion  which  are  distorted  the  static  interactions  associated  with 
the  various  channels  included  in  the  basis  set  expansion  and  which  in  turn  are  coupled 
to  the  internal  electronic  motions  via  the  amplitudes  C,  in  (6).  Moreover  in  contrast  to 
previous  semiclassical  descriptionsf  explicit  account  is  taken  of  the  variation  during 
the  collision  of  the  different  local  momenta  of  relative  motion  in  each  channel. 

Qose-ooupiing  calculations  have  been  performed  by  using  (2Hb)  in  which  the 
Is,  2s,  2po,^i  states  of  atomic  hydrogen  are  included  together  (a)  with  the  3s  and  3p 
pseudostates  of  Burke  and  Webb  (1970)  introduced  to  acknowledge  couplings  to  all 
higher  open  channels  and  (b)  with  the  actual  3s  and  3p  atomic  states.  In  tables  1 and  2 
are  displayed  total  excitation  cross  sections 

= 2a^  J \UB,  4>r  d(cos  B)  (7) 

for  processes  (1)  at  incident  electron  energy  £ (eV).  Previous  four-channel  results  F for 
the  2s  and  2p  excitations  (Flannery  and  McCann  1975)  converge  from  above  and  below 

Talk  I.  Total  cron  fectma  (soj)  givco  by  a four-diaiiiid  ireatmeot  F,  aod  two  seven- 
channel  Ireatmenu  (F  and  X,  with  and  without  pseudostatei,  tetpectively)  of  e-l>H(ls)  -> 
e-f  H(2t  or  2p)  at  eieetton  eaergy  £ (eVt 
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tCompare  Flannery  and  McCann  (1974)  arhen  I,  » 0,k,  • I;,  in  (3)  and  (6)  and  the  ooeScieat  of  C|  in  the 
left-hand  side  of  (6)  is  neglected,  and  also  Bransden  (1970). 


Talk  2.  Tout  cron  wclions  (001  uj)  given  by  seven-channel  iFeatmenl  of  e-f  H(ls) 
e-t-H(ii/);n/  — 3s,  3po.  3pt|. at  electron  energy  £(eV). 


respectively  onto  the  pure  seven-channel  treatment  R.  Addition  of  the  pseudostates  in 
P considerably  distorts  the  shape  and  changes  the  magnitude  of  the  2s  excitation  while 
(Tjp  remains  relatively  unaffected.  Replacing  the  pseudostates  by  the  real  3s  and  3p 
states  in  general  yields  cross  sections  which  lie  between  F and  P although  closer  to  P, 
as  expected. 
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Figan  I.  Cross  sections  ()ni|)  for  (o)  the  2p  and  (b)  the  3p  excitations  from  H(ts)  by  electrons 
with  energy  £ (eV).  P and  R are  the  present  seven<hannet  results  with  psetido  and  real  3s 
and  3p  states  respectively.  Experiment;  A (Long  et  al  1968).  * (Williams  and  Willis  1974): 
theory;  • pseudostate  (Burke  and  Webb  1970),  second-order  potential  method;  ■ (a) 
four-channel  approximation  (Sullivan  et  al  1972),  (h)  one-channel  approximation  (Bransden 
et  al  1972),  -I-  Glauber  approximation  (Tai  et  al  1970),  BH  Baye  and  Heenen  (I974)i  B Bom 
approximation. 
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Fi|H«  2.  Cross  sections  for  the  2s  excitation  from  H(ls)  by  electrons  with  energy  E (eV): 
Notations  as  in  figure  1,  except  experiment : A Kauppila  et  al  (i970X  theory : x McDowell 
e(a/(l974X 


These  effects  are  further  illustrated  in  figures  1 and  2 where  comparison  theoretical 
and  experimental  data  are  provided.  In  figure  1(a),  the  2p  measurements  of  Long  et  al 
(1968)  are  normalized  to  the  present  F value  at  200  eV  (rather  than  to  the  Bom  section 
which  is  7%  higher).  The  recent  absolute  measurement  of  Williams  and  Willis  (1974) 
at  11  eV  is  13%  higher  than  the  corresponding  2p  cross  section  of  Long  et  al.  The 
present  ajp  in  very  good  agreement  with  the  experiment  and  with  the  fully  quantal 
pseudostate  treatment  of  Burke  and  Webb.  The  recent  twenty-state  second-order 
diagonalization  impact-parameter  description  of  Baye  and  Heenen  (1974)  for  the  2p 
and  3p  excitations,  in  figure  1,  is  in  close  accord  with  the  second-order  potential  treatment 
of  Bransden  et  al  (1972)  and  Sullivan  et  al  (1972),  an  approach  based  on  the  impact- 
parameter  method,  and  designed  to  acknowledge  couplings  with  all  excited  states. 
Bora  and  Glauber  (cf  Tai  et  al  1970)  cross  sections  are  also  included  in  the  figures. 

In  figure  2,  the  main  effect  of  pseudostate  addition  causes  the  2s  cross  section  to 
continue  its  increase  as  the  impact  energy  £ is  reduced  to  16  5 eV,  reflecting  a behaviour 
also  exhibited  the  treatments  of  Burke  and  Webb,  and  of  McDowell  et  al  (1973X 
This  behaviour  is  real  and  is  consistent  with  the  measurements  shown  in  figure  2(h)  of 
Kauppila  et  al  (197(9  who  estimate  a cascade  contribution  of  0-23  to  the  observed 
2s  exdtatioa  The  present  3s  cross  sections  are  shown  in  figure  3 together  with  other 
theoretical  values,  comparison. 

Rather  than  presenting  aH  the  differential  cross  sections,  from  which  n,  in  (7)  were 
obtained,  it  sufli^  to  report  that  the  2p  scattering  did  not  depart  appreciably  from  the 
earlier  study  (Flannery  and  McCann  I97S).  In  figure  4,  the  pseudostates  reduce  the 
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Fifvc  Cross  sections  (xoo)  3s  Fi(BR  4.  Differential  cross  sections  for  2s  excitation  from 

excitation  from  H(ls)  by  electrons  with  H( Is)  at  100 eV  impact  energy.  Notation  as  in  figure  I with 

energy  E (eV).  Notation  as  in  figure  2 with  F:  four-channel  treatment  (Flannery  and  McCaim  197S). 

X,  McDowell  ft  a/ (1973). 


2s  scattering  at  100  eV  in  the  forward  direction  and  enhance  the  scattering  through 
larger  angles,  the  net  result  being  a slight  increase  in  the  total  cross  section  at  100  eV. 
This  behaviour  becomes  increasingly  amplified  as  the  impact  energy  £ is  reduced  and 
figures  similar  to  4 are  available  upon  request. 

In  contrast,  pseudostates  increase  the  four-channel  clastic  scattering  in  the  forward 
direction  as  expected  since  the  potential  appropriate  to  the  distant  elastic  encounters 
becomes  more  long  range.  Hence,  agreement  with  the  experiment  of  Tcubner  et  al 
(1973)  became  somewhat  improved  for  small-angle  scattering.  However,  because  of  the 
neglect  of  electron  exchange  needed  for  a proper  description  of  closer  encounters,  the 
present  treatment  still  failed  (Flannery  and  McCann  197S)  to  provide  a good  description 
(cf  Winters  et  al  1974)  of  elastic  scattering  through  the  larger  scattering  angles. 

In  conclusion,  addition  of  pseudostates  does  improve  the  agreement  for  inelastic 
collisions  of  the  present  multichannel  eikonal  approach  with  experiment  and  with  other 
refined  theories  which  include  polarization  effects.  In  particular,  the  continuing  rise  of 
02,  as  E is  reduced  to  below  about  20eV  is  consistent  with  experiment  (cf  figure  7b), 
although,  at  these  low  energies,  electron  exchange  is  important  and  could  cause  the 
required  reduction  needed  to  improve  accord  between  the  present  approach  and 
experiment  (cf  figure  2b). 
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Abstract.  A ten-channel  eikonal  ireatment  of  then  2 and  3 collisional  excitations  of  helium 
by  incident  electrons  with  energy  E (eV)  in  the  range  40  < £ < 500  is  performed.  Diflerential 
aiid  integral  inelastic  cross  section? are  obtained,  together  with  theoretical  predictions  of  the 
(2,  y)  parameters  which  provide,  as  functions  of  scattering  angle  9 and  £,  the  orientation  and 
alignment  vectois  and  the  circular  polarization  fraction  of  the  radiation  emitted  from  the 
n'P  levels.  The  results  are  in  satisfactory  agreement  with  recent  measurements. 


1.  letroductioa 

The  study  of  angular  correlations  between  the  emitted  photon  and  scattered  electron  in 
inelastic  electron-atom  collisions  has  permitted  the  measurement  of  complex  transition 
amplitudes  and  atomic  orientation  and  alignment  vectors  (Macek  and  Jaecks  1971, 
Fano  and  Macek  1973)  from  parameters  written  as  k and  x Eminyan  et  al  (1974). 
These  collision  parameters  k and  x Rfc  more  basic  than  the  total  cross  section  a,  differen- 
tial cross  section  da/dQ,  or  even  percentage  polarization  P of  the  emitted  radiation. 
They  have  generally  been  ‘hidden’  in  most  refined  theoretical  calculations  of  the  collision 
and  Most’  in  experiments  designed  to  measure  a and  P alone.  By  the  use  of  delayed 
coincidence  techniques,  Eminyan  et  al  (1974)  have  conducted  striking  experiments 
from  which  this  basic  information  on  k and  x be  extracted  without  the  need  for 
normalization. 

This  work,  together  with  the  measured  da/dCl  of  eg  Trajmar  (1973)  and  a of  eg 
Donaldson  et  al  (1972),  all  provide  excellent  tests  of  the  various  theoretical  models 
recently  developed  for  electron-atom  collisions  at  intermediate  impact  energies  £ (see 
the  review  of  McDowell  1975).  For  instance,  in  spite  of  its  apparent  success  for  a and 
da/dSl,  the  Glauber  approximation  exhibits  serious  deficiencies  in  its  predictions  of  A 
and  X-  These  shortcomings  are  directly  attributable  to  gross  simplifications  such  as  the 
assumption  of  a heavy  particle  and  high-energy  limit  in  the  collision  dynamics. 

In  this  paper,  the  multichannel  eikonal  approach  of  Flannery  and  McCann  (1974), 
which  pays  particular  attention  to  the  collision  dynamics,  is  further  tested  by  examining 
the  variation  of  k,  x,  and  da/dCl  with  0 and  £ and  of  a and  P with  £ for  the  inelastic 
collisions. 


c-l-He(l'S)-c-bHc(n'L), 


n = 2,3;L  = S.P.D. 


f 


I 

I 

i 


All  ten  channels  of  (1)  will  be  closely-coupled  and  the  accurate  frozen-core  Hartree- 
Fock  wavefunctions  of  Cohen  and  McEachran  (1974)  will  be  used  throughout. 


2.  llwory 


2.1.  Basic  formulae 


The  key  quantity  sought  by  theoretical  descriptions  of  atomic  collisions  is  the 
complex  scattering  amplitude  as  a function  of  scattering  angle  0 (in  the  cm  frame)  and 
of  impact  energy  E for  various  i -» f transitions  occurring  in  the  collision  species  with 
initial  and  final  relative  momenta  k^  and  kf  respectively.  For  a non-degenerate  initial 
state  i,  experiment  yields  (i)  the  differential  cross  section 


d<r 


k 

k 


z l/}r“'(0)l 


1 M--L 
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(2) 


summed  over  all  degenerate  magnetic  substates  M of  the  final  state  f of  the  target  with 
angular  momentum  L,  (ii)  the  associated  total  cross  section  a and  (iii)  the  polarization 
fraction  P which  determines  the  relative  contribution  arising  from  each  M to  the  total  a. 
In  a recent  experiment  on  the  l'S-2‘P  collisional  excitation  of  He  by  e,  Eminyan  et  al 
(1974)  measured,  as  functions  of  0 and  E,  the  additional  parameters 


and 


\f\?Y+2\f\}f 
W = lai-atol 


(3) 

(4) 


where  is  the  phase  of  the  scattering  amplitude 

/!"‘  = l/ncxp(i«M)  (5) 

and  where  the  axis  of  quantization  is  taken  along  the  incident  Z direction  defined  by  i(,. 

The  quantity  2 is  the  relative  contribution  arising  from  the  Af  = 0 substate  to  (dtr/dO) 
in  (2X  while  x is  a measure  of  the  coherence  between  the  excitations  of  the  A/  = 0 and  1 
substates.  A related  quantity  is  the  circular  polarization  fraction  of  radiation  emitted 
perpendicular  to  the  (assumed)  XZ  plane  of  the  scattering, 

n = -2W1  -A)]*'*  sin z s AL^  s L(L-H)Ori  (6) 

where  ALr  is  the  expectation  value  of  the  angular  momentum  transferred  in  the  Y 
direction  during  the  collision  and  where  is  the  orientation  vector  (cf  Fano  and 
Macek  1973,  Eminyan  et  al  1974). 

The  overall  accuracy  of  a particular  theoretical  collision  model  can  therefore  be 
assessed  by  the  closeness  between  theoretical  calculations  and  experimental  measure- 
ments of  the  three  independent  quantities  dff/dfl,  A and  x as  functions  of  0 and  E.  For 
example,  the  Born  approximation  predicts  that  A,  = cos*(^.i(,)  for  S-P  transitions, 
since IT,  is  a function  only  of  the  momentum  change 

K s = k,-kf, 

and  that  Xg  = 0,  since  is  always  real.  The  fl  polarization  is  therefore  zero.  The 
prescription  of  Glauber  (1959)  involved  setting  Jf  .A,  = 0 so  as  to  ease  subsequent 
calculation  with  the  result  that /{P’ and  hence  Ag  vanish.  Alsoa^i  « ^M»andsozG  ^ 0- 
By  adopting  a change  of  Z axis,  however,  along  -l-  A,)  such  that  Kg  in  this  direction 


is  identically  zero  and  by  following  the  analysis  of  Geijuoy  el  al  (1972),  then  it  can  be 
shown  that,  for  S-P  transitions,  2^  = cos^(^ . £ J in  harmony  with  the  first  Bom  approxi- 
mation. Therefore  in  spite  of  its  relatively  better  performance  in  evaluating  both  a and 
do/dO,  the  Glauber  approximation  is  at  least  worse  or  at  best  equal  to  the  Bom  predic- 
tions of  i and  X-  Moreover,  with  no  simplifying  assumptions  made  to  the  original 
six-dimensional  eikonal  integral,  Gau  and  Macek  (1974)  have  recently  shown  that 
non-zero  orientation  and  alignment  parameters  can  be  predicted  within  the  Glauber 
framework. 

In  the  present  investigation,  the  multichannel  eikonal  description  (Flannery  and 
McCann  1974)  is  applied  to  the  examination  of  a,  do/dO,  P,  X and  for  the  n 2 and  3 
excitations  of  helium  by  electron  impact.  In  this  treatment,  the  complex  amplitude  for 
scattering  with  final  relative  momentum  k,  in  direction  (0,  ^)  with  respect  to  the  polar 
axis  along  the  direction  of  incident  relative  momentum  kj  is,  in  the  cm  frame, 

ue, ^)  = - i^ ^ • f * J^(K'p)[I,(p. 0)  - ilM mp dp  (7) 

Jo 


where  are  Bessel  functions  of  integral  order  (A#,  - M()  and  where  K'  is  the  X Y com- 
ponent k,  sin  0 of  the  momentum  change  K = k^—kf.  The  collision  functions 

exp(i«Z)dZ  (8) 

and 


Ji(p,0;a)={  K^,Z) 

~ 00 


I lip,  0 ; a)  = J |'C|<»Cf " ^ ^n|  exp(iaZ)  dZ 


(9) 


contain  a dependence  on  the  scattering  angle  0 via 


a = k^l  —cos  0)  = 2kf  sin*  (10) 

the  difference  between  the  Z component  of  the  momentum  change  X and  the  minimum 
change  k-, — kf  in  the  collision.  The  coupling  amplitudes  C,  are  solutions  of  the  following 
set  of  N coupled  differential  equations 

y Mp,  2)^1’-+  V,Ap,  Z)jcAP,  Z) 

= £ CAP, Z)y,Ap. Z) exp i(k, - k,)Z,  /=1,2,...,/V  (11) 

■■<1 

solved  subject  to  the  asymptotic  boundary  condition  C^p,  — oo)  = The  local  wave- 
number  of  relative  motion  at  separation  R = {R,  0, 0)  = (p,  <I>,  Z)  is 

where  the  interaction  matrix  elements 

K-(*)  = <^Ar, , r,)|K(r, , r,,  «)|^>, , r,)> 

connect  the  various  electronic  states  if/Afi , ri)  of  atomic  helium  and  where  V is  the 
instantaneous  e-He  electrostatic  interaction.  In  the  uncoupled  limit,  the  elastic  scatter- 
ing in  each  channel  is  described  by  the  eikonal  approximation  to  scattering  by  the 


corretponding  static  (diagonal)  interaction  VJ^R)  rather  than  by  the  instantaneous 
interaction  V(R,  r j , r,),  (as  is  the  case  in  Glauber’s  treatment  of  elastic  scattering).  It  can 
be  shown  dir^y  that,  at  high  energies,  the  basic  equations  satisfy  the  optical  theorem. 


Im  /u(0)  w 4x 


Verification,  however,  for  all  impact  energies  is  not  as  straightforward  and  would  require 
explicit  numerical  evaluation  of  all  the  cross  sections. 


22.  fVaveftuKlions  and  interactions 

All  ten  rtniniMtk  of  (1)  will  be  closely  coupled.  We  adopt  the  frozen-core  Hartree-Fock 
n = 1-3  helium  wavefunctions  of  Cohen  and  McEachran  (1974)  in  the  form 

in  which  the  frozen,  inner  Is  orbital  is  (in  au) 

^o(r)  = 2»'*e-*'yoo(^)  (14) 

and  the  orbital  for  the  second  electron  in  stote  (nlm)  is  rewritten  (in  au)  as 


where  J is  the  maximum  number  of  linear  coefficients  BJ}  given  in  terms  of  Cohen  and 
McEachran’s  original  parameters  oj*  by 

The  above  transformation  (16)  facilitetes  subsequent  evaluation  of  the  e-Hc  inter- 
action matrix  elements 


as  analytical  functions  of  R such  that  the  exponential  and  linear  parameters  a,  and  a, 
in  the  resulting  expression. 


L-u-n  L ^ 

can  be  determined  exactly  and  automatically. 


23.  Test  of  wav^nctions 

Theoretical  refinement  to  the  collision  model  must  be  accompanied  whenever  possible 
by  accurate  atomic  wavefunctions  since  the  goodness  thereby  introduced  by  the  former 
may  be  completely  swamped  by  an  inappropriate  choice  of  wavefunctions  (cf  McCann 
and  Flannery  1974).  The  overall  reliability  of  the  present  set  of  wavefunctions  has 
already  been  gauged  by  examination  of  associated  eigenenergies  and  cusp  conditions 
(Cohen  and  McEachran  1967,  McEachran  and  Cohen  1969).  In  this  investigation,  the 
present  set  of  wavefunctions  did  reproduce  the  accurate  Born  results  of  Bell  et  al  (1969) 
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for  ti^e  n = 2 and  3 excitations  of  He.  However,  it  is  worth  noting  that  similar  reproduc- 
tions were  achieved  for  the  n » 4-6  He  excitations  only  when  one  adopted  additional 
linear  parameters  df,  which  were  not  contained  in  the  above  cited  references  (so  as  to 
economize  in  table  presentation),  but  which  were  obtamed  from  Cohen  and  McEachran 
(1974)  privately.  Therefore,  in  all  the  present  calculations  we  have  employed  the  twenty- 
parameter  functions  provided  by  Cohen  and  McEachran  (1974).  The  non-orthogonality 
integrals  <'F,|'F(>  were  found  to  be  negligible  for  all  channels. 


3.  Results  and  discussioa 

A ten-channel  eikonal  description  (7)-(ll)  was  carried  out  for  the  inelastic  collisions 

e-fHe(l'S)-»e-l-He(n‘L),  n = 2. 3;  E = S, P, D (19) 

and  the  parameters  da/dil,  X and  x determined  from  (2)-(5)  as  functions  of  scattering 
angle  0 for  various  impact  energies  £(eV)  in  the  range  40  < £ < SOO.  A four-channel 
(I'S,  3‘S,  3'Po  ^,)  treatment  was  also  performed. 
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3.J.  Total  cross  sections  and  polarization  fractions 
Total  excitation  cross  sections 

«r(£)  = 2n^ri/.,(0)|*d(ci)s0)  ' (20) 

*1  Jo 

are  displayed  in  figures  1-4  for  each  transition  in  (19),  together  with  comparison  experi- 
mental and  theoretical  data.  These  figures  include  results  from  the  following  recent 
theories : 

(i)  The  second-order  potential  treatments  (S)ofBerrington  eta/ (1973)  for  then  = 2 
excitations  and  of  Bransden  and  Issa  (1975)  for  the  n = 3 excitations, 

(ii)  The  second-order  diagonalization  procedure  of  Baye  and  Heenen  (1974), 

(iii)  The  first-order  many-body  approach  (M)  of  Thomas  et  al  (1974)  for  the  n = 2 
excitations, 

(iv)  A four-channel  eikonal  (E4)  study  (McCann  and  Flannery  1974)  of  the  n = 2 
excitations, 

(v)  The  Glauber  treatment  of  Chan  and  Chen  (1973,  1974a,  b)  for  the  n = 2 and 
3'P  excitations, 

(vi)  The  Bom  results  (B)  of  Bell  et  al  (1969). 

The  experimental  data  are  taken  from  Brongsmera  et  al  (1972),  Trajmar  (1973), 
Rice  et  al  (1972),  Vriens  et  al  (1968),  Miller  et  al  (1968),  Donaldson  et  al  (1972),  de  Jongh 
and  van  Eck  (1971)  and  Moustafa  Moussa  et  al  (1969).  Since  figures  1-4  provide  a 
rather  detailed  comparison,  only  a few  comments  are  needed.  In  general,  the  present 
ten-channel  results  (ElO)  are  in  good  accord  with  experiment  down  to  SOeV,  below 
which  the  scatter  in  the  various  measurements  preclude  any  d^nition.  Couplings  with 
the  n = 3 channels  are  very  important  for  the  2 ' S excitation  at  all  energies,  and  couplings 
with  the  n = 2 channels  influence  the  3‘S  excitation  appreciably,  although  the  corre- 
sponding 2‘P  and  the  3‘P  cross  sections  are  essentially  1^  unaffect^.  The  2‘Pdistorted 
wave  results  (not  shown)  of  Madison  and, Shelton  (1973)  are  indistinguishable 
from  the  present  ElO  curve.  Cross  sections  in  excess  of  the  Born  values  are  obtained 
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Flfa*  I.  Total  crois  lection  for  the  l‘S-2'S  traniition  in  He  by  collision  with  electrons  of 
energy  EfcV).  Theory ; ElO,  E4,  present  ten-  and  four-channel  eikonal  treatments,  respec- 
tively ; S,  second-order  potential  method  with  simple  set  of  wavefunctions  (Berrington  el  al 
1973):  M,  first-order  many-body  approach  (Thomas  el  al  1974);  B,  Bom  approximation 
(Ben  el  at  1969);  x,  second-order  diagonalization  method  (Baye  and  Heenen  1974);  -t- 
Glauber  approximation  (Chan  and  Chen  1973,  1974a).  Experiment:  ■,  Rke  er  of  (1972): 
A.  Miller  et  al  (1969);  •,  Vriens  et  of  (1968);  ^ Ttajmar  (1973):  A,  Brongsmera  « al  (I972)l 


IlpR  Z.  Total  crom  seclioa  for  the  1 'S-2'P  traiiaition  in  He  by  collision  with  electrons  of 
eiwrgy  EI(eVV  Theory:  exactly  as  in  figure  1.  Experiment:  •,  Donaldson  et  al  (1972); 
■,  de  Jongh  and  van  Eck  (1971);  A.  Moustah  Moosas  et  al  (1969)i 
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Fipn  3.  ToUl  cron  section  for  exdution  of  the  fo)  3 'S,  (h)  3 'D  sutes  of  He  by  collision 
with  electrons  of  energy  £feV)L  Theory : ns  in  figure  1 except  S,  second-order  potential 
method  (Bransden  and  Issa  1973).  Experiment;  A.  Moustab  Mousm  rt  of  (1969). 


ngmed.  Total  cross  section  for  the  I 'S-3'P  transition  in  He  by  collision  with  electrons  of 
energy  E(eV).  The  symbols  aic  as  in  figure  3. 


only  for  the  3'D  excitation  in  figure  3(h),  when  the  3'P-3*D  dipole  coupling  becomes 
extremely  important  and  causes  the  large  enhancement  at  the  lower  energies.  Note  that 
the  Born  limit  remains  unatUined  even  at  SOO  eV  for  the  n'S  excitations  in  figures  1 and 
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3(<i),  although  the  ii‘P  and  3'D  cross  sections  show  fairly  rapid  convergence  from  below 
and  above  respectively  onto  the  corresponding  Bom  limits. 

The  present  ten-channel  cross  sections  On  for  excitation  of  magnetic  sublevel  M of 
(19)  are  presented  in  table  1 together  with  the  four-channel  and  Born  values  at  SOOeV. 
The  percentage  polarization  fractions 


and 


ffo  + <r, 


P(3'D) 


3(go-t-g,-2gt) 

SaQ+9ai+6a2 


(21) 


(22) 


for  the  radiation  emitted  from  the  n'P  and  n'D  states  respectively  (Percival  and  Seaton 
1958)  are  displayed  in  table  2.  Forhigh£  ^ 300eV,  P(2'P)  a;  P(3'P). 

Detailed  Balance.  In  the  course  of  a related  investigation  on  a ten-channel  treatment 
of  excitation  to  the  n = 3 states  and  de-excitation  to  the  1 'S  state  in  e-He(2*S)  collisions, 
the  superelastic  cross  section  <r(2'S-  -l  'S)  was  obtained.  The  principle  of  detailed  balance 


£^„(2‘S-1‘S;  £,)  = £,g,^l‘S-2‘S;  £,) 

between  the  excitation  and  de-excitation  cross  sections  evaluated  at  the  energies  £,  and  £, 
respectively,  corresponding  to  the  appropriate  channel,  was  found  to  be  closely  satisfied 
numerically.  Moreover,  this  proc^ure  provided  the  following  additional  two  cross 
sections  for  the  l‘S-2'S  excitation:  2-87  x iO~^aal  and  2 82  x lO'^noo.  £|  = 25-6 eV 
and  30-6  eV,  respectively,  which  would  have  required  lengthy  computing  time  if  calculated 
directly.  Figure  1 includes  these  two  lowest  energy  points,  in  agreement  with  the 
measurements  of  Trajmar  (1973). 
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3J.  Differential  cross  sections 

These  provide  a more  sensitive  test  of  the  present  theory  and  representative  cases  are 
displayed  in  figures  S-7  for  the  various  excitations  as  a function  of  scattering  angle  0 
at  two  incident  energies  as  indicated.  (Computer  printouts  of  the  remainder  at  all  the 
energies  in  table  1 are  available  from  the  authors  upon  request.) 

Examination  of  figures  5 and  6 shows  that  the  present  multichannel  model  is  generally 
quite  successful  in  describing  inelastic  scattering  about  the  forward  direction  up  to 
6 S'  40®.  In  particular,  as  indicated  by  figure  5(o)  the  many-body  treatment  of  Thomas 
et  al  (1974)  fails  quite  markedly,  by  comparison,  to  reproduce  the  measurements  of 
Trajmar  (1973)  in  this  angular  range  for  the  2‘S  exciution.  This  shortcoming  is  presum- 
ably attributed  to  the  fact  that  their  first-order  approach  has  neglected  the  2'S-2'P 
dipole  coupling  which  strongly  enhances  the  2'S  scattering  about  the  forward  direction. 
The  2*  P cross  section  is  affected  much  less  by  the  presence  of  this  coupling,  as  shown  by 
figure  6.  With  increasing  £,  the  scattering  becomes  more  concentrated  in  the  forward 
direction  and  is  therefore  well  described  by  the  present  model. 

Although  the  present  version  of  the  multichannel  eikonal  approximation  is  clearly 
invalid  for  backward  scattering,  calculations  were  nevertheless  performed  for  the  full 
■ngiilar  range  0 < 0 < 180°  so  as  to  illustrate  certain  inadequacies  of  the  treatment, 
lu  failure  to  properly  describe  large  angle  scattering  in  figures  5 and  6 is  a direct  result 
of  the  explicit  neglect  of  electron  exchange — some  of  which,  however,  is  implicitly 
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TaUeX  Polarization  fraction*  of  the  radiation  emitted  from  He(n'L). 
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FlfBN  5.  Difleienlial  cron  KCtiom  for  the  2'S  excHation  of  He  by  etectroa*  with  energy 
(n)  40eV,  (6)  80eV.  Theory:  ElOt  preaent  ten-channel  fifconal  treatment;  M,  fint-order 
many-body  approach  (Thoffia*  tt  of  1974);  O,  B,  Glaaber  and  Born  approxiaulion*  (aec 
Trajmar  1972).  Experiment:  •, (o)Trajmar(l973X (b) Rice <(  of  (1972) 

included  by  virtue  of  the  multisUte  expansion — and  by  the  adoption  of  a straight  line 
trajectory  so  as  to  ease  computation  of  both  the  eikonal  (or  pbMse  distortion  to  the 
relative  motion)  in  each  channel  and  of  the  transition  amplitudes  C,  coupling  the 
various  channels.  The  Glauber  and  Bom  approaches  also  suffer  from  these  defecu. 
These  effects,  however,  can  he  incorporated  directly  within  the  bask  eikonal  model, 
although  a combination  of  a full  quantal  partial-wave  analysis  of  the  close  encounters 
responsible  for  these  effects  and  a multkhannel  eikonal  method  for  the  more  distant 
encounters  is  perhaps  a better  alternative.  There  is,  however,  recent  evidence  (Bransden 
and  Winters  197S,  McDowell  et  al  197S,  Winters  1974)  that  inclusion  of  exchange  may  be 
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Flimi.  Diffnential  cro«  lectiont  for  the  2'P  exciution  of  He  by  electrons  with  energy 
(a)40eV,(b)80eV.  Theoryrat  in  figure  S.  Experiment:  x, Hall  e(n/(l973):9,Truhlar  era/ 


ngM  7.  Ten-channel  dilforentialcrom  section  for  the  3'S,  3' P and  3'DexciMtions  of  He 
by  electrona  with  energy  (a)  100  cV,  (b)  200  eV. 


iiuuflBcient  to  reproduce  large-angle  inelastic  scattering;  a proper  account  of  distortion 
in  the  final  channel  together  with  a consistent  treatment  of  exchange  polarization  may 
also  be  necessary.  The  contribution  arising  from  these  larger  scattering  angles  to  the 


total  excitation  cross  section  is,  however,  extremely  small,  such  that  the  present  treatment 
which  includes  all  of  the  major  effects  needed  for  an  accurate  description  of  scattering 
through  small  angles,  less  than  SO*,  provides  accurate  integral  croa  sections. 

Differential  cross  sections  for  the  R = 3 excitations  are  diqrlayed  in  figure  7 at  higher 
Impact  energies  E and  are  similar  in  shape  to  the  corresponding  n ^ 2 excitations.  The 
r‘Po  excitation  (A  0)  decreases  Irom  a non-zero  value  for  scattering  in  the  forward 
direction  0 = 0.  The  , excitations  (A  = ±1)  increase  from  zero,  reach  a maxima 
at  0e  (which  shifts  towards  snuiller  angles  and  becomes  larger  than  the  corresponding 
r'Pq  <7088  sections  at  0^  as  £ is  increased)  and  decreases  faster  than  the  r'Po  excitation. 
While  this  behaviour  is  not  apparent  in  the  differential  cross  section  for  the  total  r*P 
excitation,  it  is  nevertheless  reflected  by  slight  structure  in  the  r'S  and  n‘D  excitations 
via  intermediate  couplings  with  the  n'Po.t  i substates.  Thus  this  structure  apparent  in 
figures  5 and  7 does  not  originate  from  the  same  effects  which  yield  the  minimum 
obtained  by  the  first-order  many-body  treatment  (cf  figure  S). 


Flfwe  8.  Variation  of  ;i(2'P)  with  icattering  angle  0 at  impact  energies  (a)  40eV,  (b)  80  eV, 
(c)  100 eV  and  (d)  200 eV.  ElOi  present  ten-channel  treatment;  DW,  distorted-wave  Bom 
approximation  (Madison  and  Shelton  1973):  EDW,  eikonal  OW  (Joachain  and  Vander- 
poorten  1974);  M,  first-order  many-body  approach  (Thomas  et  al  1974);  •,  Eminyan  «f  oi 
(1974X 
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33.  A,  X ond  circular  polarization 

In  figures  8 and  9 the  present  predictions  of  il(2'P)  and  ^3'P)  obtained  from  equation  (3) 
are  compared  with  the  measurements  of  Eminyan  et  al  (1974, 197S)and  with  the  available 
distorted  wave  and  many-body  cakulations.  Agreement  with  experiment  is  good, 
particularly  at  the  smaller  scattering  angles.  Measurements,  however,  are  not  available 
for  scattering  by  0 < IS”,  an  angular  region  for  which  the  present  multichannel  eikonal 
treatment  is  particularly  successful  (cf  figures  S and  6).  It  is  also  worth  noting  that  the 
goodness  of  the  many-body  treatment  of  the  2^P  total  and  differential  exdtation  (cf 
figures  2 and  6)  is  not  maintained  for  A(2*P)  at  the  larger  scattering  angles.  Figure  9 
demonstrates  that  the  relative  agreement  between  the  present  approach  and  measure- 
ments becomes  improved  for  the  3'P  excitation,  especially  at  the  smaller  scattering 
angles.  The  apparent  structure  in  2(3 'P)  is  somewhat  reproduced,  although  shifted  to 
larger  scattering  angles.  There  are  no  other  theoretical  values  available  for  comparison. 
After  the  present  2 curves  reach  their  minima  at  angles  0 which  decrease  with  increasing 
£,  they  t^  monotonically  toward  unity  as  0 -»  180°. 

The  present  variation  of  2 with  £ and  0 is  presented  in  figure  10.  Since  2 denotes  the 
relative  contribution  arising  from  the  M = 0 sublevel  to  the  2‘  P differential  cross  section. 
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figure  10  shows  quite  clearly  that  for  scattering  through  B ^ 20*.  exciution  of  the 
A#  s ± 1 substates  dominates  with  increasing  £,  except  in  the  near  vicinity  of  the  forward 
direction  = 0 when  only  AAf  = 0 transitions  occur.  The  small-angle  region  0 < 20® 
contributes  most  to  the  total  cross  section  which  is  therefore  primarily  controlled  by 
A#  s ± 1 excitations  at  high  impact  energies  (cf  table  1).  For  scattering  through  larger 
angles  (past  the  i.  minima),  the  trend  is  reversed  with  excitation  of  the  Af  = 0 sublevel 
dominating  at  high  £,  although  here  its  relative  contribution  to  the  total  cross  section  is 
negligible. 


F^mc  to.  Present  variation  of  (a)  >)(2'P)  and  (ft)  2(3' P)  with  scattering  angle  0,  and  with 
impact  energy  E(eV),  indicated  on  each  curve. 


The  parameter  |xl  which  is  a measure  of  the  coherence  between  the  excitations  of  the 
M — 0 and  ± I sublevels  (or  phase  difference  between  the  corresponding  oscillating  and 
rotating  dipoles,  respectively)  is  displayed  in  figures  1 1 and  12  for  transitions  to  the  2'P 
and  3'P  levels.  The  2‘P  measurements  are  bracketed  by  the  distorted  wave  and  the 
present  ten-channel  eikonal  results.  The  figures  1 1(c)  and  (d)  show  that  both  eikonal 
models  yield  x values  in  closer  accord  with  experiment  than  does  the  dwba  which, 
however,  provides  better  agreement  for  Also,  in  spite  of  the  fact  that  Joachain  and 
Vanderpoorten  (1974)  obtained  somewhat  improved  agreement  of  x with  experiment 
when  the  distorting  potentials  in  the  initial  and  final  channels  were  taken  to  be  the 
(local)  Glauber  optical  potentials  (rather  than  the  customary  target  static  potentials, 
which  yield  x smaller  than  those  shown  in  the  figures),  the  present  refinements  to  the 
basic  eikonal  model  has  introduced,  in  general,  even  closer  agreement  with  experiment. 
In  figure  12,  the  weak  structure  in  x(3'P)  is  reproduced,  although  at  somewhat  larger 
angles,  and  the  agreement  improves  as  £ increases  to  100  eV. 

The  variation  of  x (whidi  is  negative)  with  B and  £ is  displayed  in  figure  13.  For 
high  £ and  small  B,  x tends  to  zero  in  harmony  with  the  prediction  of  Bom’s  approxima- 
tion, although  for  intermediate  energies  £ < 100  eV,  a non-zero  limit  is  attained  When 
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P|pv>  1 1.  Variation  of  |2(2'  PX  with  scattering  angle  0 U impact  energies  (a)  40  eV,  (ft)  80  eV, 
(r)  lOOeV  and  (d)  200eV.  ElO.  present  ten-channel  treatment;  DW,  distorted-wave  Born 
approximation  (Madison  and  Shelton  1973);  EDW,  eikonal  DW  (Joachain  and  Vander- 
poorten  1974);  •,  Eminyan  et  al  (1974). 


X pesses  through  jn  ie  when  the  phases  of  the  oscillating  and  rotating  dipoles  differ 
by  jx,  and,  provided  that  the  magnitudes  of  the  corresponding  amplitudes  are  about 
equal  (k  i a;  (V5),  then  at  this  particular  scattering  angle  0^,  fully  circularly  polarized 
light  would  be  observed  in  a direction  at  right  angles  to  the  plane  of  scattering. 

The  departure  from  equal  population  of  the  Af  s 0 and  ± 1 states  at  is  obtained 
from  figure  10  and  hence  circularly  polarized  light  will  be  observed  for  scattering  angles 
whose  shift  from  0,  depends  on  the  function  /Ifff)-  The  fraction  fl  of  circularly  polarized 
radiation  snitted  perpendicutar  to  the  XZ  plane  of  scattering  is  the  following  combina- 
tion 

fKO.Z)- -2[Afl-A)]'«sinz  (23) 

of  ^ and  X.  Figure  14  displays  the  present  variation  of  n with  0 and  £.  Fully  drcularly 
polarued  light  (ie  fl  - I ) is  in  evidence  only  for  low-energy,  large-angle  collisions.  For 
scattering  in  the  forward  direction,  fl  is  small  and  almost  independent  of  £.  The  recog- 
nition that  n is  also  AL^,  the  angular  momentum  transferred  in  a direction  Y perpen- 
dicular to  the  assumed  X Y plane  or  scattering,  provides  some  further  insight  to  figure  14. 


In  the  impulsive  high-energy  limit,  the  torque  N about  an  origin  O due  to  a force  F 
acting  on  an  electron  at  position  vector  r(x,  y,  z)  for  time  At  is,  from  classical  mechanics, 

AL 

N~rxF^^  (24) 

At 

and  hence  the  Y component  of  the  angular  momentum  change  AL  is 

ALj  - [<r>  X AF]r  - 2*,  sin  (25) 

where  AFit  the  linear  momentum  2k^  sin|fl  transferred  and  <r>  is  some  time  average  of  r 
during  the  impulsive  encounter.  Small-angle  collisions  with  an  atom  result  from  distant 
encounters,  and  the  target  atom  and  hence  <z>  remains  essentially  unaffected.  Thus  ALy 
increases  as  and  0,  until  sufficiently  large  £ and  0 when  large-angle,  close-encounter 
collisions  dominate,  such  that  the  expectation  value  <z>  must  decrease  more  rapidly 
than  sin  so  as  to  cause  the  decreasing  AL,  observed  in  figure  13. 

In  conclusion,  the  present  version  of  the  multichannel  eikonal  treatment  provides  a 
successful  description  of  inelastic  collisions  at  intermediate  and  high  impact  energies. 
Its  success  for  total  excitation  cross  sections  can  be  attributed  to  the  fact  that  here  the 
small-angle  scattering  (0  < 50*)  which  dominates  the  total  cross  section  even  at  low 
energies  (£  a;  40  eV)  is  well  described.  The  main  effects,  such  as  intermediate  Oong- 
range)  couplings  between  each  channel,  some  polarization  of  each  target  state,  and 


S FlfMC  14  The  variation  of  the  fraction  a of  dicularly  polarued  radinrion,  emitted  from 


Hc(2'  P)  and  obwrved  at  right  angles  to  the  scattering  plane,  with  scattering  angle  9 and  with 
impnci  energy  £(eV)  indicated  on  each  carve. 

Static  distortion  in  each  channel  needed  for  a correct  description  of  small-angle  scattering 
are  included.  Also  the  multichannel  eikonal  expansion  ensures  (i)  that  convergence  in 
partial-wave  contributions  is  always  attained  especially  in  the  high-energy  limit,  (ii)  that 
the  long-range  couplings  can  affect  distant  encounters  (or  large  total  angular  momentum), 
and  also  (iii)  that  some  account  of  electron  exchange  is  provided.  More  basic  parameters 


I 


I 


j 

I 

I 

I 

I 


i 


such  as  X (which  yields  the  relative  contribution  of  the  M ^ 0 excitation  to  the  differential 
cross  section)  and  y (which  is  the  phase  difference  between  the  M = 0 and  ± 1 scattering 
amplitudes)  are  also  well  described  as  functions  of  £ and  0,  particularly  at  the  smaller 
scattering  angles. 
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SECTION  V 


THE  EXCITATION  AND  IONIZATION  OF  He(2^’^S)  BY  ELECTRON  IMPACT 
Here,  integral  and  differential  cross  sections  for  the  collislonal 
processes 

e + He(2^S)  e + He(l^S,2^P,3^S,3^P,3^D)  (5.1) 

and 

e + He(2^S)  e + He(2^P,3^S,3^P,3^D)  (5.2) 

are  obtained  as  a function  of  liiq>act-energy  E,  by  application  of  the 

nultlchannel  elkonal  treatment.  Also,  the  angular-correlation  parameters 

X and  x»  which  respectively  provide  the  relative  population  and  relative 

phase  of  the  colllslonally  excited  P magnetic  substates,  and  the  circular 

polarization  fraction  n of  radiation  emitted  from  these  P states  are 

determined  as  functions  of  scattering  angle  6 and  E. 

3 3 

Also  In  this  section  cross  sections  for  the  2 S-*-n  L (n»4,5;  L«S-F) 
excitations  and  for  the  single  Ionization  process, 

e + He(2^*^S)  -*■  e + He'''(ls)  + e (5.3) 

are  calculated  by  the  Bom  approximation. 

A full  description  of  all  of  the  above  work,  which  has  been  published 
In: 

(1)  Phys.  Rev.  A 12  (1975)  846-855 

(2)  J.  Phys.  B:  Atom.  Molec.  Phys.  10  (1977)  621-635 
now  follows. 
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5.1  Tep-^»T»"«»1  Elkonal  Treataent  of  Electron-Metastable-Hellum 


1 3 

Collisions;  Differential  and  Integral  Cross  Sections  for  2 * P 

and  n-  3 Excitations  from  He(2^*^S)  and  the  (X.x.n)  Parameters 

Ten-duumel  eikonal  treatment  of  electron-metastable-helium  c(dlisions:  Differential  and 
integral  cross  sections  for  2*’^P  and  n = 3 excitations  from  He  (2*’’S)  and  the  (X,  x* 

parameters* 

M.  R.  Flannery  and  K.  J.  McCann 
School  of  Physics.  Geortia  Institute  of  Technoiogy,  Atlanta,  Georgia  30332 
(Received  23  April  1973) 

We  present  a ten-channel  eikonal  treatment  of  the  2 ' 3 ’ ’S,  3 ‘-’P,  and  3 '-’D  eadtations  of  atomic  helium, 

initially  in  the  2''’S  metasuble  stetes,  by  incident  electrons  with  energy  £ (eV)  in  the  range  3 ^ £ ^ 100. 

Integral  and  differential  inelastic  cross  sections  are  obtained.  Also,  the  angular-correlation  parameters  X and  x. 
which  respectively  provide  the  relative  population  and  relative  phase  of  the  coUisionaliy  excited  P magnetic 
subatates,  and  the  circular  polarization  fraction  11  of  radiation  emitted  from  these  P states,  are  determined  as 
(unctions  of  scattering  angle  6 and  £.  No  measurements  exist  to  date.  The  principle  of  detailed  balance  is 
explicitly  demonstrated  for  the  2 'S-I  'S  superelastic  collision. 


I.  INTRODUCTION 

In  constrast  to  collisions  involving  ground -state 
atoms,  relatively  little  is  known  with  any  great 
certainty  about  excitation  processes  involving 
atoms  initially  in  a prepared  excited  state.  &ich 
knowledge  is  very  important  to  the  detailed  analy  - 
sis  of  gaseous  discharges,  astrophysical  plasmas, 
and  formation  of  excimers*  (excited  metastable 
molecules,  often  rare  gases). 

In  this  paper,  the  multichannel  eikonal  model,* 
which  provided  a satisfactory  account  of  integral 
and  differential  cross  sections  in  e-H(l5)  and  e- 
He(ls*)  inelastic  collisions,*'*  is  applied  to  the 
excitation  processes 


above  100  eV.  Hence,  couplings  between  all  the 
states  in  the  M °2  and  3 channels  are  extremely 
important  and  require  inclusion  for  a proper  treat- 
ment of  Eq.  (1). 

II.  THEORY 
A.  Basic  approximation 

In  an  eSort  to  clarify  more  fully  the  basis  of 
the  present  approach,  an  alternative  derivation  of 
the  multichannel  eikonal  treatment  is  instructive. 
The  wave  function  for  the  scattering  of  two  (struc- 
tured) atoms  A and  B in  general,  by  their  mutual 
interaction  K(r,  R)  at  nuclear  separation  R(JC;  Y,Z), 
is 


e +He(2  *'*S)  - e +He(2^'*P,  3‘'*S,  3‘'*P,  3‘'*i)). 


♦rff,  R)-*,(F)e‘^‘** 


(1) 

Frozen-core  Hartree-Fock  wave  functions'  for 
helium  are  used  throughout,  and  the  b = 1,  2,  and 
3 channels  at  each  singlet  and  triplet  series  will 
be  closely  coupled.  In  addition  to  the  evaluation 
of  integral  and  differential  cross  sections  for 
(1),  the  angular -correlation  parameters  X and  x, 
which  are  more  basic  to  the  collision  (vocess, 
and  which  provide  valuable  Information  on  the  cir- 
cular polarization  of  the  emitted  radiation  from 
the  n states,  will  also  be  studied  as  a function 
of  impact  energy  E and  scattering  angle  9 (in  the 
c.m.  frame). 

Contrary  to  (hat  experienced  for  transitions  from 
ground  atomic  states,  both  the  Born  and  the  Vain- 
shtein, Presnyakov,  and  Sobel’man  (VPS)  approxi- 
mations  predict'  that  collisional  excitations  from 
the  2 ''is  metastable-helium  state  to  the  3 '''f>  and 
3 ''is  (optically  forbidden)  levels  are  more  prob- 
able than  excitations  to  the  (optically  allowed) 

3 '''P  and  4 '''P  levels  except  at  incident  energies 


+ J Jiir'dR'G;(7,R;T',R') 

xV(r',R')*r(r',R'),  (2) 

where  the  two-particle  Green’s  function  Gj,  appro- 
priate to  3C„  the  Hamiltonian  ofjhe  unperturbed 
system  of  energy  £|  at  infinite  R,  satisfies 

(£,-»;,+»£)G;(f,5;  r',R')  = fl(r-r')d(R-R'),  (3) 

in  which  the  composite  internal  coordinates  are 
denoted  by  f relative  to  each  parent  nucleus.  The 
free -particle  Green’s  function,  whict^propagates 
the  effect  of  the  Interaction  V at  ( r',  R')  to  ( r,  R), 
can  be  expanded,  in  terms  of  the  complete  set  of 
eigenfunctions  of  3Cg,  as 


G;(r,R;f'.R') 


(4a) 


with  dMcrlUnf  the  Internal  structure  at 
Intlnlte  nuclear  separation  ^ where  the  relattre 
naotloB  la  planar  with  propaeition  vector 
For  heavy -particle  colUsloas,  and  for  dee- 
tron-atom  Inelastic  collisions  at  Intermediate  and 
high  Impact  energy,  scattering  about  the  forward 


direction  contributes  moat  to  the  total  cross  sec- 
tion,*** and  it  is  therefore  a good  apprcalmation  to 
assume  that  the  maior  contrlbuttons  to  the  pn^- 
gator  (4a)  arise  only  from  those  waves  at  Z'<Z 
with  such  that 


where  -2’')  is  the  Heaviside  step  function 
(unity  for  Z'<Z  and  zero  otherwise).  Hence,  by 
contour  integration,  and  with  introduction  of  the 
Impact  parameter  p(X,  F), 

g;( r,  R;?', ff').  -?') 

xtf(Z-^')p.(F)^(?'). 

(4c) 

The  reduction  of  (4a)  to  (4c)  can  also  be  obtained 
by  the  method  of  stationary  phase  (cf . Schiff*  and 
Gerjuoy  and  Thonuts'').  The  multickamel  eikonal 
approximation  follows  by  setting 


where  the  eikonal  S.  for  the  relative  motion  in 
excitation  channel  mi  under  the  static  interaction 

V"-®) -<♦.(?)!  »^(f.5)l4.(f))  (6) 

withN>m,  satisfies 

(VS.F-«(V*S.)«*l-(2p/lt*)F^.*l(R)  (7) 

exactly.  The  Green’s  function  corresponding  to 
(5)  is  (4c),  with  replaced  by  the  local  wave  num- 
ber K,,  and  hence,  (2)  with  (5)  reduces  to 


The  projection  of  (8)  onto  the  orthonormal  set  tta(r)  is 


which  on  differentiation  yields 


Ignoring  the  second  term  on  the  left-hand  side 
of  (7)  and  assuming  a straight-line  trajectory 
along  the  Z a'lis,  i.e.,  IvsJ  *3S,/8Z»«,,  and 
8k,/8Z»0  [equivalent  to  the  neglect  of  V*S,  in  (7)), 
Eq.  (10)  becomes 

” S ^-(P*  -2)V;-(5)e‘<  *■-*-> , (11) 


• *^1  V„(^|A,(?.  Z)e‘*-<*>>;.,  , 

(12b) 

the  basis  of  the  multichannel  eikonal  treatment.* 
The  transition  matrix  for  jearrangement  collisions 
between  the  projectile  at  R and  a target  electron  at 
r<  is  obtained  from  (12a)  by  the  R— -r|  interchange 
in  the  wave  function  for  the  final  state  /. 

The  above  derivation  therefore  shows  that  the 
multichannel  eikonal  treatment  is  based  on  the 
following  three  assumptions:  (a)  the  Green’s  func- 
tion (4c),  (b)  and  (c)  a straight-line 

trajectory  used  to  find  the  eikonal  S„  all  Included 
within  a restricted  basts  set  of  N target  states. 


a set  of  first-order  coupled  differential  equations 
to  be  solved  for  A,.  Thus,  for  a finite  number  of 
states  II  «1, 2, . . . , ht,  the  direct  transition  matrix 
element  or  its  associated  scattering  amplitude 
/i/  can  be  evaluated  from 


B.  Bmic  fonmili* 


(17) 


For  a nondegenerate  initial  state  i,  the  experi- 
mental differential  cross  section  for  f ->/  excita- 
tion is,  as  a fonctioR  of  scattering  angle  0, 

(13) 

summed  over  all  degenerate  magnetic  sublevels 
A#  of  the  final  level  / of  the  target  with  angular 
momentum  L,  thereby  suppressing  all  knowledge 
of  the  populations  and  phases  of  each  substate. 
However,  two  quantities  capable  of  meastirement* 
and  calculation  as  functions  of  0 and  impact  energy 
£,  can  be  defined  for  excitation  of  the  n‘'*P  levels, 


by 

*=l/i?’IV(l/i?M*+2|/i)>|*) 

(14) 

and 

X=“i-«o. 

(15) 

where  is  the  phase  of  the  scattering  amplitude 

(lev., 

and  where  the  axis  of  quantization  of  the  target  is 
taken  along  the  incident  Z direction  defined  by  K|  . 
The  parameter  X is  the  relative  contribution  aris- 
ing from  the  M^O  sublevel  to  (13),  while  x is 
measure  of  the  coherence  between  the  excitations 
of  ttie  M =0  and  1 sublevels,  i.e.,  the  phase  dif- 
ference between  the  correqmnding  oscillating  and 
rotating  dipoles,  respectively.  A related  quantity 
is  therefore  the  circular-polarization  fraction  at 
the  radiation  emitted  from  the  levels  in  a 
direction  perpendicular  to  the  (assumed)  XZ  plane 
of  the  scattering. 


Z)?£t^  + (^x,(x,  - *,)+  V„{p,  Z))c,(p, 


solved  sid>]ect  to  the  asymptotic  boundary  condition 
C/(p,  -“)“fi|/. 

ni.  RESULTS  AND  DISCUSSION 

In  order  to  express  the  interaction  matrix  ele- 
ments (6)  as  analytical  functions  of  R,  It  proves 
convenient  to  transform  the  frozen-core  Ibrtree- 
Fock  wave  functions  of  Cohen  and  McEachran.' 
Thus,  the  spatial  wave  functions  for  the  ii«l-3 
states  of  helium  are 

4>o(  ?,)♦«■(?,)), 

(33) 

in  which  the  ± signs  refer  to  the  synunetric  (sin- 


n  =-2[A(l  -X)J*/>sinx *<££,)  . 

where  is  the  expectation  value  of  the  angular 

momentum  transferred  in  the  F direction  during 
the  collision.* 

The  basic  formula  (12)  for  the  scattering  ampli- 
tude can  be  further  reduced  for  two-particle  inter- 
actions for  which  Ky,(R)»  V),(p,  to  yield* 

•'O 

x[/,(p,  0)-f /j(p,  0)]pdp, 

(18) 

where  are  Bessel  functions  of  integral  order, 

the  change  in  magnetic  quantum  number, 
and  where  K'  is  the  Xy  conqionent  i^sin0  of  the 
momentum  change  K = . The  collision  func- 

tions 

A(p,  0;  ci)^£\(p.  Z)(^SdPLp.yiaidz  (19) 

and 

Ijip,  8;  a)  = j J.k,{k,  -k,)  + {ti/K*)V„] 

>.Cf[p,Z)e^’^dZ  (20) 

contain  a dependence  on  the  scattering  angle  0 via 

o=*,(l-cos0)  = 2*,  8i«‘(0/2),  (21) 

the  difference  between  the  Z component  of  the 
momentum  change  K and  the  minimum  change 
At|  - kf  in  the  collision.  The  coupling  (phase  #- 
independent)  amplitudes  C/  are  solutions  of  the 
following  set  of  N cotqiled  differential  equations 

C,(p,  Z)  V>,(p,  Z)exp  i (k,  -k,)Z,  /=  1,  2 N, 

(22) 

I "'  ~ ~ - 

glet)  and  antisymmetric  (triplet)  cases,  respec- 
tively. The  frozen,  inner  Is  orbital  is  (in  a.u.) 

.^„(r).2»/*e-*'F«(r),  (24) 

and  the  orbital  for  the  second  electron  in  state 
(a/m)  is  rewritten  (in  a.u.)  as 

♦ P=2/a, 

(25) 

where  </  is  the  maximum  number  of  linear  coef- 
ficients fijf  given  in  terms  of  Cohen  and  McEach- 
ran's original  parameters  a]J'  by* 


an 


(-l)*-»2»0!y(2<3)*— ^ 
(Ar-i-i)iU -jv-/)i(iv+/)i  >' 


N=\,l J.  (26) 


The  above  transformation  (26)  facilitates  sub- 
sequent evaluation  of  the  e-He  interaction  matrix 
elements 


K,,(K)=<«.(f f,)|- 1 

(27) 

as  analytical  functions  of  ^ for  all  combinations 
of  I and  j appropriate  to  a ten-state  treatment.  In 
addition  to  the  n ’°2  and  n =3  channels,  the  s<q>er- 
elastic  1 ‘S  channel  was  Included  for  singlet-sin- 
glet transitions.  The  above  frozen-core  ai^roxl- 
mation  for  He  implies  that  correlation  effects  be- 
tween the  inner  and  outer  atomic  electrons  have 
been  explicitly  neglected  [although  some  implicit 
account  is  assumed  by  virtue  of  (25)],  and  is 
therefore  effectively  exact  for  highly  excited 
Rydberg  states.  Metastable  helium  is  unique  in 
that  its  excitation  energy,  19.8  eV  above  the 
ground  state,  is  the  largest  of  all  the  singly  ex- 
cited atoms,  its  outer  electron  is  relatively  weakly 
bound  ('■4.8  eVX  end  the  mean  interelectronic 
separation  in  the  2 ‘S  state  is  ~5.3a^  Therefore, 
the  main  re^>onse  of  target  helium  to  the  projectile 
electron  is  expected  to  arise  from  the  outer  elec- 
tron such  that  dte  use  of  a frozen-core  orbital  for 
the  inner  electron  within  a close -coupling  scat- 
tering wave  function  (5)  is  expected  to  be  quite 
accurate.  This  is  further  supported  by  the  fact 
that  the  dominant  contributions  to  the  integral  in- 
elastic cross  sections  for  singly  excited  transi- 
tions arise  from  small  scattering  angles  8 < 20° 

(cf.  Fig.  5)  which  result  from  distant  encounters. 

At  the  lowest  Impact  energy  (5  eV),  however,  the 
angular  distribution  tends  to  become  more  iso- 
tropic such  that  close  encounters  are  gaining  in 
relative  importance.  This  situation  is  difficult  to 
assess  without  resort  not  only  to  correlated  atomic 
wave  functions,  but  also  to  a more  elaborate  scat- 
tering formalism  involving  some  mechanism  which 
permits  response  of  the  inner  electron  to  the  pro- 
jectile. If  correlation  effects  with  the  inner  elec- 
tron are  to  be  Included  in  the  atomic  function,  then 
similar  refinements  involving  its  interaction  with 
the  projectile  must  also  be  Included  in  a more 
elaborate  scattering  formalism,  not  based  on  an 
atomic  close-coupling  expansion  valid  only  for 
weak  perturbations,  but  on  some  perturbed  three - 
body  expansion.  It  is  worth  noting  that  the  atomic 
wave  functions  adopted  in  diis  paper  are  die  most 
accurate  ones  used  to  date  in  any  scattering  de- 
scription more  refined  than  Born’s  approximation. 


In  Figs.  1 -3  are  displayed  the  integral  cross 
sections  for  the  processes 

e +He(2  ‘•^)-e  + He(2  ‘-'P,  3 »•«,  3 ‘•V»,  3 ‘->P) 

(28) 

at  incident-electron  energies  K (eV)  in  the  range 
5 < £ « 100,  together  with  comparison  Born  values 
determined  from  the  highly  accurate  form  factors 
of  Kim  and  Inokuti.‘*  It  is  worth  noting  that  the 
coupled-state  calculations  were  much  more  time 
consuming  (”5  h U1108)  than  a corresponding 
treatment  of  excitation  from  the  ground  state*'* 
which  involved  ~1  h U1 108.  This  additional  time 
resulted  from  the  closeness  of  the  initial  2 'S  with 
neighboring  2 *P  channels  which,  because  of  their 
long-range  static  and  coupled  interactions,  neces- 
sitated the  Inclusion  of  large  impact  parameters 
p "lOO  a.u.  in  order  to  achieve  convergence  for 
both  the  solutions  of  the  coupled  equations  (22)  and 
for  the  integration  (18)  involving  the  Bessel  func- 
tions which  oscillated  rapidly  at  these  large  p. 

In  general,  transitions  between  singlet  states  of 
given  configurations  are  much  more  probable  than 
the  corresponding  triplet-triplet  transitions.  Figs. 
1-3  show  that  the  multichannel  treatment  pre- 
serves the  Born  predictions  of  the  relative  im- 
portance of  transitions  to  the  2 *•’£,  3 3 *•%, 

and  3 states,  written  in  order  of  decreasing 
probability,  except  at  Ea  25  eV  and  2 70  eV  when 
excitations  of  the  3 ‘P  and  3 *P  states,  respectively. 


FIG.  1.  Cross  sections  (va{)  for  the  2*'*S-2''*P  tran- 
siUoDS  induced  in  helium  by  electron  impact  at  energy 
£ (eV),  E;  Present  multichannel  eikonai  treatment.  B: 
Bom  approximatioo  (Refs.  1,  10).  C;  Burke  e(  of.  (Ref. 
11). 


FIG.  2.  Croaa  sectiooa  (vaj)  for  the  2 *5-3*5,  3*^, 

3*i>  transitions  Inducod  in  bellum  by  electron  imiiact  at 
energy  £ (eV).  E;  Present  treatment,  B:  Bom  approai- 
mation  (Refs.  1,  10). 


FIG.  3.  Cross  secUons  (taj)  for  the  2 *5-3  *5,  3*P, 

3 *f>  transitlims  induoed  in  helium  by  electron  Impact  at 
energy  £ (eV).  E:  Present  treatment.  B;  Bom  approxi- 
mation (Refs.  1,  10). 


become  greater  than  the  3 *’*S  excitattons.  The 
results  of  Burhe  et  al.,  **  who  used  simple  analytic 
wave  functions,  closely  coupled  the  n >=1  and  n >2 
states  for  total  (system)  angular  momentum  L*0 
and  L^l,  and  used  a Born  approximation  for 
higher  L,  are  also  displayed  in  Fig.  1 for  com- 
parison. A remarkable  feature  is  that  the  Born 
limit  is  sqpproached  by  the  eikonal  treatment  at 
fairly  low  E,  especially  for  the  singlet  transitions. 
Validity  at  Born’s  approximation  has,  as  yet,  not 
been  fully  eiqilored  for  collisions  involving  excited 
atoms,  although  here  the  criterion  £»€,-£(,  the 
excitation  energy,  is  satisfied  for  £ much  lower 
than  that  normally  required  for  excitation  from 
the  ground  state.  The  undulations  in  the  2*'*$- 
3 *’*£  cross  sections  in  Figs.  2 and  3 are  direct 
consequences  of  a zero  in  the  corresponding  form 
factors  at  nonzero  momentum  change  K.  In  gen- 
eral, at  low  £,  the  stronger  (optically  forbidden) 
transitions  are  less  affected  by  couplings  than  the 
weaker  2*'*S-3*’’P  transitions  which,  however, 
converge  more  rapidly  onto  the  Born  limit  at 
higher  £. 

The  present  ten-channel  cross  sections  for 
excitation  of  magnetic  sublevel  M of  (28)  are  dis- 
played in  Table  I.  Note  that  the  cross  sections 
a(nlm)  for  excitation  of  the  n ‘**P  (m  =±1 ) and  3 *■’/) 
(m  a ±2)  substates  dominate  the  cross  sections 
o(n{)  for  excitation  of  the  respective  levels  (nf) 
at  high  impact  energies.  This  behavior  is  consis- 
tent with  the  high-energy  limit  to  Born’s  approxi- 


mation, which  predicts  that  the  ratio  a{Hlm)/a(nl) 
is  2|/’7'(0)|*/(2f  + 1),  where  the  associated  Legendre 
functions  P"{0)  are  zero  for  odd  (i  -m),  and  are 
largest  when  |m|  =1.  Alternatively,  when  impulsive 
conditions  prevail,  the  change  in  the  angular 
momentum  perpendicular  to  the  XZ  scattering 
plane  is  directly  proportional  to  the  linear  momen- 
tum change  /r»2A,  siniO,  which  is  perpendicular  to 
the  incident  direction  and  which  vanishes  for  high- 
energy  scattering  in  the  forward  direction,  there- 
by permitting  angular  momentum  changes  only  in 
the  Z direction  to  occur.  Cross  sections  for  the 
2*S-1‘S  superelastic  collision  are  also  provided 
such  that  the  detailed  balance  relation 


= ,(*,), 

(2,i/S*)(e,-€,) 


(29) 


between  the  forward  and  reverse  rates  for  the 
process  can  be  tested,  thereby  permitting  assess- 
ment of  the  overall  accuracy  of  Uie  calculations. 

Thus,  the  crosses  in  Fig.  4 refer  to  the  present 
2*S-1  *S  results  for  the  left-hand  side  of  (29), 
with  E*  5 eV,  while  the  dots,  representing  the 
right-hand  side  of  (29),  are  taken  from  a previous 
ten-channel  treatment*  (rf  the  2 'S  excitation  from 
the  ground  state  for  E^  Ad  eV.  The  maximum  \ 

deviation  corresponds  to  an  error  of  2.5%  in  o.  1 

The  plane -polarization  fractions'*  ! 
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I 


(30a) 


pin >p.2  ’S)  - 
F(nPZS)  41ao  + 67o, 


and 


5ao+9o, +6a. 


(30b) 


P(3»P-h»P)=  213(a,^-at-2a,) 

671ao  + 127l<7,  + 105to, 


for  the  dipole  radiation  emitted  from  the  excited 
states  are  presented  in  Table  11.  The  effect  of  the 
couplings  on  the  magnetic  substates  is  strongly 
evident,  particularly  for  the  P-S  transitions,  when 
little  correspondence  is  exhibited  betweencolumns 
2 and  4 and  between  3 and  5. 


A.  Differential  cross  sections 


In  Fig.  5 are  displayed  the  differential  cross 
sections  for  the  singlet -singlet  transitions,  as  a 
function  at  scattering  angle  $ and  impact  energy 
E (eV).  The  structure  present  in  the  3‘P  excita- 
tion but  absent  in  the  2 (P  excitation  is  a direct 
consequence  of  the  very  important,  strong 
3 ‘f)(m  ° 0,  ±1,  ±2)-3  ‘P  close  couplings  which  affect 
the  magnetic  siibstates  of  3 *P  more  than  do  the 
‘P  -'S  couplings.  The  relative  importance  of  close 
encounters  (large-angle  scattering)  for  optically 
forbidden  vs  optically  allowed  transitions  is  ex- 
hibited by  the  slower  decrease  with  0 in  Figs. 

5(b)  and  5(d)  relative  to  that  in  Figs.  5(a)  and  5(c). 
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No  measurements  or  other  theoretical  calcula- 
tions are  available.  However,  since  excitation 
from  the  1 ‘S  state  was  very  well  described  (when 
compared  with  experiment)  by  the  multichannel 
eikonal  approach  for  0&  d&40°,  a range  conb  ibut- 
ing  effectively  all  of  the  integral  cross  section,  the 
data  in  Fig.  5 are  presumed  quite  accurate  for 
small-angle  scattering.  Electron-exchange  effects. 
Important  for  large-angle  scattering,*  have  been 


kllau) 

FIG.  4.  Test  of  detailed  balance  between  the  forward 
and  reverse  rates  of  the  1 ‘S-2  collisional  excitation  in 
helium  by  electrons  with  wave  number  and  kg  in  the 
1 'Sand  2*5  channels,  respectively.  •;  Previous  a(l *5- 
2*5)  data  (Ref.  4).  x;  Present  o(2'S-l'S)  data. 


TABLE  II.  Polarization  fractions  of  radiation  of  wavelength  X (A)  emitted  from  the  collision- 
ally  excited  states  a'  to  state  n . 


2'P-«  ‘S 

2’P-2*S 

3 ‘P-«  'S 

3*P-2*S 

3‘D-2*P 

3’D-2*P 

1 \x  (A) 

20581(2)* 

10830 

5016(2) 

3889 

6678 

5876 

B (eV)\ 

5840) 

537(1) 

-0.037 

0.040 

0.706 

0.302 

0.262 

0.175 

10 

-0.207 

-0.020 

0.391 

0.123 

0.136 

0.104 

20 

-0.647 

-0.076 

0.256 

0.048 

-0.021 

0.025 

SO 

-0.932 

-0.171 

-0.196 

0.096 

-0.248 

-0.052 

! 100 

-0.968 

-0.161 

-0.478 

0.116 

-0.383 

-0.072 

explicitly  neglected,  although  some  (small)  allow-  shows  that  the  m =0  and  m =±1  svAistates  are  not 
ance  does  result  by  virtue  of  a mulHstate  target  equally  p<H)ulated,  in  general,  exceptat  specific  0, 

expansion.  Also  differential  cross  sections  for  andthecombinedeffectofphasedifferenceandde- 

excitation  of  the  m substates  are  available  from  parture  from  equal  populations  is  exhibited  in 

the  authors.  No  measurements  exist  as  yet,  al-  Fig.  6 which  displays  n given  by  (17)  as  a function 

though  when  various  theoretical  and  ejqjerimenlal  of  0 and  E.  This  figure  shows  that  circularly 

data  for  the  1 differential  magnetic  sublevel  polarized  light  is  observed  when  the  electrons  are 

cross  sections  were  compared  for  electron-helium  scattered  through  fairly  large  angles  which  de- 

scattering  at  60  and  80  eV,  Chutjian  aixi  Srivas-  crease  as  £ increases.  Moreover,  H passes 

tava”  concluded  that  the  corresponding  multichan-  through  zero  twice,  only  for  £ = 5 eV,  as  expected 

nel  eikonal  treatment  provided  the  best  agreement  from  Fig.  5(b).  Figure  7 also  provides  the  angular 

with  their  recent  measurements.  momentum  (17)  transferred  at  right  angles  to  the 

Cross  sections  obtained  for  the  corresponding  scattering  plane,  and  hence  the  maxima,  almost 

triplet-triplet  transitions  are  smaller  than  and  reaching  unity,  correspond  to  the  transfer  of  ~1 

demonstrate  behavior  simUar  to  that  in  Fig.  5.  unit  of  angular  momentum  (£)  to  the  atom  which  is 

They  are  available  from  the  authors  iqion  request.  therefore  left  in  the  m = 0 state. 

Similar  graphical  displays  of  X,  x.  and  n have 
B.  Angular  conelation  parameten  and  been  obtained  for  the  remaining  transitions  (and 

circular  polarization  fractions  are  available  from  the  authors).  No  experimental 

In  Figs.  6(a)  and  6(b)  are  presented  graphical  data  exist.  However,  a corresponding  ten-channel 

displays,  as  functions  of  0 and  £,  of  X,  the  rela-  treatment^  ai  the  1 *S-2  *P,  3 transitions  in  helium 

tive  contribution  to  the  differential  cross  section  by  electron  impact  resulted  in  satisfactory  agree - 

arising  from  ‘P  (m  =0)  scattering,  and  of  x,  the  ment  with  the  recent  X,  x measurements  of  Emin- 

phase  difference  between  the  *P  dipoles  oscil-  yan  et  al.’ 

lating  (m  = 0)  and  rotating  (m  =±1)  about  the  Z Finally,  the  effect  of  the  neglect  of  electron 

axis.  Forward  (0»  0)  and  large-angle  (e^  40°)  exchange  and  of  couplings  with  channels  ns  4 is 

inelastic  scattering  is  mainly  in  the  m -0  channel,  difficult  to  assess  without  resort  to  more  detailed 

with  m =±l  excltaHons  belt*  dominant  at  the  inter-  and  elaborate  calculations.  For  transitions  from 

mediate  angles.  As  £ is  decreased,  this  inter-  the  1 ‘S  state,  electron  exchange  is  effective  only 

mediate  angular  range  increases,  and  the  range  for  the  close  encounters  resulting  in  large-angle 

for  m=0  scattering  in  the  forward  direction  also  scattering.  These  large  angles,  however,  pro- 
increases, although  not  as  rapidly,  vide  negligible  contribution  to  the  inelastic  integral 

The  2 *P  phase  difference  x in  Fig.  5(b)  is  nega-  cross  sections,^'"  which  are  determined  solely  by 

tive  for  all  0 and  passes  through  -it  twice  for  all  scattering  mainly  in  the  forward  direction  (es  20°) 

£,  and  -t  twice  only  for  the  lowest  £ - 5 eV.  This  at  intermediate  impact  energies.  Also,  explicit 
behavior  assumes  significance  in  the  fraction  of  inclusion*  of  exchange  within  the  the  VPS  approxi- 

circularly  polarized  radiation  emitted  from  the  matlon  for  e-He(2*'’^  collisions  causes  little 

2 ‘P  states.  Thus,  provided  the  populations  of  the  change  for  Es  10  eV.  A better  representation  of 

m »0  and  ±1  sublevels  are  equal  (l.e.,  X «0.5),  the  direct  scattering  function  is  apparently  more 

then  n . -slnx;  fully  circularly  polarized  light  is  Important  and  Is  obtained  by  the  present  inclusion 

observed  when  x * “ i*.  And  is  absent  when  x’®  “ * close  couplings. 

at  two  scatterii^  angles  0.  Figure  5(a),  however  We  note  that  a fully  quantal  close -coupling  cal- 
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culation  would  in  practice  be  prohibitively  difficult 
in  that  an  extremely  large  number  of  angtdar  mo- 
mentum states  L of  relative  motion  are  distorted 
by  the  strong  dipole  interactions  evident  in  the 
present  study.  Thus,  the  normal  procedure  of 


performing  fully  quantal  computations  for  L = 0 
- L^- 10  and  a Born  approximation  for  L>  10 
simply  will  not  suffice,  since  the  present  investi 
gation  has  shown  that  impact  parameters  p ”100 
a.u.  {•L/k,)  are  influenced  appreciably  by  the 


2 

0 

30 

FIG.  5.  Differential  cross  sections  (sl/sr)  as  a function  of  scattering  angle  9 (deg)  and  impact  energy  E (eV)  indicated 
on  each  curve  for  (a)  2*P,  (b)  3*5,  (c)  3‘P,  and  (d)  3'D  excltatlona,  summed  over  final  magnetic  substates  m. 


FIG.  6.  VarUti<ai  of  (a)  \(2*P)  and  (b)  wiUi  electron-scattering  angle  6 (deg)  and  with  electron  impact 

energy  £ (eV)  indicated  on  each  curve. 


FIG.  7.  Variatiao  of  the  fractioa  n of  cireolarly  polar- 
ized radiation,  emitted  from  He(2*P)  and  obaerved  per- 
pendicular to  the  scattering  plane,  widi  elaotron-aoatter- 
ing  angle  9 and  impact  energy  £ (eV)  indicated  on  each 
curve. 


various  distortions.  The  advantage  of  the  present 
treatment  is  that  the  muUic.,annel  eikonal  expres- 
sion (18)  ensures  that  convergence  in  partial- 
wave  contributions  is  always  attained  without  un- 
due difficulty,  especially  in  the  high-energy  limit, 
and  that  the  long-range  coi^lings  have  a mecha- 
nism whereby  they  can  affect  distant  encounters 
(or  large  L)  important  to  the  processes  investi- 
gated here. 

In  conclusion,  for  e-He(2*’^)  inelastic  colli- 
sions at  impact  energies  E < 100  eV,  couplings 
with  the  neighboring  n°2  and  3 levels  are  impor- 
tant, particularly  those  involving  the  3 ‘•’D  states, 
the  excitations  which  dominate  transitions  to  the 
sm3  level  at  low  £.  The  Born  limit  is  approached 
at  energies  (-100  eV  for  singlet-singlet  transitions) 
lower  than  those  normally  in  evidence  for  excita- 
tion from  ground  states.  Detailed  balance  between 
the  forward  and  reverse  rates  of  the  2 *S  — 1 *S 
transitions  is  satisfied.  The  competition  between 
the  relative  populations  A of  the  magnetic  P sub- 
states and  the  phases  x of  the  corresponding  ex- 
citations is  exhibited  by  the  variation  of  n,  the 
fraction  of  circularly  polarized  radiation  emitted 
from  these  P states,  with  impact  energy  E and 
scattering  angle  0. 
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Abstract  Cross  sections  for  the  2’S-n^L(n  = 2-S,  L = S-F)  excitations  and  for  single 
ionization  in  e-He(2'-^S)  collisions  are  determined  by  using  the  Bom  approximation. 
For  a given  n,  the  2*S-n’D  transitions  dominate  at  intermediate  energies  and  this  trend 
is  continued  for  transitions  to  the  near  continuum.  For  larger  energies  e of  the  ejected 
electron,  higher  angular  momentum  I waves  progressively  dominate.  While  up  to.  nine 
partial  waves  are  in  general  required  for  convergence  of  the  bound-free  form  factor, 
as  many  as  30  are  needed  when  momentum  changes  are  in  the  vicinity  of  the  Bethe 
ridge  for  targe  e.  Binary-encounter  results  for  ionization  are  also  obtained  and  agree 
with  the  Bom  values  at  intermediate  energies.  The  present  calculations  and  the  recent 
measurements  of  Dixon  et  al  are  in  satisfactory  accord  at  intermediate  energies.  The 
contributions  to  ionization  arising  from  multiple  processes  are  also  discussed. 


1.  Introduction 

Relatively  little  is  known  about  collisions  between  electrons  and  metastable  rare- 
gas  atoms  which  are  of  direct  importance  to  gaseous  discharges,  astrophysical  and 
atmospheric  plasmas,  the  development  of  excimer  and  monohalide  rare-gas  lasers 
(cf  Flannery  et  al  1975)  and  of  ion  engines  (cf  Martin  1974).  Nor  is  much  known 
concerning  the  validity  of  the  Bom  approximation  for  electron  collisions  with  excited 
atoms  containing  a loosely  bound  electron.  The  recent  ten-channel  eikonal  results 
of  Flannery  and  McCann  (1975)  for  = 2, 3;  L = S,  P,  D)  collisional  exci- 

tations of  helium  approach  the  corresponding  Bora  values  (Flannery  et  al  1975) 
at  relatively  modest  impact  energies  E ~ 100  eV,  which  are,  however,  very  much 
greater  than  the  transition  energy  A£.  Also,  contrary  to  expectation,  both  the  Bom 
and  ten-channel  eikonal  treatments  predict  that  transitions  to  the  optically  forbidden 
3'’^D  and  3‘’^S  states  are  much  stronger,  by  up  to  ^n  order  of  magnitude,  than 
the  dipole-allowed  2''^S-3''^P  collisional  excitations,  except  of  course  at  high  energies 
where  the  dipole  transitions  predominate. 

In  an  effort  to  determine  whether  this  behaviour  is  characteristic  of  transitions 
to  higher  discrete  and  continuum  states,  and  to  obtain  information  on  the  correspond- 
ing cross  sections  (as  functions  both  of  impact  energy  E and  of  the  angular  momentum 
of  the  final  target  state)  the  following  collisional  excitation  and  ionization  processes 

e -f  He(2''^S)— ► e -I-  He(n‘’*L)  n = 4,5,  L = 0 to  (n  — 1)  (la) 

(16) 
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will  be  studied  in  the  Born  approximation.  The  cross  sections  for  ionization  (lb) 
can  be  compared  with  the  recent  measurements  of  Dixon  et  al  (1976a)  and  with 
results  to  be  obtained  from  the  binary-encounter  approximation,  which  can  be  con- 
sidered to  be  applicable  since  the  averaged  electiwiic  separation  in  He  is  about 
Soo  (Pekeiis  1962)i  It  is  worth  noting  that  the  Bom  (Prasad  1966)  and  classical 
(Abrines  et  al  1966)  predictions  for  ionization  of  metastable  hydrogen  are  in  close 
accord  with  the  experimental  data  (Dixon  et  al  1975)  over  a wide  range  of  electron 
impact  energies. 

2.  Theory 

The  cross  section  for  ionization  of  a singly  excited  atom  B with  mass  Mg  and  ioniz- 
ation potential  / by  m incident  particle  A with  mass  Af  a>  speed  v and  relative  energy 
£ is,  in  the  (elastic)  binary-encounter  approximation,  given  by  (cf  Vriens  1969, 
Flannery  1971) 

where  the  distribution  in  speed  u of  the  valence  electron  described  by  a spatial 
wavefunction  il>^(r)  is,  with  all  quantities  in  atomic  units, 

and  Ma.  is  the  reduced  mass  of  the  (A-e)  binary  system. 

For  a specified  energy  transfer  Cj  to  the  valence  electron,  the  momentum  change  P 
can  vary  between  the  lower  limit, 

P~  = max  [M|m'  - u|,  A#abI»'  - »l]  (4) 

where  m and  Mi  are  the  electronic  and  ionic  masses  respectively,  and  the  upper 
limit, 

P*  = min  [M(«'  u),  Mt^{v’  + o)]  (5) 

where  the  post-binary-collision  speeds  of  the  projectile  and  target  particles  are  respect- 
ively, 

v' = (v^  - 2ir/M)^>^  . (6) 

and 

«'  = (tt"  + (7) 

In  the  general  expression  (2X  the  function  FfTO  whidi  represents  the  departure  of 
the  differential  cross  section  for  (A-e)  elastic  scattering  from  die  Rutherford  value, 
is  set  to  unity  for  direct  (e-e)  collisions  for  which  M ^ Mas  ^ m. 

The  Bom  approximation  to  the  cross  section  for  single  ionization  of  a two-electron 
atom  by  an  incident  electron  is  written,  with  all  qiumtities  in  atomic  units,  as 


Mam  = 
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in  terms  of 


t.)  » ^ t. ; r)  £ e*-'*  ‘•*L;r)^ j ^ (9) 


the  diOerential  cross  section  for  ejection  of  the  electron  with  momentum  fc,  into 
unit  solid  angle  and  unit  energy  interval  The  limits  to  the  mom»tum  change  (Jt,  - fcj 
of  the  scattered  electron  are. 


K’  = (2£)‘'*  T [2(£  - i - €)]‘'* 


(10) 


where  the  energy  c of  ejection  is  au  and  where  the  kinetic  energy  transferred 
to  the  ion  is  n^ected.  While  the  parameter  a in  the  « integration  l^t  in  (8)  is 
unity  for  ionization  involving  distinguishable  particles,  Rudge  and  Seaton  (196S)  have 
shown  that,  for  ionization  of  atomic  hydrogen  by  electrons  with  random  spin  orien- 
tations, a = 0-5  when  electron-exchange  effects  are  fully  neglected  This  choice  ensures 
that  the  faster  of  the  scattered  and  ejected  electrons  is  always  described  by  a plane 
wave.  For  electron  impact  ionization  of  helium  (when  neither  choice  is  rigorously 
basedX  the  spatial  wavefunctions  for  the  initial  discrete  and  6nal  continuum  states 
are 

[^u(»’i)0«to.(»’3)  ± 0i.(»’j)^rt.(»’i)]  (11) 


and 


Me,  k r)  = -y=  Wi.(ri) 
n/2 


t>,(k ; ri)  ± 4>u('2)MK  ; r,)] 


(12) 


in  whidi  the  He'*'(ls)  core  is  considered  frozen.  The  one-electron  orbitals  are 
chosen  to  form  an  or^onormal  set  such  that  the  form  factor  in  (9)  is  simply 


<^,|e'*-''  -h  e'*-'’|^,>  = <^.(J.;r)|e“-'|.^,u-(r)>. 
The  continuum  orbital  for  the  ejected  dectron  is  now  expanded  as 

Mk  ,r)=  t i - e-**' f.r(»')T|--  (>)T|V(«.) 

r-o •'--I'  f 

in  which  the  radial  part  has  asymptotic  behaviour 

F,t  {.r)  ^ sin  In  (2k.r)  - il'*  + 
tl,.  = arg  ni'  + 1 - •+•  ^r(fcJ 


(13) 

(14) 


(15) 


where  the  additional  (rfiaseshift  is  a measure  of  the  departure  of  the  electron- 
ion  interaction  from  a pure  Coulomb  one.  The  amplitude  of  (15)  is  diosen 

so  as  to  fulfil  the  normalization  condition 

<^.(*.;r)|^.<t;;r)>  - d(e  - - ki  (16) 

where  e = is  in  atomic  units  l^th  c in  Rydberg  units,  then  the  amplitude 
of  (15)  would  be  a"  in  order  to  satisfy  (16). 

Alternatively,  the  diflbrential  cross  section  per  unit  momentum  interval  (do/dk,) 
is  given  by  (9)  with  the  asymptotic  amplitude  of  F^.  chosen  as  (l^'^ln''^k^  thereby 
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ensuring  that 

= ; (17) 

rather  than  (16). 

By  writing  the  orbital  for  the  bound  {nbn)  state  as 

^iu-(r)  = (l/r)P^(r)yta(r)  (18) 

and  with  the  aid  of 

e'*  ' = 4ir  J £ i'XKr)  y?.-(^  yr«-(^)  • (19) 

r«oiii'«-r 

where  jf  denotes  the  si^erical  Bessel  function,  then,  in  terms  of  the  Wigner  3/-symboIs 
(cf  Messiah  1966),  the  form  factor  (13)  is 

= (47t)*/*  £ S i'-A#i;.^(K) 

Vm'  rm'' 

x(-,r[(2l+l)(2f  + l)(2r+l)]»(;  J y (20) 

where  the  radial  matrix  element 

Mlr^=  rr>'e>^‘F,rir)Jr(Kr)F^dr.  (21) 

Jo 

The  partial  cross  section  (9)  therefore  entails,  in  general,  eight  summations  and  a 
double  integratioa  However,  when  the  modulus  of  (20)  is  squared,  integrated  over 
t,  (assumed  to  be  uncorrelated  with  K),  and  summed  over  m and  m',  then  it  follows 
t^t 

J (22) 

for  a given  momentum  change  K.  For  initial  s states,  then,  from  (8)  and  (9)  ^ 

O-  /•**  oo  J*' 

= S Z (2f  + 1)  lAfi-^lK)!^  ^ (23) 

is  the  differential  cross  section  per  unit  ejected-energy  interval  The  int^ral  Bom 
cross  section  for  excitation  of  the  discrete  level  (n'l')  is  also  given  by  eadi  f'  term  of 
(23)  but  with  F^,  in  (21)  replaced  by  the  bound-state  function  P,-r.  For  excitation, 
additional  allowance  will  be  made  for  core  relaxation. 


t 3i  Method 

In  the  present  study,  the  electronic  discrete  and  continuum  wavefunctions  tKri,  ri) 
for  helium  are  antisymmetrixed  products  of  one-dectron  orbitals  forming  an 
orthonormal  set  obtained  from  a central-field  approximation,  llie  corresponding 
radial  functions  and  are  therefore  the  appropriate  solutions  of  the  radial 
Schrddinger  equation  ^ 

^+2(£-K(r)-i!^)p.-0  (24) 


! 
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which  are  normalized  to  unity  for  £ < 0 and  per  unit  energy  interval  for  £ > 0 
as  implied  by  (16).  The  sf^erical  interaction  K(r)  which  tends  to  (— 2/r)  and  (— 1/r) 
as  r— »0  and  ao,  respectively,  is  determined  from  the  Hartree-Slater  approximation, 
i.e.  the  Hartree  method  mo^ed  by  Slater  (19S1)  to  take  some  aocoun,  of  electron 
exduuige.  This  approximation  for  V as  determined  by  Herman  and  Skillman  (1963) 
for  ground-state  atoms  alone  has  been  extensively  usIn)  with  encouraging  results  (cf 
Fano  and  Cooper  1968,  Dehmer  et  al  197S,  Manson  and  Purcell  1976  and  references 
therein).  In  this  paper,  some  variations  to  the  standard  treatment  are  explored  by 
adopting  the  following  choices  for  K 

Case  (i4).  A self-consistent  field  (scf)  iteration  for  the  ground-state  configuration 
(Is)^  provides  Vg  whidi  is  used  to  generate  and  which  are  automatically 
orthogonal.  This  to  the  standard  selection  tabulated  by  Herman  and  Skillman 
(1963). 

Cose  (B).  An  scf  iteration  for  the  initial-state  (ls)(2s)  configuration  yields  VJ  which, 
when  inserted  in  (24),  provides  orthonormal  P,|  and  F^,  for  n = 1-5,  / = 0-(n  — IX 
/'  = 0-30  and  for  a wide  range  (O-llOeV)  of  energies  e for  the  ejected  electron. 

Case  (Q.  scf  iterations  for  the  three  configurations  (ls)(2sX  (ls)(2p)  and  (ls)(3d) 
yield  three  potentials  (L=  0,  1,  2)  which  are  used  to  generate  Pi!/-i 

and  respectively  for  the  (nfr  states  of  the  n = 1-5  levels.  The  form*  factor  in 
(9)  for  bound-bound  transitions  is,  for  the  L=  1 and  2 cases,  given  by 


UK)  = ( 


± (25) 


where  the  4>u  which  respectively  result  from  L=  1 and  2,  are  in  general  different 
from  and  are  not  orthogonal  to  both  and  <f>^^  because  some  core  relaxation 
has  been  provided  for  those  less  penetrating  orbitals  with  non-zero  angular  momen- 
tum. The  f and  g orbitals  are  generated  in  for  simptidty  since  it  is  found  that 
little  improvement  is  gained  by  further  modification. 

Case  (D\  scf  iterations  for  the  (ls)(nO  configuration  of  the  final  bound  state 
provide  which  are  used  to  generate  P,,  for  the  lower  bound  states. 

Case  scf  independent  iterations  for  the  initial  and  final  configurations,  (ls)(2s) 
and  (ls)(nO  respectively,  yield  independent  scf  solutions  i^,(2‘’*S)  and  tl>An^'^L)  with 
orthogonality  satisfied  by  restricting  the  final  bound  states  to  S. 

In  the  above  five  procedures,  explicit  dependence  on  electron  spin  appears  only 
in  the  symmetry  of  the  total  spatial  wav^unctions  (11)  and  (12)  and  not  in  the 
interaction  potential  (which  includes  equal  allowance  for  spin  in  the  singlet  and  triplet 
casesX  Spin  effects  are  also  acknowledged  by  the  use  of  the  corresponding  experimen- 
tal values  of  the  excitation  and  ionization  energies  in  the  momentum-change  limits 
(10)  for  the  cross  section  (9X 

All  of  the  above  possibilities  were  fully  investigated  via  appropriate  modifications 
to  the  standard  Herman-Skillman  program.  By  comparison  of  the  resulting  excitation 
energies  (in  cases  (.4X  (B)  and  (B)X  form  factors  and  Bom  electron  impact  cross 
sections  for  the  2‘’^S-2‘’^P,  3‘’^S,  3‘’*P,  3‘’*D  and  4'’*P  transitions  with  those  pre- 
viously determined  (Kim  and  Inokuti  1969,  Flannery  et  al  1975)  from  highly  accurate 
correlated  functions  (Weiss  1967X  we  have  concluded  that  for  the  triplet  transitions, 
method  (B)  achieves  very  good  agreement  (with  cross  sections  to  within  2-5%  over 
a wide  energy  range)  which  is  improved  somewhat  by  modification  (CX  For  singlet 
transitions,  method  (A)  yields  the  closest,  but  yet  rather  poor,  agreement  (with  cross 


sections  to  only  within  40%).  The  reasons  for  this  dissimilarity  in  agreement  are 
two-fold  and  are  rather  instructive. 

j The  (B),  (C)  combination  provides  an  adequate  account  of  core  relaxation  while 

j ensuring  that  all  of  the  excited  ’S,  and  states  are  orthogonal  to  all  lower 

! states  of  the  same  symmetry.  The  same  degree  of  orthogonality  between  the  singlet 

states,  especially  that  between  the  2‘S  and  the  l‘S  singlet  ground  state,  is  obtained 
via  method  (^4)  which,  however,  fails  to  account  satisfactorily  for  core  relaxation 
' of  the  excited  states  and  which  fails  to  satisfy  the  Sharma-Coulson  (1962)  requirement 

I that  variational  calculations  of  the  (Is)  and  (ns)  orbitals  of  helium  should  not  be 

i orthogonal  for  excited  ‘S  states.  Moreover,  while  the  exchange  interaction  is  attrac- 

tive for  the  triplet  states  and  repulsive  for  the  excited  singlet  states  (as  predicted 
from  perturbation  theory  whidi  gives  zero  exdtange  effect  for  l^SX  the  Slater  prescrip- 
tion assigns  an  exchange  correction  which  is  always  negative  (even  for  the  1 'S  state) 
and  which  is  therefore  very  biased  towards  the  triplets. 

The  above  considerations  help  explain  the  difference  in  quality  of  the  present 
agreement  obtained  for  the  singlet  and  triplet  cases.  Also,  the  atove  {B),  (C)  combina- 
tion is  an  extremely  useful  (and  fast)  method  for  obtaining  accurate  orthogonal  wave- 
functions  for  all  the  triplet  (excited)  states  of  helium. 

4.  Results  and  discussion 

4.1.  Excitation 

In  table  1 are  displayed  the  excitation  energies  (from  method  (B))  and  cross  sections 
for  the  processes 

e + He(2^S)— e + He(«*L)  n = 2-5,  L=*  S-G  (26) 

at  impact  energies  £ in  the  range  5 eV  < £ ^ 1000  eV.  These  cross  sections  agree 
with  the  available  highly  accurate  cross  sections  (Kim  and  Inokuti  1969,  Flatmery 
et  al  1975)  to  within  2-5%  over  the  entire  energy  range,  except  for  the  2*S-3*P 
transition  for  which  the  largest  departure  is  8-5%.  The  more  accurate  results,  where 
available,  are  presented  in  table  1 for  reference.  The  cross  sections  for  the  remaining 
transitions  from  the  metastable  level  to  the  n = 4 and  5 levels  are  presumably  even 
more  accurate  since  the  central-field  approximation  improves  as  the  valence  electron 
becomes  more  loosely  bound  and  much  less  correlated  with  the  core  electron,  as 
exhibited  in  table  1 by  the  closeness  between  the  experimental  and  derived  excitation 
energies.  Table  1 also  shows  that  the  optically  fortridden  transitions  to  the  D states 
of  the  (3-5)  levels  dominate  all  other  transitions,  except  at  the  highest  energies  when 
the  S-P  dipole  excitations  gain  in  relative  importance,  in  accord  with  Bethe’s  approxi- 
mation. This  behaviour  is  even  true  for  transitions  to  the  ionization  threshold  and 
is  preserved  in  more  elaborate  treatments  of  excitation  (Flarmery  et  al  1975,  Flatmery 
and  McCaim  1975).  The  data  in  table  1 are  useful  and  directly  relevant  to  current 
modelling  of  excimer  and  monohalide  rare-gas  lasers. 

4.2.  Ionization 


1 


In  figure  1 are  displayed  present  cross  sections  determined  from  the  binary-encounter 
formulae  (2)-(7)  for  the  ionization  process 

e 4-  Hc(2‘’*S)->  2e  Hc*(ls)  (27) 
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Ficatc  1.  Comparison  of  present  binary-encounter  treatments  of  the  cross  sections  for 
outer-shell  ionization  of  He(2'’^)  with  diflerent  orbital-velocity  distributions,  as  deter- 
mined from  methods  (^)  and  (B)  in  text  (curves  A,  BX  and  from  Hartree-Fock  functions 
(C)  of  Cohen  and  McEachran  (1967a,  bX  Curves  V are  results  of  Vriens  (1964)  using 
the  exponential  distribution  of  Gryzinsld  (I96SX  The  associated  numerals  1 and  3 refer 
to  2'S  and  2’S  targets  respectively.  The  dtcles  (open  and  full)  are  measurements  of 
Dixon  et  al  (1976a)  for  the  sum  of  all  electron  impact  processes  leading  to  single  (but' 
not  double)  ionizatioa  of  a predominantly  He(2’S)  target 


in  which  the  ion  is  left  in  the  ground  state.  The  frozen-core  2‘'^S  Hartree-Fock 
functions  of  Cohen  and  McEachran  (1967a,  b)  and  the  2‘'^S  Hartree-Slater  functions 
obtained  from  both  methods  (>4)  and  (B)  above  are  used  in  (3)  to  generate  the  velocity 
distributions  /„,(u)  for  the  valence  electron.  The  cross  sections  associated  with  the 
rather  accurate  Hartree-Fock  functions  are  in  excellent  agreement,  especially  at  low 
energies,  with  the  cross  sections  derived  from  method  (B)  for  2^S  ionization,  and 
in  good  agreement  with  those  derived  from  method  (i4)  for  2‘S  ionization,  respect- 
ively. This  closeness  provides  an  additional  check  on  the  quality  of  our  present  2^S 
wavefunction,  and  indicates  that  the  present  2‘S  Hartree-Slater  function  is  quite 
adequate  for  bound-Tree  transitions,  the  form  factor  (13)  for  which  tends  to  be  con- 
trolled by  interelectronic  distances  r,  2 larger  than  those  important  for  bound-bound 
transitions.  Also  shown  for  completeness  are  the  previous  binary-encounter  results 
of  Vriens  (1964)  based  on  an  exponential  velocity  distribution  (Gryzinski  1965)  which 
is,  however,  completely  at  variance  (cf  Burgess  and  Percival  1968)  vrith  any  quanta! 
distribution.  The  recent  experimental  data  of  Dixon  et  al  (1976a)  for  ionization  of 
a predominantly  2^S  target  are  also  displayed;  the  earlier  measurements  of  Fite  and 
Brackman  (1963X  Eong  and  Geballe  (1970)  and  modifications  thereof  have  already 
been  discussed  extensively  by  Dixon  et  al  (1976a). 

In  order  to  achieve  convergence  of  the  differential  and  integral  cross  sections 
(23)  and  (8)  for  ionization  over  the  impact  energy  range  £,  it  is  necessaiy  to  compute 
the  Bom  matrix  element  ) for  a wide  range  of  energy  c and  angular  momen- 

tum /'  of  the  ejected  electron  and  also  of  the  momentum  change  K of  the  scattered 
electron.  This  necessitates  the  calculation  of  9-30  partial  f'  waves  for  each  set  of 
(c,  K)  values  appropriate  to  impact  energies  E up  to  100  eV.  This  determination. 
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together  with  the  triple  (r.X.c)  integration  in  (21X  (23)  and  (8)  and  the  t summation, 
requires  extremely  lengthy  computation  which  can  be  reduced  by  the  use,  where 
possible,  of  various  semi-analytical  methods  particularly  for  low  values  of  t.  The 
resulting  cross  sections  obtained  from  two  different  computer  programs  are  in  close 
accord,  thereby  providing  a test  of  the  numerical  accuracy. 

In  addition,  we  have  verified  that  the  relationship 

lim  (n  - 5,)*  Fta(X)  = (28) 

■ -♦oo  * 

involving  the  bound-bound  and  bound-free  form  factors  and  F,.  respectively, 
and  the  asymptotic  quantum  defects  is  satisfied  on  crossing  the  ionization  threshold. 

In  figure  2 are  presented  the  Bom  (full  range)  and  the  ‘modified’  Bom  (half  range) 
cross  sections,  (8)  with  a = 1 and  i respectively,  for  the  ionization  processes  (27) 
at  collision  energies  E up  to  100  and  200  eV  respectively.  Although  the  former  choice 
is  correct  for  ionization  involving  distinguishable  particles  and  the  latter  is  used 
for  electron  impact  ionization  of  H with  exchange  effects  fully  excluded,  neither  choice 
is  rigorously  based  for  helium  and  the  correct  a would  demand  a detailed  account 
of  exchange  effects. 

In  the  present  case,  the  full-range  results  F are  in  closer  accord  than  the  half-range 
results  H with  the  experimental  data  for  ionization  of  the  predominantly  2^S  target 
at  low  and  intermediate  impact  energies  E.  Calculations  (Ton-That  and  Flannery 
1977a)  for  bigger  targets  (Ne*,Ar*)  show  an  evolution  from  this  trend,  favouring 
the  half-range  results  rather  than  the  full-range  ones.  While  convergence  between 
F and  H is  obtained  at  the  higher  £,  as  expected,  the  measurements  are  up 
to  30%  higher.  This  discrepancy  which  may  be  due  to  the  theoretical  neglect  of 
additional  processes  will  be  studied  in  further  detail  below  by  means  of  a Bethe 


F%are  2.  CUnparison  of  present  Bom  cross  sections  for  outer-shell  ionization  of  Hef2'’^) 
by  electron  impact;  curves  F and  H are  for  respective  integrations  over  the  full  range 
and  the  lower-half  range  of  energy  of  the  ejected  electron.  The  associated  numerals  1 
and  3 refer  to  2'S  and  2’S  targets  respectively.  The  circles  are  measurements  as  in  figure  1. 
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plot.  The  half-range  cross  sections  for  ionization  of  the  triplet  states  agree  to  within 
a few  per  cent  with  the  corresponding  Bom  calculations  (not  shown)  of  G Peach 
(1976  private  communication)  who  used  a Clementi-type  fit  for  the  initial  state  and, 
for  continuum  waves,  hydrogenic  functions,  except  the  s,  p and  d partial  waves. 

Figure  3 provides  a comparison  of  the  measured  cross  sections  with  the  present 
Bom  full-range  values  to  l()0eV  and  with  the  binary-encounter  results  to  l(X)0eV. 
Also  shown  is  an  additional  binary-encounter  contribution  which  arises  from  direct 
ejection  of  the  itmer-shell  electron  such  that  the  product  ion  is  left  as  He '''(2s).  This 
mechanism  does  not  fully  account  for  the  discrepancy  with  the  observations  at  colli- 
sion ener^es  £ 200  eV. 

This  difference  is  further  amplified  in  figure  4 where  Bethe  plots,  i.e.  <7j(£)  x E 
plotted  against  Ig  £,  of  the  various  results  are  displayed.  (The  inclusion  of  dipole- 
allowed  transitions  yields  an  £~'  lg£  dependence  for  the  ionization  cross  section 
<rj(£)  at  large  impact  energies  £,  thereby  resulting  in  a straight-line  Bethe  plot  at 
high  £.)  The  lower  set  of  experimental  data  includes  a correction  made  to  the  higher 
original  set  for  charge-exchange  reactions  between  metastable  He  and  residual  mol- 
ecular ions  in  the  experimental  collision  region  (see  Dixon  et  al  1976a).  The  remaining 
difference  between  the  theoretical  Bom  curve  corresponding  to  a ground-state  He ''’(Is) 
product  ion  and  the  measurements  cannot  be  attributed  to  the  2*S/2^S  admixture 
in  the  target  gas  since  the  difference  between  the  cross  sections  for  singlet  and  triplet 
ionization  decreases  as  £ increases  (see  figure  3). 

Other  processes,  neglected  theoretically,  which  enter  as  £ increases  are  (a)  inner- 
shell  ionization,  (b)  autoionization  over  certain  small  discrete  regions  of  £,  (c)  double 
ionization  (which  is  also  /lot  included  in  the  measurements)  and  (d)  ionization  of 
one  electron  with  simultaneous  excitation  of  the  other  electron.  Of  all  the  above 
processes,  (a)  is  expected  to  be  the  largest  contributor  over  a wide  energy  range 
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FtgBK  3.  Cross  sections  for  electron  impact  ionization  of  He(2'-’S).  Curves  F and  C 
are  the  full-range  Bom  and  binary-encounter  treatments  respectivety.  Numerals  1 and 
3 refer  to  2'S  and  2*S  targets  respectively.  CI3  denotes  the  present  binary-enoounter 
treatment  of  inner-shell  ionization  of  He(2’S)  and  the  C3  full  curve  includes  tto  contribu- 
tion. The  circles  are  measurements  as  in  figure  I. 


Flfare  4.  Bethe  plot  (cross  section  multiplied  by  collision  energy  £ plotted  against  lg£) 
for  election  impact  ionization  of  He(2^).  Full  curves  F3  and  H3  are  full-range  and 
half-range  Bom  results  fw  outer-shell  ionization  alone,  FI  and  HI  are  the  corresponding 
results  for  inner-shell  ionization,  induded  by  the  F3  and  H3  broken  curves,  BE,  BA 
and  BAE  represent  cross  secticms  of  Briggs  aitd  Kim  (1971)  determined  from  closure 
in  the  Bethe  approximation  BE,  the  Bom  asymptotic  with  and  without  exchange  BAE 
and  BA  respectively.  The  triangles  and  circles  denote  measurements  of  Dixon  et  al  (1976a) 
for  the  sum  of  all  electron  impact  processes  leading  to  single  (hut  not  double)  ionization 
of  a piedomiiuutly  He(2’S)  target 
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since  it  can  be  regarded  as  a single  scattering  process,  while  the  remaining  wide- 
energy-range  processes  are  multiple  processes.  The  contribution  of  (a),  here  deter- 
mined by  the  Bom  approximation,  is  shown  in  figure  4 to  be  in  good  agreement 
with  the  corresponding  binary-encounter  results  of  figure  3 and  is  smaller  than  outer-  | 

shell  ionization  by  one  order  of  magnitude.  A simple  treatment  of  the  multiple  pro-  | 

cesses  adopts  the  sudden  approximation  wherein  the  additional  excitation  or  ioniz-  j 

ation  involved  is  described  by  a transition  probability  factor  P(iS)  whidi  is  the  overlap 
squared  of  selected  initial  and  relaxed  final  (bound  or  ctmtinuum)  orbitals.  Thus,  j 

for  example,  when  exchange  is  ignored  in  the  target  wavefunction,  the  cross  sections  | 

for  the  multiple  processes  (c)  and  (d)  are  P(ls,c)Q(2s,c)  and  either  P(ls,nI)Q(2s,c)  or  j 

F(2s,n/)Q(ls,cX  respectively,  in  terms  of  the  cross  secticMi  Q(nlfi)  for  ionization  of  the 
(nl)  orbital  by  a single  process.  Byron  and  Joachain  (1966)  used  correlated  atomic  'i 

wavefunctions  in  a Bom  treatment  of  the  ionization  of  ground-state  helium  and  found  | 

that  the  contribution  (di)  arising  from  double  ionization  is  less  than  that  for  single 
ionization  (si)  by  about  two  orders  of  magnitude,  in  keeping  with  a sudden-collision  \ 

model  (Mitdeman  1966)  and  with  experiment  (Schram  et  al  1965,  BrigUa  and  Rapp  \ 

1966).  Calculations  (Gillespie  1972  and  references  therein)  based  on  the  sudden  ] 

approximation  for  He(l*S)  show  that  simultaneous  icmization  and  excitation  (sice  I 

see  below)  are  lower  than  si  by  about  three  orders  of  magnitude  (or  at  best  by  1 

two  orders,  cf  Dixon  et  al  1976b).  Although  excited  states  of  heUum  have  lower  i 

thresholds  for  multiple  processes  than  the  ground  state,  the  correlation  between  the  ] 

core  and  valence  electrons,  which  is  important  in  multiple  processes  if  the  energy  i 
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transfer  is  not  too  large,  is  much  less  (the  atomic  electrons  have  separations  of  about 
Sflo  and  binding  energies  of  approximately  46  eV  and  5 eV  respectively).  While  some 
doubt  has  been  cast  on  the  usefulness  oS  the  sudden  approximation  for  multiple 
processes  (Kaminsky  and  Popova  1976,  see  also  Dixon  et  al  1976b),  recent  measure- 
ments (Schmidt  et  al  1976),  however,  do  not  suggest  that  a revision  of  the  experimental 
results  for  double  ionization  of  helium  in  its  ground  state  is  necessary. 

The  above  arguments  are,  however,  difficult  to  reconcile  with  the  findings  of  Briggs 
and  Kim  (1971)  who  obtained  various  Bom  asymptotic  limits  for  single  and  double 
ionization  of  the  triplet  states  by  subtracting  the  sum  of  the  Bom  asymptotes  for 
the  discrete  excitations  from  the  asymptotes  of  the  total  inelastic  cross  section 
obtained  from  closure  sum  rules.  The  resulting  Bethe  (A  In  £)  term  and  the  asymptotic 
Bom  (half-range)  term,  Ain  E + y + ...,  with  and  without  the  Mott  correction  for 
exchange,  are  reproduced  in  figure  4.  The  difference  between  the  curves  H3  and 
BA  should  arise  from  the  effects  of  inner-shell  ionization  (isi)  and,  to  a lesser  extent, 
of  double  ionization  (di)  and  single  ionization  with  core  excitation  (sice).  Results 
from  our  present  Bom  treatment  of  tsi  are  shown  explicitly  and,  when  added  to 
the  SI  results  H3  and  F3,  yield  the  broken  curves  in  figure  4.  The  remaining  difference, 
if  all  is  well,  must  arise  from  (unacceptably  large)  contributions  from  di  and  sice 
The  asymptotic  procedure  has  been  estimated  by  Briggs  and  Kim  (1971)  to  be  reliable 
only  for  collision  energies  £ > 400  eV  such  that  the  correct  plots  for  smaller  energies 
may  deviate  from  those  shown.  We  note,  however,  that  the  difference  between  BA 
and  H3  can  mainly  be  resolved  by  assigning  some  value  to  the  second  parameter 
y smaller  than  that  given  by  Briggs  and  Kim  (1971).  This  parameter  is  difficult  to 
evaluate  correctly  and  involves  a sum  of  integrals  of  the  generalized  and  optical 
oscillator  strengths  (Inokuti  et  al  1967). 

In  summary,  figure  4 depicts  (a)  full  Bom  calculations  of  both  si  and  isi,  the 
St  results  agreeing  rather  closely  with  similar  calculations  of  G Peach  (1976  private 
communication),  (b)  Bom  asymptotes  of  Briggs  and  Kim  (1971)  including  all  contribu- 
tions (si,  isi,  di,  sice)  to  ionization  and  (c)  measurements  of  the  combined  si,  isi 
and  SICE  contributions.  Accord  between  (a)  and  (c)  is  introduced  at  high  energies 
£ only  if  the  yield  from  the  (neglected)  multiple  sice  process  is  roughly  three  times 
that  from  the  single  isi  process.  Also  the  apparent  agreement  between  (b)  and  (c) 
at  large  £ suggests  that  Dt  is  negligible  in  comparison  to  sice  an  unlikely  event 
The  resolution  of  the  discrepancies  between  (a),  (b)  and  (c)  can  only  be  obtained 
if  the  various  contributions  to  ionization  are  arranged  in  order  of  importance  as 
si,  sice,  isi  and  di,  an  order  at  variance  with  that  naturally  assumed. 

The  theoretical  cross  sections  obtained  from  the  Bom  and  the  binary-encounter 
approximations  for  ionization  of  the  2‘’^S  states  are  presented  in  table  2.  The  full- 
range  and  the  half-range  Bom  results  mutually  converge  with  increasing  impact 
energy  £,  as  expected.  In  the  intermediate  energy  range  1 < £(au)  < 8,  the  binary- 
encounter  values,  when  compared  with  the  full-range  Bom  results,  display  fair  agree- 
ment which  originates  from  the  overall  agreement  in  magnitude  and  shape  between 
the  quantum-mechanical  and  the  binary-encounter  results  for  the  form  factor  (20) 
squared  (ffs),  or  for  the  associated  generalized  oscillator  strength  (cos)  away  from 
the  optical  K — ► 0 limiL  The  increasing  discrepancy  in  the  oos  for  small  momentum 
changes  K ^Cr/f  associated  with  larger  impact  energies  £ yields  an  £'*  asymptotic 
limit  for  the  binary-encounter  cross  sections  rather  than  the  correct  £**  ln£  limit 
obtained  when  proper  account  is  taken  of  the  dipole  transitions  for  such  low  momen- 
tum changes. 
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Cross  sections  for  excitation  and  ionization  in  e-He{2^’^S)  collisions  633 


TaUe  I Bora  (full-range  (BF)  and  half-range  (BH))  and  binary-encounter  (BE)  cron  eec- 
tions  (10~ “ cm*)  for  the  ionizatiaa  of  He(2''’S)  by  electrons  rrith  energy  £(au). 


£(au) 

2‘S 

2'S 

BF 

BH 

BE 

BF 

BH 

BE 

0-25 

4-35 

304 

5-59 

807 

5-69 

1051 

050 

716 

5-70 

7-81 

905 

736 

1038 

075 

6-15 

5-33 

649 

7-39 

6-47 

845 

ItX) 

5-25 

4-65 

548 

6-22 

5-59 

702 

1-5 

403 

3-67 

416 

4-75 

4-35 

516 

2-0 

318 

300 

3-35 

3-72 

3-54 

405 

2-5 

2-66 

2-55 

— 

311 

209 

— 

3 

2-29 

2-26 

2-39 

2-68 

2-65 

2'8I 

4 

1-80 

1-76 

1-87 

210 

206 

215 

5 

— 

1-46 

1-53 

— 

1-71 

1-74 

6 

— 

1-25 

1-29 

— 

1-46 

1-46 

7 

— 

111 

— 

— 

129 

— 

8 

— 

098 

099 

— 

M4 
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4.3.  The  rate  of  convergence  of  the  partial-wave  expansion 

For  most  values  of  e and  K,  the  number  of  the  I partial  wavest  required  for  conver- 
gence of  FFS  with  respect  to  I is  relatively  small,  nine  or  less  in  the  present  case. 
However,  for  large  c,  the  required  number  increases  sharply  near  the  Bethe  ridge 
defined  by 

= 2eT  = 2(1  -(-  e)  (29) 

where  up  to  30  partial  waves  are  required.  This  is  interpreted  as  follows.  The  region 
where  the  initial  bound  state  orbital  P|(r)  is  substantial  defines  for  our  purposes 
the  maximal  region  of  overlap.  The  continuum  orbital  F,,ir)  and  the  spherical  ^ssel 
function  JifKr)  (cf  equation  (21))  initially  increase  in  amplitude  from  the  origin  as 
(y/^rf*^  and  (Krf’  respectively.  These  sharp  dependences  on  I'  and  1"  can  be 
regarded  as  centrifugal-barrier  effects.  F,,{r)  and  7i-(Xr)  then  evolve  into  oscillating 
functions  An  increase  in  1 (i.e.  1'  and  I")  results  in  a shift  of  the  pattern  of  these 
functions  out  of  the  overlap  region  together  with  a stretching  of  their  first  lobe. 

When  € is  large  enough,  the  continuum  orbital  F,,-  oscillates  many  times  within 
the  overlap  region.  If  either  « Ter  or  » Ter,  then,  due  to  the  varying  relative 
phase  of  j,-  and  F,/.,  the  contribution  from  their  oscillatory  regions  is  small  and 
the  effective  region  of  overlap  is  therefore  reduced  to  the  inner  lobes  of  J,-  or  F,,.. 
As  I increases,  the  slower  oscillating  of  the  two  functions  shifts  out  of  this  reduoKl 
region  of  overlap  more  quickly  than  this  region  can  widen  such  that  fast  convergence 
with  / is  obtained. 

When  ~ Kin  = Tej,  the  resonance  which  can  occur  between  F,,.  and  J,~  in 
the  oscillatory  region  implies  that  this  region  can  contribute  substantially  to  (21) 
and  yields  a peak  with  respect  to  K and  cy,  the  so-called  Bethe  ridge  (Inokuti 
1971).  The  effective  region  of  overlap  is  now  the  maximal  overlap  region.  Moreover, 
the  greater  c is,  the  larger  is  the  number  of  initial  low-/  oscillations  of  F,,-  in  the 

t HeFcafter  I it  used  to  denote  either  r or  T interchangeably. 
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overlap  region  and  the  larger  is  the  value  of  / attained  before  the  oscillatory  pattern 
of  Ji-F,!-  is  pulled  out  of  the  overlap  region.  This  results  in  a slow  convergence  with 
respect  to  / in  the  vicinity  of  the  Bethe  ridge — the  (2f  + 1)  factor  even  favours  an 
initial  rise  with  respect  to  / eventuaUy  subdued  by  the  stretching  of  the  first  lobe 
of  j,-F^ — and  therefore  a broad  peak  with  respect  to  / is  exhiUted. 

On  the  other  hand,  as  e — » 0,  F,,>  oscillates  only  a few  times  in  the  maximal 
region  of  overlap.  Increasing  / quickly  pulls  out  of  this  region  thereby  ensuring 
that,  even  if  there  is  an  initial  rise  with  1,  fast  convergence  with  respect  to  1 soon 
sets  in,  whatever  K.  This  converg^ce  can  be  accelerated  for  small  or  large  K by 
the  centrifugal-barrier  effect  in  jr  or  by  a reduction  the  efliective  region  of  overlap. 

Overall,  the  rate  of  convergence  with  respect  to  / is  relatively  slower  where  the 
FFS  is  relatively  large  (as  a function  of  K).  Whatever  e,  the  optical  transitions 
dominate  the  sum  (23)  over  C in  the  limit  of  small  momentum  transfer  (X— »0). 

Just  above  the  threshold  of  ionization,  the  s-d  transition  still  dominates  as  it 
does  for  bound-bound  excitation,  and  therefore  indicates  that  for  a given  /,  the 
number  of  oscillations  within  the  range  of  the  initial  state  does  not  vary  much  for 
final  orbitals  whether  bound  or  near-threshold  continuum.  These  arguments  can  in- 
deed be  extended  to  bound-bound  transitions  (Ton-That  and  Flannery  1977b).  Even 
at  or  below  the  threshold  of  ionization,  the  dominant  transitions  (here,  s^)  still 
tend  to  peak  with  respect  to  K near  the  Bethe  ridge  ~ 2ct  and  so  does  the 
FFS  sununed  over  /.  This  fact  seems  to  be  a peculiarity  of  initial  s states. 

In  accordance  with  our  previous  discussion,  the  dominant  transition  shifts  from 
s-d  to  s-f,  and  on  to  s-g,  etc  as  e increases  while  K remains  in  the  vicinity  of 
the  Bethe  ridge. 


S Conclusion 


In  summary,  we  have  calculated  electron  impact  Bom  excitation  and  Bom  and  binary- 
encounter  ionization  cross  sections  of  He(2‘'^S).  The  cross  sections  for  excitation 
from  He(2^S)  given  here  are  presumed  to  be  accurate  Bom  values.  The  results  for 
ionization  of  He(2^S)  are  in  fair  agreement  with  the  measurements  (Dixon  et  al  1976b) 
at  low  and  intermediate  impact  energy  E when  Ae  helium  ion  is  left  in  its  ground 
state.  The  present  results  in  conjunction  with  those  of  Briggs  and  Kim  (1971)  raise 
some  questions  about  the  magnitude  of  multiple  processes  involving  ionization  of 
He(2^S).  We  have  also  discussed  the  relation  between  the  orbital  angular  momentum 
of  the  final  state  and  the  relative  importance  of  its  contribution  to  a partial-wave 
expansion  of  the  fomi  factor  square^  emphasizing  the  limitation  imposed  by  the 
range  of  the  initial-state  orbital 
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SECTION  VI 


CROSS  SECTIONS  FOR  IONIZATION  OF  METASTABLE  RARE-GAS  ATOMS 
(Ne*,Ar*,Kr*,Xe*)  AND  OF  METASTABLE  N2*,  CO*  MOLECULES  BY  ELECTRON  IMPACT 
Cross  sections  for  the  Ionization  processes 

e + X*[ls^,2s^,...(n-l)p\s;^Pg  2)  ■*’  « + X^(ls^,2s^, . . . (n-l)p^]  + e . 

(6.1) 

for  X = Ne,  Ar,  Kr  and  Xe  (with  n*  3,  4,  5 and  6 respectively) 

t + + e , (6.2) 

e + N,(a’V)  -»•  e + N,‘*’(A^n  ) + e (6.3) 

u 2 u 

and 

e + CO(a\)  -*■  e + CO‘''(X^Z''')  + e (6.4) 

are  here  determined  as  a function  of  Impact-energy  E via  the  Bom  and 
binary-encounter  approximations.  A full  description  of  this  work,  i^lch 
has  been  published  In  Phys.  Rev.  A 15  (1977)  517-526,  now  follows. 
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6.1  Cross  Sections  for  Ionization  of  Metastable  Rare-Gas  Atoms 


D.  Too-That  and  M.  R.  Flanneiy 
School  qf  Phjpoica  Ototflf  /mSliilc  qf  Tochooiao,  Xlionla^  Goofsto  30332 
(Received  30  Septearijer  I97fi) 

Crom  Hctiaai  for  the  coBMoiiol  ioniiatioo  of  the  metoitible  otom*  Me*.  Ar*.  Kr*.  and  Xe*  by  dectrons  with 
impact  energy  S in  the  range  6 < £ < 230  eV  are  determinrd  in  the  Bom  and  binaiy-eooounter 
approximatioot.  Fbr  low  eaergiea  e of  qectioo,  the  s-d  and  t-/boaod-fi«e  tranaitiooa  dominate  the  amociatrd 
tom  bctor,  while  tranaitioaa  to  oontinunm  atatea  with  progreaaively  higher  angular  momentum  gain 
importance  with  increnaing  x.  While  up  to  nine  partial  waver  are  normally  anflldent  Icr  conveigenoe  of  the 
bonnd-firee  form  bctor  at  a given  energy  e and  momentum  change  £ of  the  tfeded  election,  aa  many  aa  30 
arc  required  for  thoae  JC  in  the  vicinity  of  the  Beihe  ridge  at  large  e.  Theae  pcopertim  are  the  origin  of  the 
overall  cloaenem  obtained  between  the  Bom  and  binaiy-enoounter  crom  eectiona.  Aleo  inner-ahell  ionization, 
m deacribed  by  the  binary-encounter  treatmmt,  beoomea  increaeingly  important  m the  target  atom  becomea 
mote  complex.  Crom  aectiona  for  ionization' of  metaataUe  N*  and  00*  are  alto  determined.  Good  agreement 
widi  available  meaaurementa  (for  Ne*  and  Ar*)  ia  obtained. 


H(2«)  and  He(2  ‘’*S)  yield  cross  sections'  in  good 
agreement  with  recent  measurements.*''* 


Apart  from  the  Bom  and  binary-encounter  treat- 
ments for  the  ionization  of  metastable  helium*  by 
electron  Impact,  little  is  known  about  the  cross 
sections  for  ionization  of  metastable  rare-gas 
atoms  X (Ne*,  Ar*,Kr*,Xo*)  by  electron  impact. 
This  information  is  important  in  the  modeling  and 
feasibility  studies  of  certain  excimer  lasers.  In 
particular,  very  recent  observations*'*  of  high- 
power  laser  emission  from  a new  class  of  mole- 
cules—the  noble-gas  monohalides  (ArF*,  KrF*, 
and  XeF*,  for  example)— have  demonstrated  the 
potential  of  a new  class  of  high-power  high-ef- 
ficiency and  partially  tunable  lasers  operating 
around  3000  k.  The  lasing  transition  originates 
on  an  excited  molecular  state  XT*  formed  directly 
byX*-F]  rearrangement  collisions  or  indirectly 
by  three-body  ion-ion  recombination  between  the 
positive  ions  X*  produced  by  electron-impact 
ionization  of  X***  and  the  negative  ions  F~  formed 
by  dissociative  attachment  in  (e-F^  collisions. 

The  ionization  of  metastable  rare-gas  atoms 
therefore  plays  a key  role,  as  a mechanism  for 
depletion  of  atomic  metastables  in  the  former  case 
and  as  a source  of  production  of  metastable  exci- 
mers  via  ionic  recombination  in  the  latter  case. 

In  this  paper,  cross  sections  for  the  ionization 
of  metastable  Ne*,  Ar*,  Kr*,  and  Xe*  by  electron 
Impact  are  determined  as  a function  of  the  colli- 
sion energy  E by  means  of  the  Born  approximation 
and  the  binary -encounter  method  which  is  also  ap- 
plied to  the  ionization  of  metastable  Nf  and  00*. 

It  Is  worth  noting  that  the  corresponding  theoreti- 
cal treatments  of  electron-impact  ionization  of 


a BASIC  FORMULAS 

The  cross  section  for  Ionization  of  a singly  ex- 
cited atom  B with  mass  and  ionization  poten- 
tial / by  an  incident  particle  A with  mass 
speed  V,  and  relative  energy  E is,  in  the  (elastic) 
binary-encounter  approximation  given  by"'** 


^ r(P)<lP, 


where  the  distribution  in  speed  u of  the  valence 
electron  described  by  a spatial  wave  function 
0,,.(r)  is,  with  all  quantities  in  atomic  units, 


and  is  the  reduced  mass  of  the  (A  -e)  binary 
system. 

For  a specified  energy  transfer  Cf  to  the  valence 
electron,  the  momentum  change  P can  vary  be- 
tween the  lower  limit, 

F'«max[Af|ir'-M|,ilfxel»'-*'ll  • 

where  m and  M|  are  the  electronic  and  ionic  mass- 
es, respectively,  and  the  upper  limit 


where  the  poet  blnery>colll8laa  speeds  of  the  pro- 
jectile and  tercet  particles  are,  respectively, 

at >/* , (5) 

ii'-^*+2cr/M)*'*.  («) 


collisions  for  which  M » •>  m. 

The  Bom  approximation  to  the  cross  section  for 
single  ionization  of  an  atom  with  N electrons  by  an 
incident  electron  can  be  written,  with  all  quantities 
in  atomic  units,  as 


In  the  general  expression  (1),  the  function  r(P), 
which  represents  the  departure  of  the  differential 
cross  section  for  (A  -e)  elastic  scattering  from  the 
Rutherford  value,  is  set  to  unity  for  direct  (e-«) 


in  terms  of  the  differential  cross  section  for  ejec 
tion  of  the  electron  with  momentum  E,  per  unit 
solid  angle  and  unit  energy  interval. 


where  are  the  initial  and  final  electronic 
wave  furctlons  for  the  rare-gaa  atom  with  elec- 
tronic coordinates  denoted  collectively  by  f . The 
limits  to  the  momentum  change  (E|-l^)  of  the 
scattered  electron  are 

#t*.(2S)»/*,[a(B -/-<)]'/•,  (9) 

where  the  energy  c of  ejection  is  a.u.  and 
where  the  kinetic  energy  transferred  to  the  ion  is 
neglected.  While  the  parameter  a in  the  c -inte- 
gration limit  in  (7)  is  unity  for  ionization  involving 
distinguishable  particles.  Radge  and  Seaton**  have 
shown  that,  for  ionization  of  atomic  hydrogen  by 
electrons  with  random  spin  orientations,  a ’‘0.5 
when  electron-exchange  effects  are  fully  neglected. 
While  this  choice  however  ensures  that  the  faster 
of  the  scattered  and  ejected  electrons  is  always 
described  by  a plane  wave,  neither  choice  is  rig- 
orously based  for  ionization  of  atoms  more  com- 
plex than  hydrogen.  The  qimtial  wave  function 
Pi(f)  for  the  initial  bound  metastable  state  of  the 
rare-gas  atom  is  taken  as  a simple  product  of  the 
one-electron  orbitals  with  quantum  numbers  {s1m4 

♦-.ffi)  = (r,)  ),  N 

(10) 

where  the  T,.  are  spherical  harmonic  functions. 
The  corresponding  wave  function  for  the  final 
ionized  state  Includes  the  orbital 


tions  of  the  radial  Schr«tinger  equation. 


where  the  spherically  symmetric  Interaction  V(r), 
which  tends  to  (-N/i')  as  r—  0 and  to  (-1/r)  as  r 
— •o  and  which  is  froeen  for  all  the  orbitals,  is  de 
termined  in  a manner  described  in  the  following 
section.  All  the  bound  and  continuum  orbitals 
therefore  form  an  orthonormal  set  such  that  the 
form  factor  in  (8)  reduces  to  a one-electron  form 
factor  involving  only  the  ejected  electron. 

The  bound  solutions  P.I  to  (12)  are  normalized 
to  unity  (for  E <0)  and  the  radial  continuum  func- 
tion behaves  asymptotically  as 


sin[i^r  - (1/;^)  10(2^^ ) 


q,.>argr(I'  ■•■I  - i/k,)  +6,.(\)| 


where  the  additional  phase  shift  S,f  is  a measure  of 
the  departure  of  the  electron- Ion  Interaction  from 
pure  Coulomb.  The  amplitude  2*^ is 
chosen  so  as  to  fulfill  the  normalization  condition, 

(♦.(1^;T)|4.^(V;T»  “6(c-c')5(l^  -it'),  (14) 

where  c kf  is  in  atomic  units  such  that  the  ion- 
ization cross  section  (7)  is  obtained  by  integrating 
(8)  over  \ and  e.  By  first  performing  the  It 
gratlon,  it  can  then  be  shown  that  the  differential 
cross  section  per  unit  e is,  for  initial  a states. 


(11) 

for  the  electron  ejected  in  direction  It  *^llh  energy 
c.  In  this  study,  these  orbitals  are  obtained  from 
a central -field  approximation  such  that  the  above 
radial  functions  P,,  and  F,,  are  appropriate  solu- 


al,(c) ,5,  + DKI-.- («. *)r^  • 

(15) 

where  the  radial  matrix  element  to  be  evaluated 
is 

(16) 

in  which  j, la  the  apherleal  Beaaal  fonctlon. 

Antiaymmetry  cf  the  target  wave  function  ia 
omitted  although  some  account  of  exchange  effects 
in  the  target  is  introduced  by  the  use  of  the  Har- 
tree>Slater  approximation  for  the  interaction  po- 
tential V(r), 


01  WAVE  FUNCTIONS  FOR  THE  RARECAS  ATOMS 

The  singly  excited  states  of  rare-gas  atoms,  in 
general,  follow  neither  the  pure  LS  nor  the  Jj  an- 
gular momentum  coupling  schemes.  These  ex- 
cited states  are  obtained  by  single  excitation  of 
one  of  the  ap  outer-shell  electrons  of  the  ground- 
state  configuration  to  a a'f'  state.  The  binding  en- 
ergy  of  (or  effective  charge  seen  by)  this  excited 
valence  electron  is  substantially  less  than  for  the 
Hp  electrons,  and  the  excited  electron  is,  on  the 
average,  relatively  distant  from  all  the  core  elec- 
trons, Inclading  the  ap -shell  electrons.  The  spin- 
orbit  interaction  of  the  electrons  of  the  atomic 
core  can  therefore  be  greater  than  the  electro- 
static interaction  of  these  electrons  with  the  ex- 
cited electron  and  this  effect  manifests  itself  in 
the  distinctive  “core  splitting’'  structure  of  the 
spectrum.  The  intermediate  coupling  scheme 
which  describes  the  angular  momentum  structure 
is  therefore  closest  to  the  pure  fl  (or  jlO  coupling 
wherein  the  orbital  angular  momentum  f of  the 
valence  electron  is  coupled  to  the  total  angular  mo- 
mentum J of  the  atomic  core  and  their  resultant  K 
is  in  turn  coupled”  to  the  valencejslectron  spin  to 
give  the  total  angular  momentum  J of  the  atom. 

Whatever  the  coupling,  pure  or  intermediate, 
the  total  angular  momentum  J of  the  atom  is  a good 
quantum  number  and  remains  Invariant  under  the 
various  recoupllng  transformations.  For  the  low- 
est excited  configuration  np^ift  -t-  l)s,  j can  take  the 
values  0, 1 (twice),  and  2.  Since  dipole  transitions 
within  the  same  configuration  are  parity-forbidden 
and  since  the  ground  state  is  ‘S,,  the  ^)*(r  l)e 
states  with  and  J“2  are  therefore  metastable. 
Ejqxuision  of  these  states  from  an  intermediate 
coupling  to  A jK  basis  projects  onto  the 

iorJ^O,  and  onto  the 


=il,.a  state,  torj‘2.  Alternatively  an  ex- 
pansion to  an  LS  basis  projects  onto  ’P,  for 
and  ’Pj  for  if  >2.  Since  no  mixing  is  involved  in 
each  case,  either  set  of  pure-state  notations  pro- 
vides convenient  labeling  of  the  metastable  states. 
Of  the  remaining  LS  states,  'P,  and  ’P,,  the  pos- 
sible metastability  arising  from  ’P,  is  lost  by  its 
mixing  with  'P,  which  is  dipole  connected  with  the 
*5,  ground  state. 

In  this  study  the  effective  field  (potential)  V(r) 
is  the  same  for  all  target  electrons.  Moreover 
the  atomic  core  is  regarded  as  frozen  and  the  con- 
tinuum electron  moves  in  the  same  field  as  the 
initially  bound  excited  valence  electron.  This  po- 
tential is  determined  in  the  Hartree-Slater  approx- 
imation via  the  following  modification  to  the  stand- 
ard program  of  Herman  and  9cillman.‘'  A self- 
consistent  field  (SCF)  iteration  for  the  Initial  ex- 
cited-state configuration  [ls‘2s*'**iit^*(N  +l)s] 
yields  V|(r)  which  when  inserted  in  (12)  provides 
orthonormal  and  P„#  for  a wide  range  of 

angular  momentum  ('  (from  0 to  about  30)  and  of 
energies  e of  the  ejected  electron.  This  proce- 
dure which  differs  from  the  standard  one,  based 
on  an  interaction  V,(r)  obtained  from  a SCF  itera- 
tion of  the  ground-state  configuration,  has  been 
found*  to  yield  considerable  improvement  for  the 
helium  excited  states  with  symmetry  different  to 
that  of  lower-lying  states.  This  improvement  is 
attributed  to  the  allowance  of  core  relaxation 
whilst  the  symmetry  condition  avoids  the  necessity 
of  etqilicit  orthogonalization  of  the  wave  functions 
to  those  of  lower-lying  states,  the  ground  state, 
in  particular.  In  the  present  case  the  excited  and 
ground-state  configurations  tip'lfi  + l)s  and  are 
orthogonal  because  of  the  orbital  angular  momen- 
tum of  the  valence  electron.  As  the  number  of 
atomic  electrons  increases,  the  Hartree-Slater 
approximation  for  exchange  is  expected  to  im- 
prove. On  the  other  hand,  core  relaxation  in  the 
excited  states  diminishes  whilst  relativistic  effects 
such  as  i^iin-orbit  coupling,  which  are  not  included 
in  the  present  treatment,  become  important.  The 
same  orbitals  are  used  for  the  ’P,  and  ’Pg  (or  [f], 
and  [i]o)  states  since  the  major  contribution  to 
their  splitting  comes  from  spin-orbit  coupling  in 
the  core,”  an  effect  not  included  in  the  present 
treatment. 

Knowledge  of  the  bound  and  continuum  orbitals 
permits  evaluation  of  the  Bom  radial  matrix  ele- 
ment (16)  and  of  the  speed  distribution  (2)  for  use 
in  the  binary-encounter  formula  (1). 

Whilst  preserving  or  introducing  the  following 
approximations  of  (a)  omission  of  antisymmetry, 

(b)  magnetic  quantum -number  independence  of  the 
radial  orbitals  P^(r)  and  Fg,>(r),  (c)  explicit  C,*? 
dependence  of  the  continuum  orbitals  [cf.  Eq.  (11)] 
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displayed  in  Figs.  l(a)-l(d).  The  same  cross  sec- 
tion is  assigned  to  the  and  metastable 
states  which  are  treated  as  degenerate.  The  ion- 
ization potentials  / used  in  the  expressions  (1), 

(7),  and  (9)  are  the  weighted  average  of  the  poten- 
tials of  the  ’Ft,,  states  for  ionization  without  core 
transitions.  The  values  so  derived  from  the  tables 
of  Moore**  are  given  In  Table  I,  together  with  the 
p*  inner-shell  ionization  potentials. 

As  the  target  varies  from  Ne*  to  Xe*,  its  phys- 
ical size  increases,  its  ionization  potential  de- 
creases and  the  ionization  cross  sections  exhibit 
the  systematic  increase  In  Figs.  l(a)-l(d).  More- 
over, the  binary  encounter  curves  BE  drop  in  re- 
lation to  BF,  the  Bom  cross  sections  obtained 
from  integration  over  the  full  range  of  energy  c of 


i.e.,  uncoupling  of  the  orbital  angular  momentum 
1'  of  the  ejected  continuum  electron  from  all  other 
angular  momenta,  and  (d)  lack  of  selection  o<  the 
angular  momentum  configuration  of  the  residual 
ion,  one  finds  that  the  introduction  of  explicit 
coupling  of  the  individual  angular  momenta  (spin 
and  orbital)  of  the  target  electrons  in  an  inter- 
mediate, pure  jX  or  other  coupling  scheme, 
leaves  the  ejqpression  (15),  initially  dertved  with- 
out coupling,  unchanged. 


IV.  RESULTS  AND  DISCUSSION 


A Ionization  of  Ne*Ar*.Kr*Xe* 


The  ionization  cross  sections  of  metastable  Ne, 
Ar,  Kr,  and  Xe  versus  the  impact  energy  E are 


10  100  to  100 

cauitiaa  wuniea  ieiMiik*] 

FIG.  1.  Croea  aectlooB  (10~'*  cm*)  for  ooUiaional  Umlaatlon  of  metastable  (a)  Ne*.  (b)  Ar*,  (c)  Kr*,  and  (d)  Xe*  by 
electrons  with  impact  energy  E (eV).  BF  and  BH  are  the  present  Bom  results  for  outer-shell  toalzation  obtained  from 
integrations  over  the  foil  and  lower-half  ranges  of  energy  c of  the  ejected  electron,  i.e.,  a «l  and  i respectively  In  (7) 
of  text.  The  binary-enoounter  (qusntal  distribution)  cross  sections  are  denoted  by  BEO  for  outer-shell  ionization,  by 
BEl  for  Ionization  of  one  of  the  electrons  In  the  »p*  shell,  by  BES  for  Qm  total  ionisation  of  the  a#'  shell  and  by  BE  for 
foe  sum  of  BEO  and  BES.  Previous  binary  enoounter  (exponential  distribution)  results  of  Vrtens  are  represented  by  V. 
•:  measurements  of  Dixon,  Harrison,  and  Smith  (RM.  17). 


multipoles  are  required,  is  generally  well  de- 
scribed by  the  binary-encounter  method. 

Also  shown  in  Fig.  1 is  the  binary-encounter 
contribution  arising  from  the^*  inner-shell,  ob- 
tained by  multiplying  the  ionization  cross  section 
for  ejection  of  a sin^e  p electron  by  the  occupa- 
tion number  of  thep‘  shell.  The  outer  valence 
electron  remains  in  its  initial  excited  state. 

Again,  as  the  target  varies  from  Ne*  to  Xe*,  the 
inner-shell  ionization  potentials  drc^s,  the  inner- 
shell  ionization  cross  section  increases  in  magni- 
tude, absolute  as  well  as  relative  to  the  outer- 
shell  ionization  cross  section,  and  its  effect  on  the 
shape  of  the  excitation  (ionization)  function  be- 
comes more  prominent  by  the  display  <A  a second- 
ary maximum. 

The  results  for  ionization  of  Ne*  and  Ar*  are 
compared  with  the  ejqierimental  data  of  Dixon 
et  td."  Whereas  the  measurements  are  in  better 
agreement  with  the  Bom  full-range  calculations' 
for  itmization  of  He(2  ’S)  the  experimental  data  for 
ionization  of  Ne*  and  Ar*  are  in  closer  agreement 
with  the  (lower)  Born  half-range  calculations  than 
with  the  Bora  full-range  results.  The  data  for  Ar* 
support  the  increasing  importance  of  inner- 
shell  ionization.  Dixon  et  dl.'^  have  subjected 
their  measurements  of  ionization  of  He(2  *S)  to  a 
correction  for  systematic  effects  arising  from 
charge  exchange  reactions  occurring  in  the  ex- 
perimental collision  region.  This  correction,  if 
applicable  to  the  data  for  Ne*  and  Ar*,  is  not  in- 
cluded in  the  data  shown  here  in  Figs.  1(a)  and 
1(b);  however  the  correction  is  appreciable  only 
at  impact  energies  greater  than  100  eV,  a range 
which  is  beyond  that  of  the  e]q>erimental  data 
shown  here. 

Also  shown  for  completeness  are  previous  bin- 
ary-encounter calculations  of  Vriens,"  based 
however  on  an  exponential  velocity  distribution 
which  is  at  variance'*  with  any  proper  quantal  dis- 
tribution, such  as  the  one  used  here. 


TABLE  I.  Potentials  /•  and  for  ionization  of  the  ns 
outer-shell  and  the  (a  - lip*  inner-shell  of  metastable  rare, 
gas  atoms.  X*fais)  means  X*(ls‘, 2s‘, . . . , Oi - l)p*.as). 


X*()«s) 


Ne*(38) 

Ar*(4s) 

iCr*(5a) 

Xe*(6s) 


the  ejected  electron,  i.e.,  a*l  in  (7).  For  ex- 
ample, the  separation  between  BE  and  BF  (which 
is  remarkably  small  for  He*'  and  Ne*)  widens 
with  variation  of  the  target  from  Ne*  to  Xe*  until 
BE  eventually  comes  into  close  agreement  with 
BH,  the  “half-range”  Born  cross  sections,  i.e., 

(7)  with  a =i  . 

The  origin  of  the  general  agreement  in  shape 
and  magnitude  between  the  binary  encounter  and 
the  Born  curves  has  already  been  fully  investi- 
gated' (for  the  ionization  of  He*)  and  is  rather  in- 
structive. For  most  values  of  the  energy  e and 
the  momentum  change  K of  the  ejected  electron, 
the  number  of  1'  partial  waves  required  for  con- 
vergence of  the  matrix  element  (16)  or  form  factor 
with  respect  to  V,  the  angular  momentum  of  the 
ejected  electron,  is  relatively  small,  9 or  less. 
However,  for  large  e,  the  required  number  in- 
creases sharply  near  the  Bethe  ridge  defined  by 

AJs  “2(/+c)*2€f  (17) 

where  a "resonance”  can  occur  between  F,,»  and 
if  in  (16)  and  where  up  to  30  partial  waves  are  re- 
quired for  convergence.  Moreover,  for  low  e, 
the  s-d,/  (i.e.,  l'=2,3)  transitions  dominate  (16). 
As  e is  increased,  the  dominant  transition  shifts 
from  s-d,/  to  s-g,  s-R,  etc.,  for  those  K near  the 
Bethe  ridge  where  a broad  distribution  of  (16)  over 
V is  exhibited.  For  large  e,  these  contributions 
maximize  with  req>ect  to  X in  the  vicinity  of  the 
Bethe  ridge.  These  properties  can  be  interpreted' 
mainly  in  terms  of  the  spatial  range  of  the  wave 
function  of  the  initial  excited  state,  and  of  the 
drift  at  both  the  final  continuum  orbital  X,,<(r)  and 
Bessel  function  J|>(ICr)  out  at  this  range.  The  over- 
all agreement  between  the  Bora  and  the  binary - 
encounter  curves  originates  from  the  resulting 
closeness  between  the  Bom  and  the  binary  en- 
counter determinations"  of  the  form  factor 
squared  in  (8)  away  from  the  optical  X->0  limit. 
The  Impact  energies  for  which  the  ionization  cross 
section  is  relatively  large  involves  momentum 
transfers  K tor  which  the  form  factor  requires 
many  partial  waves  and  is  substantial.  This  situa- 
tion, where  many  partial  waves  and  therefore 


B.  Bethe  plois 

The  calculations  and  experimental  data  lor  ion- 
ization of  Ne*,  Ar*,  Kr*  and  Xe*  are  also  pre- 
sented in  Figs.  2(a)-2(d)  in  the  form  of  Bethe  plots 
(</£  versus  log„£)  which  emphasize  the  behavior 
in  the  intermediate  and  near-asymptotic  energy 
range. 

These  plots  show  that  the  slopes  of  the  Bora 
curves  for  outer-shell  ionization  of  metastable 
Ne,  Ar,  Kr,  and  Xe  at  impact  energies  beyond 
100  eV  are  quite  small  in  comparison  with,  say, 
that'  for  outer-shell  ionization  of  Ife(2  *S)  (cf.  Fig. 
4 of  Ref.  1)  thereby  indicating  that  the  outer-shell 
photoionization  cross  sections  of  metastable  Ne, 


Ar,  Kr,  and  Xe  are  substantially  smaller  than  the 
corresponding  cross  section  of  He(2  *S)  over  an 
appreciable  range  of  ejected  electron  energy  be- 
ginning from  threshold.  Thus,  a reversal,  be- 
tween target  He(2  ’S)  on  one  hand,  and  metastable 
Ne,  Ar,  Kr,  and  Xe  targets  on  the  other,  occurs 
in  the  magnitudes  of  the  cross  sections  depending 
on  whether  the  outer-shell  ionization  is  caused  by 
electron  Impact  or  by  photon  impact.  However, 
the  effective  photoionization  cross  section  also 
Involves  the  contribution  from  the  contiguous  inner 
shell;  for  Ne*-Xe*  the  inner  shell  (P’)  has  five 
electrons  instead  of  one  for  iie(2  and  it  begins 
to  contribute  at  lower  impact  energies. 

For  the  heavy  rare  gases  the  £**  asymptotic 
d^endence  (instead  of  the  correct  £~^log,o^)  of 


the  ionization  cross  section  normally  ezhibited  in 
the  binary  encounter  approzimation  does  not  appear 
until  Eil  keV.  This  late  onset,  combined  with 
the  weakness  of  the  dipole  transition  oscillator 
strength  discussed  earlier,  corresponds  to  the 
fact  that  the  binary  encounter  curves  for  outer- 
shell  ionization  remains  above  the  Bom  curve  BF 
as  the  impact  energy  becomes  large,  instead  of 
crossing  below  as  implied  by  the  asymptotic  de- 
pendence (cf.  Figs.  1 and  2). 

While  there  is  reasonable  accord  between  the 
Bethe  plots  associated  with  the  theoretical  and  ez- 
perimental  results  at  low  energies  when  only  ion- 
ization of  the  outer-shell  occurs,  the  Fig.  2,  in 
contrast  to  Fig.  1,  clearly  shows  that  any  measure 
of  agreement  between  the  asymptotic  slcqjies  is  ob- 


t ! 


taioed  only  by  inclusion  of  thep’  inner-shell  con- 
tributions, especially  for  Ar*.  These  Inner-shell 
contributions  are  adequately  described*  by  the 
binary -encounter  method  and  for  Kr*  and  Xe*, 
become  larger  and  increasingly  important  at  the 
lower  impact  energies. 

C.  Tabulation 

The  numerical  values  of  the  electron-impact 
ionization  cross  section  of  Ne*,  Ar*,  Kr*,  and 
Xe*  calculated  in  the  full-range  and  half-range 
Bom  approximations  (for  ionization  from  the  outer 
shell  alone)  and  in  the  binary-encounter  approxi- 
mation (with  and  without  the  inner-shell  contribu- 
tions) are  given  in  Tables  n and  HI.  Measurements 
for  electron-impact  ionization  of  Kr*  and  Xe*  are 
not  available;  the  binary-encounter  results  inclu- 
sive of  p’  shell  contributions  or,  for  £ & 20  eV, 
the  Bora  half-range  results,  should  provide  rea- 
sonable estimates  of  the  cross  sections  of  Kr*  and 
Xe*. 

We  have  not  considered  multiple  processes  such 
as  double  ionization  or  ionization  with  simultan- 
eous excitation.  In  relation  to  single  processes, 
multiple  processes  are  small  for  a He  target  ("1%) 
but  are  less  so  for  heavier  rare  gases  with  larger 
occtqiation  numbers  and  lower  excitation  energies 
(see  for  instance  Schmidt  et  al.^.  For  a precise 
comparison  between  theory  and  experiment,  one 
should  include  these  multiple  processes  fully  in 
the  calculations  or  else  ensure  that  they  do  not 
contribute  to  the  measurements. 


D.  lonizalionof  melMUble  NiUid  CO 

Ionization  of  diatomic  molecules  like  N,  and  CO 
in  metastable  states  is  also  important  for  gas  laser 
dynamics.  We  have  therefore  applied  the  binary- 
encounter  approximation  of  Sec.  n to  the  electron- 
impact  ionization  of  N,  in  the  A and  a'  'SJ' 
metastable  states  and  of  CO  in  the  a ’ll  metastable 
state. 

The  electronic  configurations  of  the  metastable 
states  of  N,  and  CO  as  well  as  those  of  the  low- 
lying  states  of  and  CO*  are  shown  in  Table  IV. 

It  shall  be  assumed  that  single  processes,  involv- 
ing only  one  target  electron,  are  more  important 
than  multiple  processes  requiring  multielectron 
target  transitions.  This  assumption  also  makes 
the  ionization  problem  tractable  within  the  frame- 
work of  the  binary-encounter  approximation  of 
Sec.  n;  otherwise,  inclusion  of  multiple  processes 
would  require  consideration  of  energ;y  exchange 
with  the  residual  ion.  We  shall  therefore  restrict 
ourselves  to  consideration  of  the  following  single- 
process transitions: 

e +N,(A  ’s;)-2e  +Nj(A  *n,)  (7=10.79  eV)  , (18) 

c+N,(a'‘S;)-2e +N;(A’n,)  (7=8.56  eV),  (19) 
e +CO(a’n)-2c  +CO*(X’S*)  (7  =8.2743  eV)  . 


The  molecular  orbitals  used  are  the  orbitals 
previously  derived  by  Richardson”  for  Nf  and  Ihio” 


TABLE  n.  Born  (full-raage,  BF;  half-range,  BH)  and  binary  encounter  (BE)  cross  sec- 
tions (in  units  of  10*"  cm')  for  the  ionization  of  the  outer-shell  of  metastable  Ne*(2^'3s)  and 
Ar*{3p*4s)  by  electrons  with  energy  £ (a.u.).  The  cross  sections  BEI  include  additional 
inner-shell  contributions  as  determined  from  the  binary-encounter  approximation. 


B (a.u.) 

BF 

BH 

BE 

BEI 

BF 

BH 

BE 

BEI 

0.2S 

4.66 

3.14 

4.73 

4.73 

7.98 

5.63 

8.73 

8.73 

0.30 

6.46 

4.65 

6.61 

6.61 

9.79 

7.18 

9.87 

9.87 

0.35 

7.34 

5.45 

7.39 

7.39 

10.67 

8.05 

10.11 

10.11 

0.40 

7.68 

5.84 

7.59 

7.59 

10.79 

8.37 

9.99 

9.99 

0.50 

7.46 

5.98 

7.35 

7.35 

10.34 

8.33 

9.46 

9.46 

0.75 

8.62 

5.22 

6.18 

6.18 

8.21 

7.17 

7.94 

7.94 

1.25 

4.13 

3.77 

4.55 

4.57 

5.44 

5.07 

5.71 

7.05 

2 

2.75 

2.57 

3.25 

3.74 

3.59 

3.38 

3.90 

6.40 

3 

1.80 

1.83 

2.34 

3.26 

2.44 

2.40 

2.73 

5.35 

4 

1.46 

1.41 

1.81 

2.92 

1.88 

1.84 

2.13 

4.47 

6 

... 

0.971 

1.24 

2.47 

... 

1.25 

1.52 

3.31 

B 

... 

0.741 

0.949 

2.06 

... 

0.951 

1.20 

2.64 

TABLE  m.  Born  (fuU-mnge,  BF;  half-range,  BH)  and  binary  encounter  (BE)  cross  sec- 
tions (In  units  of  l(r'*  cm*),  for  the  ionisation  of  the  outer-shell  of  metastable  Kr*(4^*Ss)  and 
Xe*(Sp*tt)  by  electrons  with  energy  B (a.u.).  The  cross  sections  BEI  include  additional  inner- 
shell  contributions  as  determined  from  the  binary-encounter  approximation. 


for  CO*,  who  used  Slater-type-orbital  (STO) 
bases.  [Similar|orbitals  have  also  been  calculated 
by  Rose  and  McKoy**  using  Gaussian-type-orbital 
(GTO)  bases.]  Hence,  the  appropriate  Fourier 
transforms  are  obtained  and  averaged  over  angles 
as  in  (2)  to  give  the  initial  speed  distribution  /(m). 
Although  a spherical  distribution  may  be  a poor 
approximation  because  of  the  molecular  axis,  the 
effects  of  rotation  and  random  orientation  of  the 
molecular  target  partially  offset  this  inadequacy. 
The  ionization  potentials  used  in  (1)  for  each  mo- 
lecular orbital  are  the  vertical  ionization  poten- 
tials derived  from  the  data  of  Gilmore**  for  N,  and 
Knqienie*’  for  CO,  at  the  equilibrium  Intemuclear 


distance  of  the  Initial  state,  even  though  the  mo- 
lecular orbital  may  have  been  derived  at  the  nucle- 
ar separation  of  the  ground  state.  The  cross  sec- 
tions for  the  ionization  processes  (18)-(20)  at  im- 
pact energies  below  200  eV  are  shown  in  Fig.  3. 

Since  Richardson**  gives  the  same  Is,  orbital  for 
N,(A  *£1)  and  N2(a'  ‘SJ*),  expression  (1)  adopts  the 
same  speed  distribution  for  these  two  states.  The 
only  difference  arises  from  the  ionization  poten- 
tials and  the  main  effect  is  a reduction  in  the  mag- 
nitude of  the  ionization  cross  section. 

On  the  other  hand,  N2(n'  *£.)  and  CO(a*n)  have 
very  similar  potentials  for  single-process  ioniza- 
tion. Any  slight  differences  between  the  curves 


Configuratloii* 

n,x'e; 

a*e; 

iq  Jr*i? 
A*n, 
b*e; 


Coaflguratkn* 

COJir'E* 

•*11 

<X>*jr*E* 

A*n 

B*r 


table  IV.  Electronic  configurations  for  N? , CO*,  CO*. 
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FIG.  3.  Binary-encounter  cross  sections  cm*), 

(a),  (b),  and  (c),  for  the  ionization  of  metastable 
N,(i4*s;),  andCO*^’lI),  respecUvely, 

by  electrons  with  energy  £ (eV).  The  final  state  of  the 
residual  Ion  Is  indicated. 

for  ionization  of  N,(<i'  ‘SJ*)  and  CO{a  ^n)  are  there- 
fore attributed  to  differences  between  the  Iv,  or- 
bital of  Nj*  and  the  2ir  orbital  of  CO*.  Any  similar- 
ity between  the  properties  of  N,  and  CO  usually 
originates  from  the  isoelectronic  character  of  these 
molecules,  while  any  difference  arises  from  the 
heteronuclear  aspect. 

While  the  ground  states  of  N,  and  CO  have  simi- 
lar electronic  configurations,  N/(o'  *E^)  and 
CO*(a®n)— and  for  that  matter  Nj(A  *n,)  and 
CO*(X  *E*)— have  slightly  different  electronic  con- 
figurations. However,  since  the  binary  encounter 
method  of  Sec.  n relies  mainly  on  the  properties  of 


the  valence  electron  (Iw,  or  2»),  the  difference  be- 
tween the  configurations  of  the  remaining  electrons 
is  reflected  only  indirectly  through  its  effect  on  the 
valence  electron  (Iv,  or  2v). 

Metastable  N,  and  CO  have  greater  ionization 
potentials  thai.  metastable  rare  gases  and  have 
correi^ndingly  smaller  electron- impact  ioniza- 
tion cross  sections  as  seen  by  comparing  Fig.  1 
with  Fig.  3. 

V.  CONCLUSION 

Electron-impact  ionization  cross  sections  of 
-*■1)$]  metastable  Ne,  Ar,  Kr,  and  Xe  have 
been  calculated  in  the  Bom  and  the  binary-en- 
counter approximations.  The  further  approxima- 
tions used  here  make  e;q)Iicit  coupling  of  the  tar- 
get angular  momenta— to  reflect  the  peculiarities 
of  the  heavy  rare-gas  spectra— unnecessary. 

As  the  atomic  number  of  the  target  increases, 
the  cross  section  for  ionization  from  the  outer 
shell  increases.  Ionization  of  the  inner  shell 
also  becomes  increasingly  important  with  increas- 
ing target  complexity.  Moreover  the  binary-en- 
counter results  drop  in  relation  to  the  Borr,  re- 
sults. 

The  maximum  of  the  ejqierimental  ch'ta  of  Dixon 
et  of.”  is  in  fair  agreement  with  that  of  *he  Born 
half-range  calculations.  Beyond  the  maximum  the 
inner-shell  contribution  becomes  evident.  The 
Bethe  plots  suggest  that  the  outer-shell  photoion- 
ization cross  sections  of  metastable  Ne,  Ar,  Kr, 
and  Xe  are  overall  smaller  than  that  of  He(2  IS). 

The  binary-encounter  approximation  has  also 
been  used  for  the  single-process  ionization  of  the 
x valence  electron  of  metastaMe  Nj  and  CO.  Their 
greater  ionization  potentials  lead  to  cross  sections 
smaller  than  for  He*,  Ne*,  Ar*,  Kr*,  and  Xe*. 
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SECTION  VII 

SYSTEMATIC  TRENDS  IN  THE  INELASTIC  CROSS  SECTICWS  AND  FORM  FACTORS 
FOR  nL-*^n'L'  DIRECT  COLLISIONAL  TRANSITIONS 

It  is  becoming  Increasingly  apparent  in  collisions  involving  an  atom 
initially  excited  that  a certain  useful  guideline  developed  with  ground- 

state  atoms  in  mind  is  not  of  general  validity.  For  example, 

1 2 

both  the  Bom  and  the  more  elaborate  ten-channel  eikonal  treatments 

1 3 

of  e-He(2  * S)  collisions  predict  that  transitions  to  the 

13  13 

optically  forbidden  3 ’ D and  3 * S states  are  much  stronger,  by  up  to 

13  13 

an  order  of  magnitude,  than  the  dipole-allowed  2 * S-3  * P collisional 
excitations,  except,  of  course,  at  high  impact-energies  E when  the  cross 
sections  for  dipole  transitions,  with  their  characteristic  E tn  E 

slower-varying  asymptotic-dependence,  eventually  dominate.  Also  the 

13  13  13 

2 * S-3  ’ D transition  is  the  major  contributor  from  2 * S to  the 


population  of  the  n«3  level  of  He.  These  findings  were  verified  by 

3 

the  recent  measurements  of  Lake  and  Garscadden.  The  obvious  analogy 

with  ground-state  species  and  with  optical  properties  of  the  atom  would 

13  13  13 

suggest  (erroneously)  that  the  2 * S-3  * P transition  in  e-He(2  * S) 


collisions  would  dominate  the  population  of  the  n ■ 3 level  ^ all  impact- 

13  13 

energies.  (It  is  however  worth  noting  that  the  (2  ’ S - 2 ’ P)  cross 

2 

section  is  much  larger  than  those  for  excitation  out  of  the  n>2  level.) 

4 13 

Also  a study  of  excitation  to  the  n**4  and  5 levels  in  e-He(2  * S) 

1 3 

collisions  revealed  that  transitions  to  the  n ’ D states  are  again 


predominant  for  a given  n,  except  at  the  highest  energies  when  the  S-P 
dipole  excitations  gain  in  relative  importance  in  accord  with  Bethe’s 


approximation.  Moreover,  this  trend  continues  for  higher  n,  even  for  the 

4 

bound-free  transitions  in  He  where  we  have  found,  for  low  energies  e of 


electron-ejection,  that  the  ionization  cross  section  is  again  dominated 


by  the  contribution  arising  from  the  ed  partial-wave  describing  the 

104 


•J •cted-clectron. 

In  an  effort  to  probe  the  origin  of  this  behavior  and  to  establish 
certain  general  patterns  observed  In  variation  of  the  initial  excited  state 
the  nl-^n'i'  transition  In  hydrogenlc  systems  will  be  studied.  In  so  doing 
«e  will  attempt  to  examine,  for  a fixed  value  of  n*,  the  variation  of  that 
value  of  t*  which  yields  the  largest  cross  section  with  change  of  n and  of 
1,  the  quantum  numbers  for  the  initial  state. 

As  well  as  being  of  fundamental  significance  In  themselves,  the 
findings  may  have  rather  Important  and  far-reaching  implications  In 
altuatlons  where  excited  states  are  of  particular  significance,  as  In, 
for  example,  laser  modeling,  gaseous  discharges,  reconbinatlon  and 
astrophyslcal  plasmas.  In  H I and  H II  regions  of  hot  stars,  the 
Interpretation^  of  the  observed  emission  between  highly  excited  Rydberg 
states  n»  llO-^n*  - 109,  for  example.  Is  based  on  evaluation  of  the 
coefficients  describing  departure  from  thermodynamic  equilibrium.  These 
coefficients  are  functions  of  cross  sections  for  colllslonal  transitions 
between  excited  states.  In  both  this  case  and  In  similar  laser-modeling 
studies  of  exclmer  and  rare  gas-hallde  systems,  it  has  been  tacitly  assumed 
that  the  dipole  transitions  i*  > i ± 1 dominate  at  all  energies  and.  In 
the  absence  of  any  further  Information,  the  cross  sections  are  determined 

by  the  Bethe  limit,  or  some  modification  thereof. 

Here  we  shall  show  that  this  assumption  is  rather  questionable 

at  Intermediate  impact -energies , and  that  the  result  observed  for 
e-He(2^*^S)  collisions  Is  but  a particular  case  of  a more  general  trend. 


7.1  THE  INELASTIC  FORM  FACTOR  IN  COLLISIONAL  TRANSITIONS 


The  Born  approximation  to  the  transition  matrix  element  T..  for 


Inelastic  scattering  of  a structureless  particle, by  a target  atom  with 

composite  electronic  coordinates  denoted  by  r and  with  electronic  wave 

function  if  (r)  Is^ 

n ~ , 


where  k.  and  k,  are  the  Initial  and  final  wave-vectors  of  relative  motion 


of  the  collision  partners  moving  under  their  mutual  electrostatic  Interaction 


V(r,R)  at  nuclear  separation  R.  This  matrix  element  (1)  Is  usually  written 


Vfi(5)  - <«f(£)|v(£.5)l*i<£) 


coupling  the  Initial  and  final  states  of  the  target.  However,  on  changing 
the  Integration-variables  In  (1)  from  (r,R)  to  (r.r^^-  = £"S)» 


transition-matrix  element  simply  reduces  to. 


a product  of  the  T-matrlx  element  for  potential  scattering  of  the  projectile 
by  a fixed  potential  V(r^.),  provided  by  the  Interaction  of  the  structureless 


projectile  with  the  "frozen"  target-electrons,  and 


the  Inelastic  fom-fector  for  the  1 f transition  in  the  target.' 

Expreaslon  (4)  yields  valuable  insight  to' the  collision  process  in  ’ 

that  it  separates  the  (target)  property  responsible  for  the  actual  ' 

transition*  and  characterized  by  the  inelastic  fora  factor*  froa  the 
background  potential  scattering.  This  separation  of- properties  is  not 
readily  apparent  fron  the  usual  e9q>resslon  (2). 

Horeover*  the  fora  of  (4)  suggests  that  an  Inprovenent^*^  to  Born's 
approximation  is  given  by*  • .< 

Tfi(lC)  - Fj^(K)T^(K)  (6) 

uhere  T . is  now  the  actual  (or  most  accurate  available)  T-natrlx  (off-the- 

et  . ■’ 

energy-shell!)  for  potential  scattering  of  the  projectile  by  the  static 

g 

electrons  of  the  target.  This  feature  has  been  exploited  by  Flannery 
in  various  treatments  of  collisions  involving  highly -excited  ntates.  The 
relative  control  of  the  former  property  over  the  latter  in  the  collision  process 
is  determined  by  the  sensitivity  of  to  those  momentum-changes  K Important 
to  the  collision.  For  a Coulomblc  Interaction  e /r^2  ^ e-atom  collisions), 

the  potential  scattering  term  in  (4)  is  simply  4ve^/K^,  a quantity  idilch 
exerts  a dramatic  Influence  on  (4)  only  in  the  limit  of  vanishing  momentum 
changes  K.  Therefore,  for  most  intermediate  R,  any  unusual  variation  of 
the  transition  matrix  T^^  with  excited  state  (n'l')  will  originate  mainly 
fron  the  form-factor  This  inelastic  form  factor  not  only  is  the 

driver-mechanism  for  collislonal  transitions  in  Born's  approximation, 
but  is  also  a very  basic  factor  in  more  elaborate  collislonal  treatments, 
such  as  the  quantal  close-coupling  and  multichannel  elkonal  methods.  In 

A 

fact*  Flannery  has  already  shown  how  the  whole  array  of  interaction 
matrix  elements  V. ,(R)  which  appear  in  close-coupling  fonmilatlons  may  be 


I 


dsrlvad  froa  d«t«ll«d  knowledge  of  soch  that  any  ayataaatic  variation 

2 

In  will  be  reflected  in  and  hence  In  Che  croos  aectlooa  obcalned 

fron  colllslanal  Creatnenta  even  aore  elaborate  Chan  Bom's  approalaaclon. 

4 10 

Also,  a detailed  study  * of  the  convergence  rate  of  the  i*  partial- 
wave  expansion  for  the  ejected  electron  In  the  associated  bound-free  fota- 
factor  for  electron-lapact  ionisation  revealed  certain  regularities  (given 
tn  ref.  4)  which  were  fully  preserved  In  the  corresponding  partial  i'- 
lonlsatlon  cross  sections.  For  exaaple,  the  peaks  of  the  fota-fsetor 
as  a function  of  aioaentua-change  K exhibited  Interesting  regularities 
with  1',  regularities  which  were  reflected  directly  In  the  corresponding 
cross  sections.  This  suggests  that  the  bound-bound  fora  factor  ad.ght  also 
exhibit  similar  displays,  and  If  so,  may  well  have  Important  Implication 
for  nt-*’n't'  colllslonal  transitions.  In  general. 


I 

I 


f- 


7.2  SYSTEHATIC  TRENDS  AND  AI^YSIS  OF,  T1(E  INELASTIC  FORM  FACTOR 

i_4 

In  an  effort  to  further  explore  the  findings  outlined  In  the  ^ 

1 3 

Introduction  for  e-He(2  * S)  collisions  and  to  predict  certain  peculiarities 

* . ^ ' t • » 

not  previously  observed  for  transltlpns  between  excited,  states,  we  shall 
examine  In  detail  the  form  factor  for  nl-»-n'iV  transitions  Ip  hydrogen.  By 
a cooDUter  analysis,  the  largest  peak  F , with  respect  to  the  momentum-transfer 
K.  of  the  form  factor  (modulus  squared,  summed  over  m*  and  averaged  over  m 

.V 

where  m and  m*  are  the  azimuthal  quantum  numbers)  Is  located.  The  variation 

of  this  peak  F %rlth  n,  1,  n*  and  1*  should  yield  useful  Information  on  the 
max 

corresponding  colllslonal  cross  section  which  generally  Involves  a R- integration 

about  this  maximum,  except  at  the  lowest  Impact  energies. 

Figure  l,for  Is-m'l*  transitions  (n'-2,4,10  and  20),  simply  shows 
2 

that  peaks  at  1*  - 1,  as  expected.  Also  this  behavior  Is 

reflected  directly  In  the  maxima  of  the  corresponding  Bom  cross  sections 
for  e-H(Is)  Inelastic  collisions. 

However,  Fig.  2, for  2s,  2p-*-n'l'  transitions,  clearly  Indicates  that 
the  form  factor  Is  dominated  by  an  I'-value  of  2,  Irrespective  of  n* 

or  the  Initial  angular-momentum  quantum  number  t.  This  behavior  Is 

4 13 

Identical  to  that  already  observed^  In  the  form  factors  for  e-He(2  * S) 

excitation  and  Ionization,  a behavior  also  preserved  past  the  Ionization 

threshold  In  partial  I'-wave  contributions  to  the  ionization  cross 

section.  Also,  from  the  transitions  originating  from  the  n - 3 level, 

those  terminating  In  the  1^^^  4 state  provide  the  largest  peak  In  the 

fora  factor,  except  for  the  highest  value  1 ■ 2 of  the  Initial  angular 

momen'tum  when  1*  " 3. 

max 

The  overall  trend  emerging  In  Fig.  2 becomes  more  clarified  In  Fig. 

3 which  shows  that  transitions  of  the  n ■ 4 level  are  dominated  by  those 
with  i B 5 or  6 If  available,  or  bv  (1*  -1)  for  those  %rlth  1*3, 


the  largest  possible  initial  angular  Moaentusi.  As  Fig.  3 indicates 


■axlsnim  value  of  the  form  factor  in  general  oscillates  as  1*  is 


increased  but,  on  the  average,  it  slotrly  rises  to  a relatively  large  peak 


value  at  t 


before  ejdilbltlng  a final  precipitous  decrease.  By 


including  large  values  of  n*  which  can  therefore  accaaK>date  large  £' 
this  decrease  is  quite  marked.  As  t is  Increased,  there  is  a slight 
tendency  for  i*  to  shift  to  lower  values. 


By  averaging  over  I before  varying  K and  t 


be  suppressed  and  the  key  issue  becomes  more  transparent.  For  example 
Fig.  4 illustrates  the  results  for  n(*2,3,4,)  n*£'  transitions,  and 


the  rise  and  rapid  fall  about  £*  ^ 2,4  and  5 respectively  becomes  most 


evident.  In  situations  where  that  value  of  1*  is  excluded,  the  form 


factor  steadily  Increases  with  variation  of  £*  from  0 to  (n'-l) 


The  Important  deduction  from  all  of  these  figures  is  that  the 


inelastic  form  factor  is  much  more  sensitive  to  variation  of  the  initial 


principal  quantum  number  n (which  determines  the  physical  sice  of 


the  atom)  than  it  is  to  variation  of  the  initial  angular-momentum  quantum 


number  I,  The  dominant  transition  between  any  two  levels  is  not 


primarily  controlled  by  any  dipole  property,  except  when  transitions 


originate  in  a state  with  angular  momentum  (£*  il)  which,  of  course 


is  now  primarily  n-dependent 


Figure  5 further  crystallises  the  situation  for  n 10 -^-n*  ■ 20  transitions 
by  exhibiting  the  oscillatory  behavior  of  the  maximum  form-factor  superimposed 
on  an  increasing  background  until.  Irrespective  of  £,  a value  £'  ~ 15 


is  attained  after  which  the  extremely  rapid  decrease  with  £*  is  well 


The  origin  of  the  behavior,  displayed  in  Figs.  1-5,  lies  of  course 


in  the  variation  of  the  overlap  betveeh  the  initial  (ni)  and  final  (n*l')' 

wave  functions,  modulated  by  the  phase  exp(U*r),  as  i*  is  Increased.  The 

general  results  we  have  observed  here  were  obtained  from  a computer  analysis 

of  the  form-factor.  Similar  findings  have  also' been  obtalned^^  for  other 

12 

(n,n')  condilnatlons  by  tislng  ah  exact  analytic  expression  for  the  form 

factor  which  was  practical  only  for  levels  n*  ^ 10.  Vhlle  a rigorous 

mathematical  analysis  of  the  properties  of  the  form  factor  for  transitions 

between  excited-states  in  general  Is  extremely  complex,  some  physical 

insight  as  to  the  existence  of  a unique  value  t*  is  possible. 

The  region  where 'the  initial  bound  state  orbital  Is  substantial 

defines,  for  our  purposes,  the  maximal  region  of  overlap.  The  radial 

orbital  for  the  final  state  (n'l*)  evolves  in  the  limit  of  high  n*  to  the 

Bessel  function  J2i«-t-l  which,  in  general,  oscillates  many  times 

within  the  overlap  region.  The  Bessel  ftmction  Increases  from  the  origin 

as  (i^§r)^  . As  i*  Increases,  the  oscillating  pattern  tends  to  shift  out 

of  the  overlap  region  together  with  a stretching  of  the  first  lobe.  Mien 

this  lobe  eriiraces  the  maximal  region  of  overlap,  the  overlap  exhibits  a 

maximum  for  this  particular  value  of  i*  ■ £'  . As  £'  Increases,  the  first 

max 

lobe  shifts  out  of  the  overlap  region  and  the  overlap  decreases  thereafter. 

For  i*  < t*  , the  oscillations  of  the  Bessel  function  with  t'  therefore 
max 

yields  the  oscillations  observed  In  Fig.  5.  The  (21 *+l) -statistical  weight 
factor  of  the  final  state  (n't')  favors  an  Initial  rise  of  the  form  factor  with 
respect  to  £'  eventually  subdued  by  the  stretching  of  the  first  lobe.  One 
of  the  effects  of  the  modulating  factor  exp(UC*j|r),  which  can  be  expanded 
In  terms  of  spherical  Bessel  functions  j|^„(Kr)  Is  to  effectively  reduce  the 
region  of  overlap  (because  of  the  varying  relative  phase  of  the  Bessel 
functions)  and  therefore  the  magnitude  of  the  form  factor.  The  Important 


i 


effect,  however.  Is  to  Introduce  the  possibility  of  a resonance  between 


the  Bessel  functions  at  a specific  value  of  K.  The  effective  region  of 
overlap  is  now  the  naxlnal  region  and  a peak  in  the  fom  factor  results. 
As  1*  increases, the  first  lobe  of  the  resonance  pattern  approaches  the 
naxlnal  region  of  overlap,  embraces  it  and  then  shifts  out,  thereby 
yielding  a value  t*  at  which  the  form-factor  peaks. 

IB8X 

Figure  6,  for  example.  Illustrates  the  variation  of  the  overlap 

of  the  4d-orbltal  with  the  (n'-10,l’-4-7)  orbitals  of  hydrogen  as  £' 

is  Increased.  It  is  very  clear  that  with  Increase  of  1',  the  final 

orbital  (a)  shifts  out  of  the  overlap  region,  (b)  becomes  flatter  on 

Increasing  from  the  origin  and  (c)  Involves  less  oscillation  withi^the 

overlap  region.  Also  there  Is  a value  1'  a 6 that  results  In  maximum 

max  ~ 

overlap  which  mainly  arises  from  the  first  lobe  of  the  final  orbital. 

For  i*  < the  overlap  yields  an  oscillatory  pattern  superimposed 

on  an  overall  rise,  while  i*  > i*  Involves  an  ever-decreasing 

max 

overlap. 

A more  difficult  problem  lies  In  the  theoretical  prediction  of  the 
variation  of  ^ with  the  initial  quantum  number  n.  Some  progress  is 
however,  possible  for  the  case  when  n*  » n » 1,  in  which  instance  it 
proves  convenient  to  write  the  spatial  function  for  the  (ni)-state 

“ “ ^72  I 


in  terms  of  its  associated  momentum-space  wave  function 

that  the  form  factor  (5)  reduces  to 


I 
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The  unlt-ooraallsed  redial  •oaeatua  fuoctlon  for  H(nl)  is 


* * .^1 
n p -1+1 

. 2^-.  1+2  ''n-Cl+D 

p +1) 


. . . H (n-l-Dll^^^  2«2(1+1).. 

6nl<P>  - lj  r(S+i)t-J  ^ 


uw 


(9) 


vfaere  the  Gcgenbauer  polynoalals  cause  any  oscillatory  behavior  la 

G ' 

nl 

Since  1^^^  Is  relatively  insensitive  to  1,  we  can  adopt,  in  (9) 
the  value  1 > (n-1)  to  give  •' 

rl/2  , . _n-l 


. (I_2_l  ' ,20/  IX,  (n+1)  P 
i,n-l  l»(2n-l)jl  . " ^^2p2^j_^n+l 


(10) 


which  contains  only  one  lobe  and  which  Increases  from  the  origin  extremely 
slowly  as  reaches  a maximum  at 

1 /n-l\^^^  < /,,v 

*^max  n \n+3/ 

“(n+3) 

and  then  decreases  as  p ^ The  extent  of  this  lobe  defines  a maximal 


overlap  region  R.  The  momentum  wave -function  (p)  for  the  final 
n'l'-state  oscillates  In  general  many  (n'-l'-l)  tines  before  exhibiting 
an  outermost  lobe,  with  the  number  of  oscillations  decreasing  and  with  the 
general'  pattern  shifting  Inwards  as  t*  is  Increased.  As  Fig.  V "hows,  the 
significant  contribution  to  the  overlap  Integral  In  nomentum>space  arises 
from  the  overlap  of  this  final  lobe,  which,  for  n*  > n.  Is  smaller  than  the 
initial-state  lobe  with  maximum  at  overall  systematic  behavior 

of  Figs.  1-5  can  therefore  be  understood  from  Fig.  7 as  follows.  For 
low  t*,  G oscillates  many  times  within  the  maximal  overlap  region  R 
and  its  outermost  lobe  is  small  and  diffuse.  As  i'  is  increased,  the 
lobe  becomes  more  compact  and  shifts  inwards,  while  its  peak  continually 


Increases  and  becones  eoaparable  with  the  Initial  lobe.  The  overall 
pattern  becoaes  less  oscillatory  and,  when  coabined  with  the  inward 
aotlon,  yields  an  overlap  which  oscillates  with  £'  on  an  increasing 
background.  Maximal  overlap  is  now  obtained  at  1*  ~ 5,6  when  the 

outer  lobe  of  •hlfts  Inward  to  the  vicinity  of  p^^^  of  The 

inner  oscillations  of  G which  have  now  been  pushed  into  the  innermost 
region  of  R where  the  initial  function  G^  is  increasing,  by  comparison. 


n-1 


only  very  slowly  as  p , yield  little  contribution  to  the  overlap.  For 
i*  > 1^^^,  the  outer-lobe  of  ■oves  steadily  Inwards  through  the  region 


R resulting  in  ever  diminishing  overlap,  while  the  inxiexmost  oscillations  are 
Ineffective.  This  behavior  yields  a precipitous  decrease  in  the  form  factor 
for  i*  > i*  , reflected  in  Figs.  1-5,  in  general,  and  in  Fig.  4 in  particular 


The  zero  of  the  outermost  lobe  of  G ,,,  arises  from  the  last  zero 

n i 

in  the  Gegenbauer  function  which  occurs  at^^ 


2tn'-(i'+l)I‘ 


1- 


2(i»-H) 

[n ’-(£•+!)] 


(12) 


where  1 , is  the  first  zero  of  the  Bessel  function  J (x).  For 

•*0,1  o 

i*  « n*,  the  third  and  higher  terms  of  (12)  can  be  neglected.  Under  this 
assumption,  the  zero  of  the  outermost  lobe  occurs  with  the  aid  of  (12)  in 


(9),  at  pg  where 


^l’+l/2,l 


1+- 


(i  + j) 


IJ . 

1.2/3  ••• 


(13) 


The  initial  function  contains  (2"5)  rather  than  p,.  For  n'  » n, 
the  momentum  change  K is  of  the  order  of  the  initial  momentum  value 
(p^^)^^^  ■ 1/n  a.u.  such  that  the  maximum  of  4^  n-l^K"~^  becomes  displaced 
from  (11)  to  a value 
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Maxlaal  overlap  la  obtained  when -the  final  tero  of  G 


located 


n'l 


at  p.  Is  In  the  vicinity  of  p ' » i«e.  when 


1'  - 1* 


(15) 


which  gives  the  variation  of  1^^^  with  the  Initial  principal  quantum 
number  n.  For  exaiiq>ie,  this  expression  predicts  that  transitions  out  of 
the  n > 10  and  4 levels  will  be  dominated  by  those  terminating  on  states 
with  final  angular  momentum  1^^  « 15  and  6,  respectively.  In  accord  with 
Figs.  5 and  4.  Even  for  lower  n •>  2 and  3,  (15)  yields  (to  the  nearest 
Integer)  values  Just  one  unit  higher. 

Sometihat  less  Information  can  also  be  obtained^^  from  a consideration 
of  the  overlap  between  the  corresponding  spatial  radial  wave  functions, 
the  final  orbital  being  replaced^^  In  the  high  n*-limlt  by  (2r)”^^^  times 
the  Bessel  function  J„.,  -(»^8r),  valid  for  1'  « n'.  The  first  zero  of 


'21 ’+1 

this  final  orbital  occurs  at 


14 


H /Sr: 


- J21'+1,1  “ (2l’+l)  . for  large  f 


(16) 


while  the  effective  range  of  the  Initial  nt-orbltal  is  r ^ n , 

n 

Kaxlmum  overlap  Is  obtained  for  i*  when  r.  » r with  the  result  that 

max  0 n 


(17) 


which  Is  the  limit  of  (15)  for  very  high  n. 

Thus,  the  systematic  trends  (oscillations,  i*  , and  rapid  fall-off) 

max 

In  Figs.  1-5  can  be  fully  understood.  Note,  however,  that  the 

sharp  drop  Itself  will  not  be  observed  unless  the  final  n'  Is  sufficiently 


large  so  as  to  acconodate  t'  , l.a.  unless  n*  > n*  Xn^--T  for  high  n. 

BAX  ^ 

For  n*  < n*  only  the  overall  Initial  rise  is  evident.  Therefore*  the 


range  (0-1^^^)  In  final-state  angular  momentua  over  which  the  maxima  of  the 
associated  inelastic  form  factors  are  exhibiting  an  overall  rise  Is  fully 


specified  for  assigning 


1* 


(18) 


7.3  TRENDS  IN  EXCITATION  CROSS  SECTIONS 


The  prediction  here  that  the  peaks  In  the  Inelastic  form  factors  for 


n£-n'£'  transitions  occur  at  £'  ■ £'  , a value  which  depends  rather 


strongly  on  the  Initial  principal  quanthim  nuiid>er  n and  which  Is  rather 


Insensitive  to  the  Initial  angular-momentum  quantum  number  t,  acquires 


further  significance  If  It  Is  reflected  In  the  corresponding  colllslonal 

1-4  1 3 

cross  sections.  The  pattern  has  already  been  exhibited  In  e-He(2  * S 


collisions  Involving  both  excitation  to  the  n*  3,  4 and  5 levels  of  He 
and  Ionization.  Not  only  does  this  pattern  emerge  In  Bom's  approximation 


but  It  has  already  been  established  In  the  more  elaborate  multichannel 


elkonal  treatment 


A.  e-exclted  atom  collisions 


the  origin  of  results  for  e-Be(2  * S)  collisions  and  eventually 
culminated  In  prediction -for  colllslonal  transitions  In  general, 
we  subsequently  searched  the  literature  to  seek  further  substantiation 


for  our  findings.  Indeed,  Tables  I-III  In  the  review  article  of 


Holseiwltsch  and  Smith  provide  partial  evidence,  although  not  actually 


Isolated.  These  tables  (after  Vainshtein  ) show,  for  e-H(nJl}  collisions 


that  the  28-»n'd  (n'-3-9)  transitions  dortnate  population  of  a given  level 


n*  at  low  and  Intermediate  Impact-energies,  analogous  to  our  findings 


for  e-He(2  * S)  collisions.  The  tables  also  show  that  the  cross  sections 


for  the  3s->n'£'  (£*>0,1,2)  transitions  Increase  as  £*  Is  raised 


However,  the  Is  n'f,  -Hi'g  transitions,  the  strongest  according  to  our 


predictions,  are  not  given 


of  McCoyd  et  al.  this  prediction  is 


Their  Figs.  1-4  exhibit  quite  clearly  the  dominance 


Indeed  substantiated 


of  the  3£-»4f  transition  In  populating  the  n*  > 4 level  from  n > 3 
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However,  these  trends  were  not  apparently  noticed,  aa  evidenced  by  an 
18 

accompanying  paper  which  was  confined  only  to  optically-allowed 

transitions  between  the  n*4  and  n*  ■ 5 levels.  He  have  predicted  from 

Fig.  6 that  the  full  4i-ni'g  (i*  > 5)  array  of  transitions  control  the 

population  of  levels  n*.  Dipole  transitions  (i  - i*  1 1)  are  also  covered 

18 

by  this  prediction  and  the  figures  of  Fisher  et  al.  show  that  4f-Sg  la 

18 

indeed  dominant.  But,  unfortunately,  Fisher  et  al.  have  not  included 
the  4s->n'g,  4p-»n'g,  and  the  4d->n'g  transitions  %diich,  according  to  our 
predictions,  also  yield  substantial  contributions  to  excitations  out  of  the 
n ■ 4 level. 

In  an  effort  therefore  to  provide  more  exhaustive  evidence  for  our 
predictions,  we  have  carried  out  full  Bom  calculations  for  extensive 
arrays  of  (niomi'i'm’)  transitions  in  H(nlm)  Induced  by  collision  with 
electrons  and  with  hydrogen-atoms  for  a wide  range  of  impact-energies. 
Rather  than  presenting  here  all  of  the  copious  supply  of  cross-section 
data  (which  did  Involve  lengthy  computing  time  particularly  for  transitions 
between  hlgh-n  states  and  which  may  be  obtained,  if  required,  from  the 
authors)  we  have  attempted  to  isolate  the  key  features  by  reporting  here 
only  the  maximum  value  Q and  Q (with  respect  to  impact-energy)  of  the 
respective  cross  sections  n't»  average  value 

(n-1)  1 

jQ‘^l,n’l*“n  TmT)"  ,J,,‘^nlm,n’fm’ 


where  the  individual  cross  sections  are  obtained  from  (4)  to  give 

Q. 


* ^ * (20) 


*nlm,n'£'m' 


2,„2 


For  electron— atom  colllsionSg  cross  sections  for  nt-Mi  t 

transitions  generally  peak  about  the  same  Impact-energy  for  different  (1,1*). 
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t 

1 


Accordingly  In  Figs.  8-11  are  displayed  some  representative  plots  of  our  results. 
Since  Molsewltsch  and  Salth^^  have  already  tabulated  Q,  Fig.  8 shows  only 

the  variation  with  i*  of  the  averaged  Q from  the  2s  and  2p  states.  Transitions 
to  n'd  states  dominate,  as  expected  from  consideration  of  the  form-factor  (cf. 
Fig.  2).  The  remaining  Figs.  9-11  Illustrate  the  behavior  for  colllslonal 
transitions  out  of  the  states  associated  with  levels  n*  3,  4 and  10.  In 
general,  both  Q and  Q tend  to  peak  about  that  value  of  1^^^  as  predicted 
by  (18)  although,  for  the  higher  Initial  1-values,  Q peaks  at  (1*  -1), 

as  expected  from  the  form-factors  in  Figs.  3 and  5.  The  Inclusion  of 
hlgh-n'  final  states  emphasizes  the  oscillatory  rise  following  by  the 
rather  precipitous  decline  as  higher  f s are  added.  Transitions  out  of 
the  n * 4 level  are  dominated,  for  example.  In  Fig.  10  by  those  terminating 
on  level  with  1*  ~ 5 or  6,  If  available;  otherwise  the  cross  sections 

iBoX 

reflect  an  oscillatory  rise  with  1*  [as  In  Figs.  9 and  10  for  the  (3-4) 
and  (4-5)  cases].  From  among  chose  strong  transitions  which  terminate  on 
1^^  (or  1^^^  -1,  for  the  higher  t-values)  those  with  dipole  character, 
l.e.  n(£'  -1)  -►  n'l’  are  generally  larger  (e.g.  2p-»3d,  3d-»nf,  4f-*ng). 

However,  the  main  feature  Is  not  the  character  of  the  transition,  but 
Is  the  value  of  1^^^  which  Is  primarily  n-dependent.  Whether  or  not  this 
value  of  precludes  a dipole  transition  Is  a secondary  feature.  For 

example,  for  the  n ■ 10  n'  - 20  transition  In  Fig.  11,  £’  « 15 


such  that  any  of  the  strong  (nl-Hi't*  ) transitions  which  terminate  on 

max 

the  n*  •*  20  level  cannot  be  dipole  In  character. 

In  summary,  the  systematic  variation  of  the  form  factor  with  n and 
i*  Is  reflected  In  the  cross  sections  for  e-atom  collisions  by 
exhibiting  an  oscillatory  Increase  with  1',  by  reaching  a peak  at  a value 
of  i*  given  by  (18)  and  then  by  following  a rapid  decline  with  £'. 

Thus,  even  In  spite  of  their  large  statistical  weight  (2i*'fl),  the  final 
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ass 


•cates  with  1'  » are  not  populated  In  e-atoa  collision  as  conpared 

with  those  %flth  1*  * 1*  . However,  couplings  Introduced  between  the  various 

■AX 

Angular  noaenCa  of  levels  n and  n',  as  la  a close-coupling  treatment,  would 

tend  to  enhance  the  weaker  transitions  at  expense  of  the  stronger  ones  idilch 

2 

would  be  only  weakly  diminished. 


B.  Atoa-exclted  atom  collisions 

Another  attractive  feature  In  writing  the  Bom  T-matrlx  as  (4), 

or  as  the  presumably  more-accurate  T-matrlx  (6),  arises  In  heavy-parclcle 

collisions.  We  note  that  Che  essential  factor  which  causes  the  cross 

sections  to  approach  dipole-character  at  high  impact-energies  Is 

2 2 

which,  for  e-aCom  collisions  Is  4«e  /K  and  is  singular  as  K 0,  the 
optical  limit.  In  the  ease  of  single  excitation  in  atom-atom  collisions, 
however,  T®  for  scattering  of  the  projectile  by  the  "frozen"  electrons  of 

AX 

the  target  does  not  contain  such  a singularity  (e.g.  for  the  screened 

2 -1  -Ir 

Coulomb ic  Interaction  e r e between  the  projectile  and  target 
B 2 2 2 

electrons,  Is  4ire  /(K  +X  ]).  The  absence  of  this  singularity  at 

K - 0 la  to  allow  the  fom  factor  in  (4)  or  (6)  to  exert  even  more  control 
In  the  collision  process,  than  in  the  e-atom  case.  Therefore,  the  above 
predictions  will  be  tested  by  calculating  the  Bora  cross  sections  for  the 
collision  processes. 

H(ls)  + H(nl)  -*•  H(ls)  + H(n*l')  (21) 


for  which 


4ire^(8+K^) 
2 2 


(22) 


la  not  singular  as  K 0.  Cross  sections  were  obtained  for  all  of  the 
(nl-»n'l')  combinations  covered  for  electron- impact,  resulting  In  similar 
but  more  pronounced  trends  for  Q and  Q.  As  illustrated  by  Figs.  12  and  13 
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for  spoclfled  n£  n't*  transitions  lii  ll(ls).r  B(n,£>0)  collisions,  s sharper 


peak  about  £'  Is  observed  (provided  sufficient  £ 


keeping  with  the  prediction  that  s Ingle > excitations  in  heavy-particle 
colllsiona  correlate  aore  closely  with 'the  behavior  of  the  corresponding 


Inelastic  fora  factor,  due  to  the  absence  of  4' singularity  for  zero 


for  higher  Initial  values  of  £*0-(n-l).  On  averaging  over  these  £-values 


the  key  peak  about  an  unique  £'  is  more  transparent  as  In  Figs.  14  and  IS 


There  are,  however,  several  Interesting  differences 


The  plots  of  0^^  versus  Impact  energy  E reveal  a series  of 

maxima,  rather  than  one  pronounced  peak  as  for  e-atom  collisions.  These 


undulations  are  displayed  In  Fig.  16,  represent  a real  effect,  and  are 


attributed  again  to  direct  reflection  of  the  form-factor.  For  example 


Fig.  17  shows  the  variation  of  the  Integrand  of  (20)  with  K for  the 
4s-8s  transition  together  with  the  lower  limit  K . “(k  - k.)  of 


Integration  for  various  Impact  energies  E (In  units  of  the  transition 


various  oscillations  of  the  Integrand.  For  example,  as  E Increases  from 


’60  Ae  to  ~1000  Ae,  two  oscillations  in  Fig.  17  are  traversed  and  are 


directly  reflected  In  the  variation  with  E of  the  cross  section 

In  Fig.  16.  However,  as  £'  Is  Increased  beyond  £'  a well-defined  peak 

max 

tends  to  emerge  with  the  remaining  undulations  becoming,  by  comparison, 


Increasingly  suppressed.  This  unusual  oscillatory  behavior  of  the  cross 


sections, particularly  for  those  transitions  between  states  with  low  values 


of  angular  momentum,  could  be  experimentally  detected  with  modem 

4 ..  19-25 

equipment. 


Horeover,  In  the  limit  of  collisions  of  very  slow  atoms  with  highly 


excited  atoms,  the  scattering,  as  described  by  T . (K)  In  (6),  of  the 


'*fros«n'*  •Icctrons  of  the  targot  by  th«  slow  yrojsctlls  Is  isotropic  with 
ths  result  tbst  dstslls  of  tbs  collisioosl  trsnsltlos  so  tivos  by  (b)  is 
govemsd  entirely  by  the  font  factor. 

Finally*  sose  ezperiaental  evidence  for  the  preferential  population 
of  high  angular  aonentun  states  In  ion>excited  atos  collisions  has 
recently  been  reported^®  and  indicates  the  emergence  of  Che  general 


patterns  as  described  here. 


7.4  SUMMARY 'AND  CONCLUSIONS 


Involved  In  colllslonal  excitation' between  excited  statM.’’  The  study 

1-4 

originated  with  an  effort  to  explain'  previous  results  for  excitation 


In  e-He(2  * S)  colllslonsi  which  were  found,  as  the  l^estlgatlon 


progressed,  to  be  particular  Instances  of  a more  general ‘and  basic  trend 


Our  conclusions  take  the  form  of  certain  predictions  which,  as  we  have 


shown  here,  are  fully  substantiated  by  systematic  trends  In  the  cross 
sections  for  ni->n'£'  transitions  in  hydrogen  Induced  by  both 'electron 


Sven  though  the  systematic  trends  which  originated  with  the  form 


factor  have  only  been.  In  general ^ observed  with  the  Bom  cross  sections 


for  colllslonal  transitions  between  bxclted* states  they  are  expected,  as 


collisions,  as  yet  the  only  application  of  a closely-coupled  method  to 


transitions  between  excited  states 


The  trends  for  electron-atom  collisions  become  more  pronounced  for 


heavy-particle  collisions  which.  In  addition,  exhibit  Interesting 


oscillations  with  Impact-energy  for  transitions  between  excited  states 


particularly  those  with  low  1-values 


The  population  of  the  level  n'  (>o)  arising  in  nlm'l'  colllslonal 


transitions  Is  found  to  be  primary  controlled  at  low  and  Intermediate 


lq>act  speeds  by  the  n(l-O-n-l)  -*•  n'l'  array  of  transitions  for  which 


2(tH-3) 

in+1). 


While  the  probabilities  of  these  transitions  are  fairly  Insensitive  to  the 


Initial  t-value,  thase  transitions  with  dlpols  character  are 

soaavhat  more  probable.  In  general,  the  Inelastic  fom  factor  and  the 
excitation  cross  sections  for  (ni'»n*t')  trsnsltlona  exhibit,  on  variation 
of  1*  alone,  an  oscillatory  behsvlor  supsrlaposed  on  an  overall  rise  until 
a pronounced  naxlnun  at  1^^  In  (23)  is  attained.  With  further  increase 
of  t*  both  the  fom  factor  and  associated  cross  sections  ejdiibit  a 
draaatlc  decrease  with  the  result  that  population  of  states  with  1*  » 

Is  negligible  by  conparlson. 

I A related  purpose  Is  therefore  to  express  a note  of 

caution  In  following  the  arbitrary  assumption  in  nl-n'l*  collisions! 

I excitation  that  the  1*  > til  transitions  are  the  strongest  and  are 

the  ones  that  only  need  calculation.  This  assumption,  which  is  without 
fotaidatlon  except  at  high  impact-speeds,  has  tacitly  been  accepted  in 
modeling  studies  of  the  role  of  excited  states  in  laboratory  (laser) 
and  astrophysical  plasmas.  The  dipole  transitions  n (1,^  ± 1)  -»• 
n'l*^  are  of  course  covered  by  our  prediction  and  are  therefore 


strong,  as  are  also  the  nl  -*■  array  of  transitions,  in  general. 

Finally,  these  predictions  are  very  relevant  to  current  experimental 
19“25 

investigations  of  collisional  processes  involving  highly  excited 
^dberg  states  of  atoms. 
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Figure  Captions 

Fig.  1.  Variation  of  the  peak  of  the  (Is-n*!*)  Inelastic  fora  factor 
squared  and  of  the  ■axlnua  cross  section  for  given  e - H(l8) 
Inelastic  collisions  with  changes  In  f'tna^  angular  nomentum  1*. 

Figs.  2(3  Variation  of  the  peak  of  the  Inelastic  fora  factor  for  given 
tt-m*  transitions  with  changes  In  Initial  and  final  angtilar 
■omenta  t and  1*  respectively. 

Fig.  4.  Variation  with  final  angular  momentum  i*  of  the  peak  of  the 
Inelastic  form  factor  averaged  over  1 for  given  n tx* 
transitions. 


Fig.  5.  Variation  with  final  angular  momentum  i*  of  the  peak  of  the 
form  factor  for  (10S(P(d-»-201*)  transitions  and  of  the  peak 
of  the  form  factor  averaged  over  all  values  (0,1,..., 9)  of 
the  initial  angular  momentum  t. 


Fig.  6.  The  4d  and  10(l’»4-7)  hydrogen  radial-orbitals,  times  r in 

configuration-space.  Note  the  outward  shift  in  the  lOl'-orbital 

and  the  consequent  variation  in  overlap  with  Increase  of  1*. 

Here  maximum  overlap  is  obtained  for  1*  ~ 1'  *6. 

max 

Fig.  7.  The  4d  and  10(t'*4-7)  radial  wave  functions  F .(p)  times  p 

oil 

In  momentum-space.  Note  the  inward  shift  in  the  101 '-function 
and  the  consequent  variation  in  overlap  with  Increase  of  1*. 

Fig.  8.  Variation  with  1*  of  the  maximum  1-averaged  cross  section 
for  given  21  -*■  n'l*  transitions  in  e-H(2)  collisions. 

Figs.  9 -11.  Variation  with  1'  of  the  maximum  cross  section  (with  and 

without  1-average)  for  given  nl-n'l*  transitions  in  e-H(nl) 
collisions. 
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Pig.  12.  Variation  with  t*  of  tha  ■axlMn  crosa  section  for  specified 
nt  n'i*  transitions  in  H(ls)  *•  H(ni)  collisions. 

Fig.  13.  Variation  with  V of  the  ■axioMW  cross  section  for  specified 
ni  ■*  n'i*  transitions  in  H(ls)  - H(ni)  collisions. 

Fig.  14.  Variation  with  V of  the  maxlmim  i-averaged  cross  section  for 
specified  n ■*  n't*  transitions  in  HCls)  - .i(ni)  collisions. 

Fig.  15.  Variation  with  i*  of  the  naxlmum  i-averaged  cross  section  for 
specified  n -*■  n'i*  transitions  in  H(ls)-H(nl)  collisions. 

Fig.  16.  Cross  section  for  4s n'i*  transitions  in  H(ls)-H(4s) 

collisions  at  energy  E (in  units  of  transition-energy  4e) 
for  various  i* -values  Indicated  on  each  curve. 

Fig.  17.  Variation  of  the  integrand  Eq.  (20)  of  text  with  momentum 
change  K.  Vertical  lines  indicate  the  lower  K-limlt  of 
integration  at  various  impact-energies  E (in  units  of 
transition-energy  Ac *0.64  eV). 
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SECTION  VIII 


FINAL  RESULTS:  TABLES  AND  FIGURES  OF  THE  RELEVANT  EXCITATION  AND 
IONIZATION  CROSS  SECTIONS  VERSUS  IMPACT-ENERGY 

8 tables  and  10  figures  now  follow. 


(a)  The  references  in  Table  2 and  In  captions  of  Figures  1-3  appear 
in  J.  Phya.  B:  Atom.  Molec.  Phys.  10  (19-7)  621-635. 

(b)  The  references  In  captions'  of  Figures  A-IO  appear  in 
Phys.  Rev.  A 16  (1977)  517-526. 


Table  1;  Potentials  1 and~I.  for  Ionization  of  the  ns  Outer-shell  and 


Inner-shell  of  Metastable  Rare  Gas'Atons 
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4.95 

32.13 
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' » 

20.88 
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18.16 
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15.41 

Tabl«  2.1  Trosltloa  SaarglM  AB(«V)  and  Bon  Ctom  Soetleu  (va  ^ for  tba  (2 


e 


• •••  * •••  »X* 

f^r«i»co«nr)f^Mr<i^OiA^Or4 

«D^^c*>OM<n«ea-4*«oc«r^^ 

Hp4Hf-4iH»<4v4f4C^e4r4C^<4in 

±I1I1A****>>*I 

OMOaHfncor^^coc^Of^r^^ 

fHMir>*«cD^O«Ar«.mo»inc4>o 

• •••oooooooooo 

iJ.i.  ij.*  • ••-L* 

^iO^OBOV4«90%OCMotf-fnO«H 

ri^^r^r^«Otf>€n<nioor^ino 

Oooooooooaoooo 


^,HHc4e4r4C4r4c*4cn<nc^<n(^ 
Jllllllllllltl 
^ ^ ^ ^ oH  O ^ CO  ^ flO  O ^ 

io<o<OMO%0^<9v^r^<nflQo%o^ 
• ••••••••••••• 

M€4f^O^r«olA««ei0-IO^r*olO^M 


^p4^C4«^Me4CICN|fi^cn<OC*)cn 

illlllllllllll 

^#4ir><9«0Mmr^cb(MC4fn«-4r^ 

^in<niHiOiAOBr»cncM9^ir> 

• ooooaoooooaao 

p4MMf-l^r4C^C4MC4CMr>« 
I I I I I I I I I I t I 
^no<n^«9<niA«ntoo\^o«oeo 
«pir)^o»m^«oflocnc4>orv^co 

oooooaoooooooo 

r4^COM^^<Or4f-IO««D«9'C^cnfH 
^ Hf-4«-I^^H«-l(MCN|CM<MrM«^ 


«i4r4«HfH«Ho-l^r4CMC4Cs|CI<Mr> 

llllllllllllll 

«c4«ri«^eo^0^flOioovinc4rH 

ooooooaoooooao 


M aH  1^  W 
•-  I I I I t I I 

•Am«oo»«noot^^r4^ord*^«oo 

«^OiOMf0^r^«Oo4^«O^CMOtH 

• ••oooooooooo* 


«-  I I I I I I I I I I 

r^<««oor^r-iinr*>Or^^inoo<n 

oooooooooo**** 

oTcnHflOBr^iOCOHrHO^t^^cn 


♦±±±±+^5± 

^v4r^l^^<*feiC4«Hfl0^iOo^c4 


• w o 
vcn 

8<h  u 

u m 

«»  9 > 

^ ^ §M  O 
0 p Q a 
^ ^ U 9 
OB  «M  M O 

w"<Q  *0  > 

o^SSU 

*5- 

ItlSf 

lessl 


mOOQOOOOOOOOOO 

• iH  r«i  ^ «o  «o  o O o o o o Q 

w OjDO^ 

WWW 


V*t  .i^l  MJ*  1* 


mm 


m 


a^ 

a^ 

CM 

rH 

a*s 

rM 

a^ 

s 

1 

1 

1 

1 

1 

o 

1 

1 

1 

o- 

Srn^ 

w 

w 

4taik 

4mik 

Swa 

>Ma 

W 

iH 

00 

cn 

00 

40 

40 

fH 

S 

4n 

tM 

00 

m 

m 

04 

o 

o 

o 

0N 

e 

-• 

• 

e 

e 

• 

e 

• 

e 

• 

a 

e 

CM 

CM 

CM 

lO 

pM 

00 

rH 

CM 

CM 

00 

a^ 

a^ 

a^ 

CM 

a-N 

1 

1 

o 

1 

o 

o 

1 

o 

o 

o 

w 

w 

w 

w 

w 

W 

Nm^ 

m 

SO 

•o 

in 

CM 

o 

o 

cn 

00 

04 

04 

tn 

r** 

ON 

o 

o 

o 

CM 

NO 

rM 

00 

40 

00 

e 

e 

e 

• 

e 

• 

e 

e 

• 

e 

• 

• 

esi 

00 

-o 

tr> 

rM 

«o 

rM 

•O 

a^ 

CM 

a^ 

CM 

a*s 

rM 

a-s 

a^ 

a^ 

lA 

1 

o 

w4 

o 

1 

o 

o 

1 

o 

o 

o 

W 

w 

w 

W 

W 

W* 

w 

W 

>.✓ 

W 

40 

fH 

o 

CM 

m 

o 

m 

o 

rv 

NO 

o 

CM 

m 

CM 

CO 

04 

•n 

o 

04 

40 

40 

m 

00 

-» 

iH 

00 

aM 

40 

rM 

CM 

4J 

i 

/-N 

a*s 

4J 

M 

a^ 

a^ 

m 

•A 

1 

o 

aM 

o 

1 

1 

o 

o 

o 

O 

o 

« 

e 

W 

W 

w 

W 

w 

W 

W 

W 

N..^ 

w 

flO 

o 

irt 

cn 

m 

cn 

ON 

o 

O 

00 

H 

M 

o 

CM 

ON 

m 

rM 

04 

00 

o 

40 

04 

m 

e 

e 

• 

e 

a 

e 

• 

•# 

e 

e 

• 

• 

m 

«o 

00 

CM 

00 

04 

rM 

CM 

CM 

40 

a 

H 

1 

o 

o 

1 

1 

o 

o 

o 

o 

or 

o 

W 

w 

W 

W 

w 

w 

w 

>Ma 

W 

s«a 

« 

CM 

lO 

40 

00 

m 

o 

m 

04 

m 

CM 

cn 

a 

lO 

CM 

cn 

aM 

oo 

h% 

cn 

aM 

o 

•n 

B 

e 

• 

• 

e 

e 

e 

e 

• 

• 

e 

• 

• 

8 

04 

00 

04 

CM 

00 

04 

rM 

cn 

cn 

6 

« 

H 

CM 

r4 

a^ 

a^ 

1 

CM 

o 

1 

1 

o 

o 

o 

o 

a^ 

01 

m 

w 

W 

W 

W 

w 

W 

Ni^ 

JS 

00 

9« 

40 

oo 

o 

in 

CM 

CM 

CM 

CM 

O 

4J 

o 

O 

40 

«o 

m 

40 

aM 

aM 

aM 

a 

CM 

04 

rH 

CM 

00 

CM 

in 

cn 

rH 

M 

IM 

•o 

/*> 

CM 

a-s 

a^ 

a^ 

0 

1 

CM 

CM 

o 

1 

1 

o 

o 

o 

o 

aH 

o 

w 

w 

W 

4«a 

w 

w 

w 

04 

cn 

04 

00 

04 

o 

CM 

4J 

in 

o 

•o 

m 

cn 

«o 

cn 

NO 

cn 

CM 

• 

e 

e 

e 

e 

• 

• 

• 

• 

• 

# 

e 

o 

« 

rM 

cn 

rs. 

40 

CM 

40 

cn 

aH 

> 

« 

H 

/-S 

/*s 

aH 

a^ 

a*v 

a-^ 

1 

CM 

CM 

o 

1 

1 

o 

o 

o 

o 

o 

W 

w 

w 

w 

4wa 

s«a 

W 

w 

04 

CM 

00 

00 

o 

00 

o 

NO 

u 

CM 

o 

o 

m 

CM 

m 

CM 

CM 

•O' 

m 

« 

• 

e 

e 

e 

e 

e 

• 

• 

e 

• 

• 

e 

0 

iA 

rM 

iH 

m 

04 

cn 

CM 

m 

fH 

04 

M 

o 

> > 

• ✓ 

W ^ 

H 

iH 

rH 

CM 

O -H 

o 

■H 

o 

+1 

o> 

rM 

to 

k'  0 

♦M 

CM 

CM 

CM 

<n 

cn 

cn 

cn 

cn 

cn 

cn 

cn 

149 


The  number  In  parenthesis  indicates  the  power  of  10  by  which  the  entry  Is  to  be  multiplied. 
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Table  5;  Born  (full-range  BF  and  half-raiige  BR)  and  Binary  Encounter 

(BE)  Cross  Sections'  (10**^^  cm^)  for  the  Ionization  of  He(2  ^*^S) 

. • •f  - 

by  Electrons  with  Energy  E(a.u).' 


■i  -in 

1 * j. 

E^Hs  Ue  ) 

2 

2 h 

BE 

BF 

BH 

BE 

“ BF 

Bn 

0.25 

4.35 

3.04 

5.59 

8.07 

5.69 
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0.50 
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5 
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6 
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Table  6 


Born  (full-range  BF  and  half-range  BH)  and  Binary  encounter  (BE) 
—16  2 

croaa  sections  (10  cn  ) for  the  Ionization  of  the  outer-shell 
of  netastable  Ne  (2p^  38)  and  Ar  (3p^  As)  by  electrons  with  energy 
E(a.u.)>  The  cross  sections  BEI  Include  additional  Inner-shell 

i •' 

contributions  as  determined  from  the  binary-encounter  approxi- 
mation. 


E(a.u.) 

* 

Ne 

4t 

Ar 

BF 

BH 

BE 

BEI 

BF 

BH 

BE 

BEI 

0.25 

4.56 

3.14 

4.73 

4.73 

7.98 

5.53 

8.73 

8.73 

0.30 

6.46 

4.65 

6.61 

6.61 

9.79 

7.18 

9.87 

9.87 

0.35 

7.34 

5.45 

7.39 

7.39 

10.67 
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7.59 
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10.79 

8.37 
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0.50 

7.46 
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9.46 
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0.75 

8.82 
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8.21 
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1.25 

4.13 

3.77 

4.55 

4.57 

5.44 

5.07 

5.71 

7.05 

2. 
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2.57 

3.25 
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3.59 

3.38 

3.90 

6.40 

3. 

1.90 

1.83 

2.34 

3.26 

2.44 

2.40 

2.73 

5.35 

4. 

1.46 

1.41 

1.81 

2.92 

1.88 

1.84 

2.13 

4.47 

6. 

- 

.971 

1.24 

2.47 

- 

1.25 

1.52 

3.31 

8. 

- 

.741 

.949 

2.06 

- 

.951 

1.20 

2.64 

Born  (full-range  BE  and  half-range  BH)  and  Binary  encounter  (BE) 
—16  2 

cross  sections  (10  'cm  ) the  Ionization  of  the  outer-shell 

* 5 A 5 

of  metastable  Kr  (4p  5s).  and  Xe.(Sp<:.68>  by  electrons  with  energy 

E(a.u.)*  The  cross  sections  BEI  Include  additional  Inner-shell 
contributions  as  determined  from  the  binary-encounter  approxi- 
mation. 


Table  7 


* 

Kr 

Xe*  ‘ 

E(a.u.) 

BF 

BH 

BE 

BEI 

BF 

BH 

BE  ‘ 

BEI 

0.25 

9.54 

6.69 

9.48 

9.48 

13.19 

9.56 

11.09 

11.09 

0.30 

10.99 

8.26 

10.46 

10.48 

14.70 

11.38 

11.85 

11.85 

0.35 

11.67 

9.12 

10.66 

10.66 

‘ 14.86 

.2.03 

11.95 

11.95 

0.40 

11.74 

9.19 

10.50 

10.50 

14.61 

12.  J2 

11.77 

11.77 

0.50 

11.11 

9.11 

9.96 

9.96 

13.56 

11.32 

11.09 

11.09 

0.75 

8.82 

7.81 

8.34 

8.60 

10.44 

9.37 

9.08“ 

10.40 

1.25 

5.85 

5.45 

5.91 

8.35 

6.83 

6.32 

6.25 

10.41 

2. 

3.91 

3.63 

4.01 

7.44 

4.47 

4.23 

4.25 

8.74 

3. 

2.63 

2.58 

2.84 

5.97 

3.02 

2.97 

3.07 

6.81 

4. 

2.01 

1.97 

2.24 

4.89 

2.32 

2.26 

2.43 

5.63 

6. 

- 

1.31 

1.60  ' 

3.64 

1.52 

1.71 

4.29 

8. 

- 

1.02 

1.25 

2.96 

- 

1.17 

1.31 

3.48 

Table  8:  Blectron-lapact  ionisation  cross  sections  <10  cm  ) 
(Binary  encounter  asthod)  for  the  ionisation  processes 
1(a)  - 1(c). 


Figure  Captions 

Fig.  1.  Comparison  of  present  binary-encounter  treatments  of  the  cross 

1 3 

sections  for  outer-shell  Ionization  of  9e(2  ’..S)  with  different 

orbital-velocity  distributions  as  detepnined:  .from  methods  A 

and  B In  text,  and  from  Hartree-Fock.  functions  C of ,pohen  and 

McEachran  (1967a, b).  V are  results  of-Vriens  (1964)  using  the 

exponential  distribution  of  Gryzlnskl  (1965).  The  associated 

1 3 

numerals  1 and  ,3  refer  to  2 S and  2 S,j targets  ' 

The  circles  (open  and  full)  are  measurements, of  Dixon  et  al ♦ 
(1976a)  for  the  sum  of  all  electron-impact  processes  leading 
to  single  (but  not  double)  Ionization  of  a predominantly  ,, 

3 

He(2  S)  target.  . , . 

Fig.  2.  Comparison  of  present  Born  cross  sections  (F  and  H)  for  outer- 

1 3 

shell  Ionization  of  He(2  * S)  by  electron.Tl,mpact„  ylth^F  and  H . 

denoting  respective  Integrations  over. .the  full  and  the  lower-half 

ranges  of  energy  of  the  ejected  electron..  The . associated  numerals 
1 3 

1 and  3 refer  to  2 S and  2 S targets  respec^vely.  The  circles 
are  measurements,  as  In  figure  1. 

1 3 

Fig.  3.  Cross  sections  for  electron- Impact  Ionization  of  He(2  ’ S) . 

F and  C are  the  full-range  Born  and  binary  encounter  treatments 

1 3 

respectively.  Numerals  1 and  3 refer  to  2 S and  2 S targets 
respectively.  CI3  denotes  the  present  binary  encounter  treatment 

3 

of  Inner  shell  Ionization  of  He (2  S)  and  the  C3  full  curve  In- 
cludes this  contribution.  The  circles  are  measurements,  as  In 
figure  1. 

••16  2 

Figs.  4-7.  Cross  sections  (10  cm  ) for  colllslonal  Ionization  of 

metastable  (a)  He*,  (b)  A*,  (c)  Kr*  and  (d)  Xe*  by  electrons 


155 


with  lapact  energy  B(eV).  BF  and  BH  are  the  present  Bom  re- 
sults for  outer-shell  Ionization  obtained  from  Integrations  over 
the  full  and  lower-half  ranges  of  energy  of  the  ejected  electron 
l.e.,  a * 1 and  1/2  respectively  In  (7)  of  text.  The  binary  en- 
counter (quantal  distribution)  cross  sections  are  denoted  by  BEO 
for  outer-shell  Ionization,  by  BEl  for  Ionization  of  one  of  the 
electrons  In  the  np^  shell,  by  BE5  for  the  total  Ionization  of  the 
np^  shell  and  by  BE  for  the  sun  of  BEO  and  BE5.  Previous  binary 
encounter  (exponential  distribution)  results  of  Vrlens  are  repre- 
sented by  V.  o:  measurements  (Dixon,  Harrison  and  Smlth^^). 

Fl^.  8.  Bethe  plots  (cross  section  times  collision  energy  E versus 

Log^Q  E)  for  electron-impact  Ionization  of  metastable  (a)  Me*, 

(b)  A*,  (c)  Kr*  and  (d)  Xe*.  Labeling  of  curves  as  In  figure  1. 

“16  2 

Fig.  9.  Binary-encounter  cross  sections  (10  cm  ),  (a),  (b)  and  (c), 

for  the  Ionization  of  metastable  N2*  (A^E^),  N2*  (a’^E^)  and  CO* 

(a  n)  respectively  by  electrons  with  energy  E(eV).  The  final 
state  of  the  residual  Ion  Is  Indicated. 
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Cross  sections  (10"^®  cm^)  for  collisional  ionization  of  metastable 
Ne*  by  electrons  with  impact  energy  E(eV). 
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Fig.  9.  Binary-encounter  cross  sections  (10"^®  cm^),  (a),  (b)  and  (c),  for  the 

Ionization  of  metastable  N2*  (A^eJ) , N2*  (a'^E“)  and  CO*  (a^ll)  respectively 
by  electrons  with  energy  E(eV).  The  final  state  of  the  residual  Ion  Is 
Indicated. 
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11.1 


A theoretical  treatment  of  atomic  ci^Hisions  at 
intermediate  aim^es  and  highly  excited  states 

M R Flannery 

School  of  Physics,  Georgia  Institute  of  Technology,  Atlanta,  Georgia  30332.  USA 
Received  2S  March  1975 


Ahatiact  A theoretical  description  of  transitions  in  electron-atom  and  heavy-particle 
collisions  (with  and  without  rearrangement)  at  intermediate  energies  is  developed.  The 
associated  T matrices  involve  the  solution  of  an  integral  equation  describing  elastic  scattering 
by  fixed  centi^  The  solution,  once  determined,  can  be  used  to  examine  the  full  array  of 
transitions  for  any  given  system.  An  eflectively  exact  description  of  e,  H^-H(n)  collisions 
is  proposed.  With  certain  simplifying  assumptions  the  multiple  scattering  problem  by  fixed 
centres  is  solved,  thereby  providing  a useful  description  of  A-H(n)  collisions.  Various 
approximate  schemes  capable  of  systematic  improvement  ate  constructed.  The  approach 
can  also  be  applied  to  ionization  problems. 


1.  latrodHctloB 

The  theoretical  description  of  atomic  collisions  at  intermediate  energies  (ie  beyond  the 
ionization  thresholds)  is  difficult.  For  low-energy  collisions,  when  a few  exit  channels 
are  open,  the  usual  close-coupling  expansion  is,  in  principle,  sound.  However,  the  use 
of  only  a limited  basis  even  with  a pseudo-state  modification  prevents  proper  account 
of  electronic  excitation  at  intermediate  energies  and  cannot  naturally  be  applied  to 
ionization,  an  instance  for  which  schemes  still  need  to  be  constructed  that  are  capable 
of  systematic  improvement.  The  Born  approximation,  which  has  been  applied  exten- 
sively to  high-energy  collisions,  is  clearly  inadequate  for  this  intermediate  energy  region. 

In  an  effort  to  bridge  the  energy  gap,  various  approximate  schemes  have  been 
proposed,  mainly  with  electron-atom  collisions  in  mind,  eg  distorted-wave  approxima- 
tions, second-order  potential  methods,  multichannel  eikonal  treatments,  eikonal  Born 
series,  many-body  Green's  function  techniques,  and  have  all  met  with  varying  d^rces 
of  success  {d  reviews  of  Bransden  1973  and  McDowell  1975). 

Nevertheless,  most  of  these  methods,  while  performing  in  practice  what  the  fully 
quantal  close-coupling  method  formally  suggests,  are  still  based  on  a dose-coupling 
concept  which  has  inherent  defects  and  obvious  disadvantages  when  applied  to  collisions 
at  intermediate  enn-gies.  Experiment  is  achieving  a fine  precision  for  dectron-atom 
collisions,  ie  the  integral  cross  sections  of  eg  Williams  (1974)  and  of  Donaldson  et  al 
(1972),  differential  cross  sections  of  eg  Trajmar  (1973)  and  in  particular  the  measure- 
menu  of  Eminyan  et  al  (1974)  of  orientation  and  alignment  parameters  which  are  more 
basic  to  the  cdlision.  all  provide  independent  assessment  of  the  various  theoretical 
models  which  still  exhibit  certain  inadequacies  (Bransden  and  Winters  1975,  McDowell 
et  al  1975,  Flannery  and  McCaim  1975). 


In  this  paper  a theoretical  method  designed  particularly  for  atomic  collisions  at 
intermediate  energies,  with  no  obvious  relationship  to  close-coupling  prescriptions,  is 
presented.  As  will  be  seen,  the  approach  is  effectively  exact  for  e-H  and  atom  A-excited- 
atom  B(r)  collisions,  and  is  capable  of  application  and  systematic  approximation  for 
other  collisions.  It  can  also  be  applied  to  ionization  problems.  In  the  following  sections, 
the  theory  is  developed  via  operator  formalism  of  scattering,  thereby  allowing  greater 
transparency  to  the  inclusion  of  various  important  effects  and  permitting  the  construc- 
tion of  the  resulting  equations  in  a form  suitable  for  subsequent  approximation. 


1 Theory:  the  basic  equations 


The  Lippmann-Schwinger  operator  equation  describing  the  outgoing  scattering  of  two 
atomic  collision  partners  by  their  mutual  interaction  V is,  in  terms  of  the  Green's 
resolvent  G and  transition  operator  T for  the  collision,  given  by 

(1) 

in  the  centre-of-mass  system. 

The  basis  set  for  the  unperturbed  A-B  system  with  Hamiltonian  at  infinite 
separation  R,  and  associated  Green's  resolvent  Go , is,  for  a fixed  arrangement  (r,  R), 


if)  = ^i(r)0*,(if)  s <^,(r)exp(i4ri . if) 


(2) 


a product  of  the  eigenfunctions  ^i(r)  of  the  internal  Hamiltonian  with  eigenvalues 
(,  for  the  motion  of  the  internal  electrons  denoted  collectively  by  r with  respect  to  each 
parent  nucleus,  and  <l>u(R),  eigenstates  of  the  free  Hamiltonian  Kq  with  eigenenergies 
h^k^/2n  for  the  undistorted  relative  motion  of  A and  B with  wavevector  k and  reduced 
mass  ft.  Thus,  <!»(  arc  eigenfunctions  in  the  (direct)  channel  of  Jfo  = Ho(r)-)- Ao(if)  with 
eigenenergy. 


_ h^kf  h^kl 


(3) 


which  is  conserved  throughout  the  collision.  The  spatial  representation  of  the  scattering 
function  is. 


%*ir,  R)  = .^,(r)c‘*-*-(-  JJ  dr'  dR'  G^ir,  R;r\  R’)V(r\  R'yV^(r',  R ) (4) 

where  the  Green’s  function  Gg  satisfies 

(£,-jr(,-HU)Gj{f,ff:r',ff')  = »(r-r')d(R-R')  (5) 

and  can  therefore  be  expanded  in  terms  of  the  complete  set  (2)  of  as, 

I.  . ••  1 2/1-  ^ ,rexp[i*. (if -if ')](!* 

0,(,.  *;,,*•)  - l.„  ^ pSWWJr) J -- ■ 


(6) 


For  sufficiently  energetic  collisions  when  all  excitations  (n,  k)  and  dominant  ioniza- 
tions ((,  k)  are  open,  ie  ic^  > 0 at  incident  energies  well  beyond  the  ionization  thresholds 


and  much  larger  than  the  maximum  energy  range  of  ejection  which  contributes  most 
to  the  energy  spectrum  < of  the  ejected  electron,  (6)  reduces  to  (cf  Bransden  1970) 


Go(r,R,r,R')= 

By  considering  the  asymptotic  (B  -*  cx>)behaviourof(7)in(4),  the  transition  matrix 
and  associated  scattering  amplitude /f,  can  be  defined  with  elements, 

4-^2 

Tu  = <<I)rm<|)i>  = <^,(r)exp(i*f.«)iK(r.^)i^r  (»■.«)>  = 


(7) 
7-, 

(8) 


Since,  in  general,  exact  solutions  to  (4)  for  use  in  (8)  do  not  exist,  various  methods 
for  constructing  the  T matrix  (or  and  G*)  as  a perturbation  expansion  in  the  inter- 
action V (assumed  weak)  give  rise  to  close-coupling  schemes,  exact  in  principle  but 
limited  in  practice  to  a restricted  basis  set.  Moreover,  the  concept  of  close-coupling 
methods  is  alien  to  ionization,  an  instance  for  which  schemes  need  to  be  designed  which 
are  capable  of  systematic  improvement.  There  is  however  another  alternative  that 
involves  the  approximation  of  Go  in  (7)  with  respect  to  rather  than  G*  in  (1)  with 
respect  to  V.  In  heavy-particle  collisions  and  in  electron-(excited)  atom  collisions  at 
intermediate  and  high  impact  energies,  for  example,  it  is  a good  approximation  to 
write  k,  =:  ki  in  (7)  which  reduces,  with  the  aid  of  the  closure  formula  for  the  complete 
set  of  internal  states  n,  including  the  continuum  of  Ho, 

Sl^.W>')  = <5(»'-r')  (9) 

m 


to 


GSir,R;r',R')  = 


1 2>iexp(ik,|if-B'|) 
4jt  lir-if'i  ' 


(10) 


with  the  result  that  the  integration  over  r'  in  (4)  can  be  performed.  Thus  this  closure 
approximation,  valid  when  the  energy  of  the  incident  projectile  is  large  compared  to 
the  internal  energy-level  spacings  of  the  A-B  system,  replaces  the  many-particle  Green's 
function  in  effect  by  the  free-particie  Green’s  function,  with  the  result,  the  total  scattering 
function  is, 

4»r(r. R)  = »Kr)exp(ik, . *)-^  ^ f dJT It)  dD 

a form  which  suggests  the  following  substitution, 

^,*(r,R)  = Ur)x:(r,R)  (12) 


where  the  new  function  xt  satisfies  the  integral  equation 


X,*(r,R)  = cxp(ik,.«)-^^  J dR-  R'^xtir,  R').  (13) 

This  equation  (13)  describes  the  elastic  scattering  of  a fictitious  projectile  of  original 
wavenumber  k,  by  a fixed  multi-centred  electrostatic  interaction  V(r,  R).  The  transition 
■ntnx  (8)  for  the  A-B  collision  is  therefore. 


r„  - <d-dr)  exp(ik, . R)\  V(r,  RUMi',  R)>  (14«) 
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which  may  be  alternatively  written  as 

Tu  = kr,rUi(r)\  (141>) 

where 

T.(k,.  k,;r)=  <exp(i*, . «)|  V(r,  ^)|y;(r,  R)}„  (1 5a) 

the  T matrix  for  scattering  by  the  fixed  structureless  potential  V(r,  R),  is  determined 
both  on  ^k^  = Ic,)  and  off  (fc,  ^ kf)  the  energy  shell  Thus  (14)  emphasizes  directly  the 
unique  role  of  elastic  scattering  in  inelastic  collisions  and  involves,  as  the  only  known 
(ISa)  or  alternatively  the  full  solution  to  the  equation, 

= £ai"(r./f),  E,  = h^kf/2^  (156) 

subject  to  the  usual  outgoing  scattering  condition.  Note  that  all  the  information  obtained 
in  general  by  numerical  integration  of  (156)  is  used  in  Ti,.  The  scheme  is  therefore 
efficient  in  that  the  work  entailed  in  the  solution  x*  to  ( 1 56)  is  not  redundant,  as  opposed 
to  other  methods  based  on  perturbation  series  for  which  a solution  is  integrated  out 
from  the  origin  in  an  effort  to  obtain  only  its  asymptotic  behaviour.  The  full  knowledge 
of  X*  fot  all  £ la,  of  course,  associated  with  the  fact  that  the  full  T matrix  (ISn),  with 
elements  on  and  off  the  energy  shell,  is  required  (see  appendix).  Moreover,  once  x*{r.  R) 
is  obtained  for  a given  scattering  system,  then  it  is  preset  for  examination  of  all  tr>snsi- 
tions  within  the  system,  ie  x*  needs  to  be  determined  only  once  over  the  effective  (r,  R) 
range  of  a given  system.  Note  that  in  the  limit  of  zero  V,  x*  in  (156)  is  a plane  wave 
and  (14)  reproduces  the  Bom  approximation. 


3.  Basis  for  systematic  approxiiBatioa:  stiucturefass  projectiles 

Thus,  the  (inelastic)  scattering  of  composite  structures  is  reduced  to  the  solution  of 
elastic  scattering  by  fixed  potential  centres,  in  general  multiple.  For  a structureless 
projectile  at  R incident  on  a target,  centred  at  the  origin  and  containing  M-electrons 
atr„ 

F(r,ll)=  Fo(JI)+£  VHr,-B)  (16) 

1=1 

a series  of  two-body  interactions.  Structured  projectiles  are  best  treated  by  alternative 
procedures  such  as  the  one  outlined  in  § 4.2.  Although  the  following  analysis  can  be 
immediately  generalized  so  as  to  cover  complex  targets,  assume  for  simplicity  that  the 
target  is  a one-electron  atom  (N  = 1).  Introduce 

£|  — £j  — Ao“ro±u 

the  solution  for  elastic  scattering  by  in  (16)  alone.  With  the  aid  of  (17)  and  of 

(£,-Ao  + i«)'*  = (£i-Ao-Fo-He)-*[l-Fo(£i-Ko-l-i€)-‘]  (18) 

the  integral  equation 

- i yx)xt  (19) 

Cl  — JVo  + u 
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can  be  rewritten  as, 


which,  by  further  application  of  (18)  with  Ko  - Xo+  Ki  and  K)  -♦  K,,  F = f'o+  K,  can 
be  alternatively  written  as 

Hence,  (14)  is  now  exactly, 

T,i  = <t^f(r)<^f (^)l F|^i(r)Cr («)>  + <iAf(r)0,(«)l -Ko-V  + if)' ‘ V, C(ir)>  (22) 

in  a form  suitable  for  approximation.  For  example,  when  the  effect  arising  from  is 
much  greater  than  the  effect  from  F,  then  Xi  in  (21)  is  simply  the  extra  scattering  of 
Cj*  by  Fj.  When  this  additional  scattering  can  be  neglected,  xt  = Ct  and 

Tr,  ^ T'u  = mr)<t>t(mVmr)Ct(R)'>  (23) 

a formula  analogous  with  the  Coulomb-projected  Born  result  of  Geltman  (1971)  when 
Fq  is  a Coulomb  field  and  when  the  indices  i and  f are  interchanged.  Thus  this  approxi- 
mation entirely  neglects  the  second  term  of  (22),  a procedure  valid  only  for  very  close 
encounters  with  the  target  nucleus. 

Another  alternative  and  exact  form  of  (14)  suitable  for  approximation  is  obtained  , 
with  the  aid  of  <^f|  in  (17)  and  of  (20)  in  (14)  to  yield 

Tn  = <Mim^,c:y+<^,cr\v^\^,x:y  (24) 

a two-potential  scattering  formula.  Inserting  (21)  in  the  right-hand  side  of  (24), 

T„  = <i^AIFolt)'iCr>  + <t^'fCr|FJ^,C*>-l-<^,Cr|FJ^,(£,-X^  F-t-u)-‘F,C*>  (25) 

such  that  if  F,  is  small  then  V\  can  be  neglected  with  the  result 

r,,  =.  n = Fo|^,C,^  > -H  1 Fj|^,cr  > (26) 

which  is  the  distorted  Born-wave  formula  used  for  elastic  scattering  by  F(r,  R)  in  an 
inelastic  matrix  element  (14).  The  approximation  Tf,  is  obviously  much  more  sophisti- 
cated than  the  customary  dwba  to  close-coupling  formulae  for  which  the  distorted 
waves  refer  to  distortion  by  the  static  interactions  <^,|  F|^,>  ol  the  initial  and  final 
channels  and  not  as,  in  this  case,  to  distortion  by  the  full  electrostatic  interaction  Vf,{R). 

While  only  a few  schemes  suitable  for  approximation  of  (14)  have  been  constructed 
above,  there  are  several  instances  for  which  exact  or  effectively  exact  solutions  can  be 
obtained  as  follows. 


4.  Soluble  models 


4.1.  Charged-particle-atom  collisions 

Consider  collisions  between  structureless  particles  of  charge  Ze  with  atomic  hydrogen. 
The  function  x*  is  therefore  the  solution  for  elastic  scattering  by  two _fixed  centres  of 


i 1 


charge  of  opposite  sign  (±Ze),  in  general,  or,  in  particular,  by  a fixed  dipole,  when 
distant  encounters  X are  dominant,  or  by  a Coulomb  field  when  close  collisions  with 
the  nucleus  are  important  In  the  general  case  (a  situation  analogous  to  the  exact 
determination  of  the  continuum  orbital  of  by  Bates  et  ol  (19S3)  and  Flannery  and 
Opik  (1965)),  the  introduction  of  the  prolate  spheroidal  coordinates. 


>1  = (R  + |J?-r|)/r,  1</1<(X> 

and  <h,  the  angle  of  rotation  of  K about  the  r axis,  with  the  substitution, 

permits  the  separation  of  the  Schrodinger  equation  (IS)  into  the  following  two  second 
order  differential  equations. 


(27) 


(28) 


d / , dA'"*' 

d2r-‘>^ 

in  which  p = and 


|+jA+pU*-j^|A<-'(A)  = 0 
1-pV 


d dM‘"*' 


M'-V)  = 0 


(29fl) 


(296) 


coupled  by  a separation  constant  A.  Equation  (29a),  which  defines  the  radial  spheroidal 
function,  can  be  solved  exactly  as  a linear  combination  of  radial  Bessel  functions  (cf 
Flammer  1956).  Moreover,  with  the  substitution, 

A = (l->l^)-‘'^f2(/l)  (30) 

then  (29a)  reduces  to 


d^O  Ip^i^  + A n 


(31) 


which  is  capable  of  direct  numerical  solution  subject  to  11(1  ) = 0,  and  to  an  appropriate 
asymptotic  form,  correctly  normalized.  To  initiate  the  integration  procedure,  a series 
solution  for  small  A can  be  constructed  to  give, 

f^"^A)  = (A^- l)*<-->ri -2P^ ^ 

L 2(m+l)  4\  Im+lf  m + 2 J 

K = /4  + p*  + m(m+l).  (32) 

In  the  limit  as  r-*0,  (296)  reduces  to  the  equation  for  the  associated  Legendre 
functions  F7(p)  and  & series  solution  to  (296)  can  be  obtained  with  the  form. 


M'-'(#i)=  S dr(p,r)P:^/M) 


(33) 


where  the  coefficients  d7  satisfy  certain  recursion  relations.  Hence,  the  full  solution  x* 
which  contains  all  the  information  on  distortion,  is  known,  but  must  first  be  transformed 
from  the  coordinate  axis  in  which  r is  fixed  to  a space-fixed  frame  so  that  the  transition 
matrix. 


2fi=  (i/>i{r)exp(iA,.R) 


Ze^ 

Ze^ 

R 

l^-r1 

i^,(r)^^(2lr)Af(j4r)e“ 


*> 


(34) 
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can  be  evaluated  exactly  (although,  not  too  easily),  where  denotes  the  appropriate 
rotation  operator. 

When  distant  encounters  are  important  to  the  elastic  scattering,  eg  through  small 
angles,  then  x*  corresponds  to  elastic  encounters  with  a fixed  dipole  with  interaction 

y(r,R)~ (35) 

For  point-dipoles  Mittleman  and  von  Holdt  (1965)  obtained  exact  solutions  in  terms 
of  combinations  of  spherical  (radial)  Bessel  and  angular  Legendre  functions,  and 
Shimizu  (1963)  has  investigated  scattering  by  dipoles  of  finite  size. 

Large-angle  elastic  scattering  results  primarily  from  close  encounters  with  the 
nucleus  with  the  result  that 


X*{r,K)  =:  ^*{R)  = exp(-iiEa)r(l-ia)exp(iAi.if),F,(ia;  1;  -iMi-i*i • ^) 
the  Coulomb  function  with  a = Z(e^/i/h^)lCi. 


(36) 


4.2.  Neutrah-{excited)  atom  collisions 

For  A-B  collisions,  an  effectively  exact  solution  to  the  fictitious  wavefunction 
t describing  in  general,  multiple  elastic  scattering  of  A by  iV  fixed  targets  within  B can 

^ be  achieved  under  certain  conditions  to  be  later  determined.  The  eventual  aim  is  to 

incorporate  within  the  theoretical  solution  the  asymptotic  scattering  amplitudes  (or 
on-the-energy-shell  T-matrix  elements,  assumed  known)  for  two-body  interactions 
t between  the  projectile  A and  each  particle  n of  B,  ie  A is  regarded  as  being  a point 

particle  whose  response  to  the  target  particles  n is  to  be  acknowledged  by  the  possible 
1 use  of  elastic  or  inelastic  scattering  amplitudes  describing  two-body  A-n  scattering. 

I Thus,  the  A-B  interaction  V is,  in  general,  a sum  of  ‘two-body’  interactions  VJ^R,  rj 

between  projectile  A and  each  particle  n within  target  B,  and  hence, 

: X*  = 0i  + Coj  I = 4>i  + GoV4>i  + GoVGoVd>,+  .-.,  (37) 

I where  G,,  = (£—Ao-fie)'',  a one-particle  Green’s  operator  for  free  motion  d' energy  £, 

propagates  the  effect  of  each  interaction  F..  This  equation  can  be  solved  by  ‘recycling’, 
as  indicated  on  the  right-hand  side,  in  powers  of  K,  a procedure,  while  generating  the 
customary  Bom  series,  is  nonetheless  lacking  in  a simple  physical  interpretation  needed 
for  further  approximation  in  the  present  instance.  The  ^m  scries  above  can  however 
be  rearrang^  so  that  all  terms  which  involve  the  scattering  of  A by  each  target  n of 
I B are  combined  together,  thereby  permitting  the  natural  separation  of  two-body  from 

I individual  higher-order  multiple  scattering  effects.  Each  term  0 + 1)  of  the  Bora  series 

' is 

I ; WoKMGoK.)  ..^  (38) 


and  hence  by  following  Watson  (1953)  or  Goldberger  and  Watson  (1964)  the  exact 
solution  can  be  written  as. 


i 


I 

I 

i 

i 

j 

F 
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a superposition  of  wavelets  Xm  emitted  by  each  target  n and  given  as  the  solution  of 

a set  of  coupled  integral  equations  in  which  the  two-body  transition  operators 


1 


£-Ko+i« 


rJ- 


(41) 


correspond,  in  this  case  oi fixed  potentials,  to  scattering  by  an  isolated  target  partide  n 
free  from  interaction  with  other  particles  m.  All  details  of  the  binding  in  the  A-B 
collision  have'already  been  acknowledged  by  (14). 

Thus,  X*  is  the  unperturbed  function  together  with  wavelets  which  can  be 
generated  by  ‘recycling’  (40)  to  yield 

Xm  = ^i  + Go  X t«r^i  + Co  Y,  tr(^i  + Go  Y.  tt(^i+  ••.)•••)  ...I 
m*m  L r*im  I j#r  / J 

= 0j  + Go  Y tm^i  + Go  Z ^mGo  Z tr^i 

IN#*  |||#||  r#M 

+ Go  Z f-Go  Z trGo  Z + • • • (42) 

m^m  r^m  g#r 

whidi  represents  a truly  sequential  multiple  scattering  series  in  which  each  term  corre- 
sponds to  the  arrival  mode  of  the  inddent  particle  i on  m,  ^ the  first  term  in  t,  refers 
to  direct  arrival  while  the  second  term  corresponds  to  the  arrival  at  m of  a wave  once 
scattered  previously  elsewhere,  etc.  In  contrast  the  terms  Z,  Vfig  I,  V,<f>i  in  the  Bom 
senes  above  include  to  all  orders  the  important  successive  interactions  with  the 
particle.  Thus  (39)-(41)  render  the  key  quantity  x*  in  a form  suitable  for  approxima- 
tion to  be  used  in  (14). 

The  only  assumption  so  far  is  k,  ar  kj  in  the  many-body  Green’s  function  (7),  for 
the  direct  channel,  which  entails,  from  (3), 


ki-k,  = 


2/r  (t,-gi) 

h*  (k,  + k^ 


a:0 


(43) 


such  that  the  averaged  initial  and  final  relative  energy  be  much  less  than  the  internal 
energy  level  sparing,  a weak-binding  approximation  only  to  that  part  of  (7)  which 
describes  the  relative  motion.  This  assumption  causes  the  introduction  of  an  artificial 
, for  elastic  scattering  by  fixed  multicentre  charges.  Conversely,  the  scattering 
centres  have  no  mechanism  for  recoil,  can  be  regarded  as  infinitely  heavy  and  hence 
binding  between  the  charges  will  have  no  effect  on  the  scattering  (cf  equation  (29)). 
Thus,  the  free-particle  transition  operators  r,  which  emerge  in  (41)  arc  properties  only 
of  the  individual  scatterer  n (and  projectile). 

Additional  Assumptions,  (i)  The  impact  energy  must  be  uniquely  defined  between 
scattering  events  so  that  the  mean  free  path  must  be  much  greater  than  the  de  Broglie 
wavelength  A,  of  relative  motion  and  hence. 


^ » A,  = kf 


(44) 


where  p is  the  number  density  of  Al  particles  within  the  ‘volume’  of  B assumed 


I 
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spherical  with  radius  R,  and  /,  is  an  effective  range  for  A-n  collisions,  (ii)  The  aim  is 
to  use  elastic  scattering  data  on  A-n  collisions,  ie  knowledge  of  only  the  ‘on-the-energy- 
sheir  matrix  elements  of  t,  is  assumed.  The  momentum  representation  of  (39)  is 


where  m is  the  reduced  mass  of  the  A-n  system. 

As  is  shown  in  the  appendix,  the  contribution  to  (45)  arising  from  ‘on-the- 
energy-sheir  T matrices  with  k,  = kj  is 


Xho)('<  ff)  = ff) 


R > Ro.,  r fixed 


where  ffo,  is  a range  beyond  which  vanishes.  Thus  the  use  of  the  associated  scattering 
amplitudes 

3 

(47) 

in  (45)  entails  the  condition, 

/.  :S  r„.  (48) 

where  r*,  is  the  (n,  m)  inter-particle  spacing  within  B.  Hence, 
max(riJ  ^ f, 

*• 

For  H(ls)-H(p)  collisions  at  speed  i>,/,  ~ 1 Oq  ^ and  A*,  a:  Uo  » 10"  V*>  and 
thus  (44)  and  (48)  are  valid  for  v » 10'  au,  an  easy  accomplishment  even  for  p = 1. 
Although,  electron-atom  collisions  can  be  formally  excluded  because  of  their  long 
Coulombic  ranges,  the  conditions  (44)  and  (48)  are  not  too  restrictive  to  an  approximate 
treatment. 

Therefore,  in  the  spatial  representation  of  (39), 

x;  ^ Xito,  = exp(iki . ff)  -h  I f dff-  dff"  Go(R'.  R'W,  R")xJ,R")  (50) 

■ -I  J 


tJ.R',  R")  = ^ J dkXk'Wy  (51) 

where  4>i(R)  = <Jl|ki>  = exp(ikj . R).  Hence,  for  a short-range  interaction  F,  located 
as  a delta  function  about  position  r.  of  particle  n,  (51)  reduces  to 

Uff*.  R1  = -4>t^/,  SiR"  -rj  d{R"-r,)  (52) 

i 

where  /,  is  the  scattering  amplitude  associated  with  the  short-range  interaction  V^. 
For  example,  in  collisions  between  ground-state  neutrals  A and  atoms  B(p)  in  highly 
excited  Rydlwrg  levels  p,  the  interaction  V,  (polarization,  at  most)  between  the  valence 
electron  n and  the  neutral  has  much  shorter  range  than  the  Coulombic  interaction 
between  n and  its  parent  ionic  core,  and  may  be  regarded  as  fairly  localized  relative 
to  the  characteristic  size  ~p^<io  o(  B.  This  approach  has  already  been  successfully 
exploited  in  semi-quantal  treatments  elsewhere  (Flannery  1970,  1973)  and  yields 
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encouraging  results  for  ionization,  even  for  the  most  extreme  case  p = 1.  Therefore 
with  the  aid  of  explicit  Co  and  (S2X 


= exp(i*,.«)+  £ 
1 


exp(i<[||ir-rj) 


where,  by  a similar  argument  with  (40), 

XUO  = exp(«*i  • »’J+  I ”**!‘*‘‘*'^*  n = 1, 2, . . . , N 

m*m 

a set  of  Af  algebraic  (rather  than  integral)  equations  for  the  numbers  xJifm)- 
For  Af  = 2,  the  equations  can  be  solved  exactly  to  give 


(53) 


(54) 


Jti(»’j)  = exp(i*i . '’,)|  j^l  +/,  exp( - i*, . r, ,)  j |l  - ^ exp(2ilCir, 2)|  | 

(55) 

and  a similar  expression  for  Xi  with  r,  *-> r^,  to  yield  an  explicit  result  for  x* (*‘i< *’2>  ff) 
to  be  used  in  (14). 

The  first  term  of  (SS)  is  the  undistorted  wavelet  emerging  from  r^,  the  second  term 
arises  from  the  reception  at  1 of  the  wavelet  emitted  by  2,  and  the  denominator  of  (SS) 
represents  the  shuttling  back  and  forth.  The  expansion  of  (SS)  for  small  /i,2  « r,2 
yield  the  customary  multiple  scattering  sequence. 

Hence,  with  the  knowledge  of  e-A  elastic  scattering  data,  and  with  (S3),  and  (S4) 
in  (14),  the  general  A-H(n)  elastic  and  excitation  collisions  for  all  n can  effectively  be 
solved  exactly  subject  to  the  (certain)  validity  of  (43),  (44)  and  (48).  Foldy  (194S)  and 
Brueckner  (19S3)  originally  applied  (SS)  to  the  scattering  of  sound  waves  by  two  fixed 
centres,  and  to  the  scattering  of  pi  mesons  by  deuterons,  respectively.  The  present 
treatment  (37)-(S4)  has  presented  the  generalized  form  for  x*  with  atomic  collisions  in 
mind,  and  stresses  the  overall  validity  for  subsequent  use  in  (14)  pertinent  to  A-B 
collisions. 


5.  Simple  approxtmatioas 


I.  As  previously  noted,  the  Bom  approximation  and  the  Coulomb-projected  Born 
approximation  (for  charged  particles)  to  the  transition  matrix  Tf,  in  (14)  are  reproduced 
when  the  elastic  scattering  function  x*  of  (IS)  is  associated  either  with  no  interaction  V 
or  else  with  a strong  interaction  Fg  only  with  the  nucleus,  respectively.  For  V weak, 
however,  a perturbation  treatment  of  (15)  yields. 


which,  for  the  charged  particle-atom  interaction. 


(56) 


(57) 
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reduces,  with  the  aid  of  Bethi’s  integral  to, 

-J.  8aZeVfexp(-iir..«)[l-Z:.,exp(iif..r.)]dir. 
X.  (r,«)  = exp(i*,. Kr(K!^-K.j  , 


IT.  = *,-*.  (58) 

to  first  order,  in  which  the  integral  can  be  explicitly  evaluated  by  contour  integration. 

Moreover  for  charged  particle-(highly)  excit^  atom  collisions  for  which  r,  » R,  then 
(S7)  is  approximately 

K(r,/l)^Zej|+I  (59) 

with  the  result  that, 

Xi>,ft)=,/,:(R)fl^;(r.)  (60) 

«*  1 

products  of  Coulombic  functions  (36). 

Also,  for  neutral-neutral  collisions  A-B  when  multiple  scattering  effects  can  be 
neglected,  (S3)  yields, 

,6„ 

where /±  are  the  elastic  scattering  amplitudes  (in  the  forward  direction)  for  free  H^-A 
and  e-A  collisions  respectively.  It  is  very  apparent  that  a variety  of  other  approxima- 
tions, even  semi-classical,  to  (1 5)  exist  for  use  in  (14),  eg  use  of  the  eikonal  approximation 
to  (156)  reproduces  the  Glauber  approximation. 

II.  A different  set  of  approximations  may  be  generated  by  considering  the  contribution 
to  T,i  in  (146)  that  arises  from  only  ‘on-the-energy-shell’  matrix  elements  T.,,  ie 

Af  = kftf  = k'f 

in  7^  of  (ISn).  Thus, 

Tn  = <^,(r)|  Uk,,  *; ; r)l^,(r)>,  k,  = ki  (62) 

in  terms  of  an  averaged  amplitude  for  elastic  scattering  of  the  projectile  by  the  fixed 
potential  K(r,  if),  ie  the  asymptotic  behaviour  of  x*  in  (156)  is  only  required.  Equation 
(62)  yields  the  adiabatic  approximation  suggested  by  Chase  (1956)  from  a continuum 
analogue  of  the  Bom-Oppenheimer  approximation  to  bound  molecular  states  and 
used  exclusively  for  rotational  and  vibrational  excitation.  The  present  derivation  shows 
its  applicability  to  electronic  transitions.  The  Born  approximation  to  7^|  for  interaction 
(16)  is 

Tir*  = J Ko(ff)  exp(i#r  .R)dR+t  exp(i#r . r.)  J VJff)  exp(iA . R)  dR, 

K=k/ik^-i,)  (63) 

for  use  in  (62).  For  Coulomb  interactions  (57X  this  procedure  yields, 

Tir^^[Sn-Fnm  (64) 


a rorm  similar  to  the  Born  approximation  to  T},  in  terms  of  the  generalized  form  factor 


fnW 


'h) 


£ exp(iJr.r,) 


Hr 


lv*’2.  • • • 


(65) 


as  a function  of  K in  (63).  Also,  for  rotational  transitions  by  a pure  dipole  field,  (63) 
in  (62)  reproduces  the  Bom  result  for  non-forward  scattering.  Hence  (62)  provides  a 
basis  for  approximation  schemes  more  accurate  than  the  Born  with  Icf  ~ Jlc,. 

The  cross  section  for  excitation  of  all  states  f # i is  proportional  to. 


S = S' l^nl"  = S' <i^.(»-)ir?(*,.*,;r)|^^r)><^^r')|rj*,.*f;r')|t^,(r')>  (66) 

r#i 

which  reduces,  with  the  aid  of  closure  (9)  and  of  ‘on-the-energy-shell’  matrices  7^|  to 
the  following  initial-state  average, 

S = <Hr)i \TJHk'r,rrmr)>-mT,,\^l>,'>\^  (67) 


in  which  the  second  term  is  due  to  elastic  scattering  alone  (cf  equation  (62)). 

On  using  (63)  for  the  Coulomb  interactions  (57),  the  Born  approximation  with 
k,  a;  k „ 

^ (68) 


follows  from  (67),  which  therefore  can  be  used  as  a basis  for  a more  refined  description. 

in.  Approximations  to  T,  rather  than  to  T,|  may  be  obtained  directly.  For  target  atoms 
in  highly  excited  states,  the  interaction  between  the  projectile  and  the  Rydberg  electron 
controls  energy  changes  such  that  on  neglecting  the  interaction  with  the  core  of  the 
target, 

T^k„kr,r)  = <exp(i*r.R)|F(R-r)|xr(r,i?)>,  = exp(iA.r)<exp(i*f . /f')|F(R')ir(^')V 
= exp(iA.r)T.(A„fti)  (69) 

in  which  xt  exp(— iA,  .r);(j^  and  describes  elastic  scattering  by  the  central  potential 
V{R')  with  R'  = R—r.  Hence  (14b)  with  (69)  yields 

T„  = <Hr)\  exp(iA . r)|^i(r)>,T.(A„  *,)  = fr.(^^.(*i . *f)  (70) 

a product  of  the  form  factor  for  the  transition  of  the  valence  electron  and  the  T-matrix 
elements  (on  and  off  the  energy  shell)  for  potential  scattering  of  the  projectile.  Equation 
(70)  is  similar  to,  but  not  identical  to,  the  basic  formula  of  the  impulse  approximation 
(cf  Newton  1966). 

All  of  the  foregoing  procedures  for  the  evaluation  of  x * or  T,  within  (14)  can  be 
applied  of  course  equally  well  to  ionization  as  to  excitation.  However,  within  the 
assumption  A.  ^ A,,  the  theoretical  formulation  in  § 2 is  exact  for  direct  excitation,  but 
not  for  ionization.  This  shortcoming  (present  also  in  all  previous  descriptions  of  ioniza- 
tion) arises  by  noting  that  the  'two-body’  Green’s  function  Gq  in  (6)  describes  exactly 
the  channel  a+(b.c)„...,a+(b+c)  which  includes  states  of  excitation  (b,c),  and  of 
dissociation  (b+c)  only  for  c in  the  field  of  b.  The  ionization  states  (a-t-b-l-c)  belong 
to  a true  three-body  channel  which  is  only  approximately  described  by  the  above  Gq  . 
The  dissociative  states  a -I-  (b  -I-  c)  do  not  actually  belong  to,  nor  do  they  bear  any  simple 


relation  to,  the  free  states  of  any  physical  channel  (direct,  rearrangement  and  three- 
body).  They  do,  however,  contain  certain  projections  onto  these  channels.  The  pro- 
jection of  the  dissociative  states  in  4'i^  is  apparently  lost  by  use  of  the  closure  relation 
(9)  since  4'*  tends  to  zero  as  r oo.  However,  equation  (15)  for  x*  must  be  solved  for 
the  full  (r,  R)  range  such  that  x*  mid  hence  V*  does  conUin  some  information,  as  in 
(56),  (58)  and  (60),  on  the  dissociative  states. 

In  spite  of  this,  however,  the  present  formulation  when  applied  to  ionization  does 
represent  considerable  improvement  over  previous  theoretical  approaches,  ^ the  Bom 
and  related  approximations  assume  x*  given  by  the  first  term  of  (56),  a term  containing 
no  information  on  the  three-body  chaimel  at  all,  while  the  close-coupling  method 
assumes  for  4*;^  a limited  basis  set  which  because  of  practical  difficulties  contains  no 
states  of  dissociation  of  the  system.  Moreover,  the  previous  development  can  be  easily 
generalized  so  as  to  include  rearrangement  or  reaction  channels,  as  follows. 


6.  Rearrangemeiit  duuiiieis 

The  Hamiltonian  for  the  collision  system  is, 

jr’  = = jfo.+n  (71) 

where  previously  defined  quantities  associated  with  either  direct  channels  d or  rearranged 
channels  x now  contain,  for  identification  purposes,  an  additional  index  d or  x,  respec- 
tively. The  free  Hamiltonians  and  corresponding  eigenfunctions  (which  include  trans- 
lational phase  factors)  and  eigenenergies  of  the  collision  system  in  the  absence  of  the 
interactions  and  V,  are  respectively 

= Ho(r^)+Ko(R) 

1.1 1,2 

®id(»’d.  *)  = 'IfJTi)  exp(i*id  • *) : El”’  = «!''*  + (72) 


~ Ho(r,)-f  Ko(5) 

tAlrl 

®i,(f., »)  = '^i.(»’i)  expfiAi. . 5) ; £5*’  = «**’ + (73) 

where  and  r,  denote  respectively  the  internal  coordinates  of  the  isolated  collision 
partners  in  the  direct  channel  and  in  the  channel  for  which  the  rearrangement  R*-*s 
has  occurred  between  the  incident  projectile  at  R with  an  atomic  electron  at  s.  The 
wavefunction  for  the  total  system  therefore  simultaneously  satisfies, 

4',^  = <I>„.  + (£i‘'>- Jf^„-Hu)- ' W (74) 

with  its  built-in  boundary  condition  and 

(£!•'- = K**'*  (75) 

subject  to  an  outgoing  spherical  wave  alone  as  s -►  oo.  The  free-particle  Green's 
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function  for  the  open  channels  of  (75)  is 


(76) 


with  the  result  that  the  transition  matrix  7^**  for  rearrangement  can  be  extracted  from 
the  asymptotic  form  of  (76)  in  (75)  to  yield 

Vr  = <^f  .(r.)  exp(i*, . s)|  K(r.,  i)|4' * >.  (77) 

Since  4*,^  is  given  by  (74)  solved  so  as  to  provide  an  incoming  plane  wave  and  an 
outgoing  spherical  wave  at  Jt  oo,  then  the  analysis  of  § 2 is  applicable  with  the  iesult 
that. 


.(r.)  cxp(i*f . j)|  l^.(r„  s)|()»y(rj)j;i*(rd,  i?)> 


(78) 


a form  analogous  to  (14n)  for  direct  collisions.  It  is  therefore  apparent  that  the  analysis 
previously  developed  in  §§  3-6  for  the  solution  x*  is  directly  applicable  to  the  deter- 
mination of  the  T matrix  for  rearrangement  collisions. 


7.  Summary  and  conclusions 

A theoretical  description  of  transitions  in  atomic  and  molecular  collisions  at  inter- 
mediate energies  has  been  presented.  The  method  involves  the  basic  approximation 
that  k,  2-  kj  in  only  that  part  of  the  Green’s  function  associated  with  the  relative  motion. 
This  approach  is  effectively  exact  for  e and  H * collisions  with  H(n)  at  intermediate 
energies  since,  in  this  instance,  the  basic  premise  (which  represents  the  point  of  departure 
from  following  close-coupling  techniques)  that  the  incident  energy  be  large  compared 
to  the  energy-level  spacings  in  H(n)  is  well  justified  for  high  n in  the  case  of  electron 
impact  and  for  much  lower  n(  ~ 2)  for  proton  impact.  In  these  cases  the  problem  involves 
the  solution  of  two  second-order  differential  equations  which  can  be  solved  by  standard 
techniques.  An  attractive  feature  of  the  method  is  that  the  solution,  once  determined, 
can  be  used  to  examine  the  full  array  of  transitions  in  any  given  system. 

The  application  to  A-B(n)  collisions  involves  the  solution  of  a multiple  scattering 
problem,  a solution  greatly  facilitated  by  the  following  two  additional  assumptions  that 
the  de  Broglie  wavelength  of  relative  motion  is  small  compared  to  the  mean  free  path 
and  that  the  effective  range  of  interactions  between  A and  the  N fixed  particles  m of  B 
be  smaller  than,  or  of  comparable  magnitude  to,  the  interspacing  between  the  N panicles. 
The  coupled  integral  equations  then  reduce  to  a set  of  coupled  algebraic  equations 
involving  as  parameters  the  scattering  amplitudes  for  the  A-m  isolated  collisions.  As 
is  easily  apparent,  the  present  approach  to  A-B(n)  collisions  is  much  more  rigorous 
than  the  previous  semi-quantal  descriptions  of  Flannery  (1970,  1973)  in  that  multiple 
scattering  events  are  included,  and  in  that  excitation  (and  not  only  ionization)  can  also 
be  described. 

Moreover  the  method  provides  a useful  description  of  ionization,  one  which  is 
capable  of  systematic  improvement  and  which  represents  considerable  improvement 
of  Bom’s  approximation.  It  certainly  would  be  of  interest,  however,  to  apply  this 
approach  to  e-He  elastic  and  inelastic  collisions  at  intermediate  energies,  a case  which 
is  currently  receiving  serious  theoretical  and  experimental  attention  (cf  McDowell 
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1975).  Since  the  applications  are  obviously  numerous,  it  is  intended  that  future  studies 
will  include  detailed  investigations  of  certain  illustrative  atomic  and  molecular  collision 
processes. 
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Appendix.  Hie  implication  of  using  on-the-energy-sheU  r-matrix  elements  alone 


The  wavefunction  for  potential  scattering  by  a 6xed  potential  F(R)  is,  in  channel  a. 


“ kl-k^  + u 


with  customary  notation.  Include  in  (A.2)  only  on-the-energy-shell  matrix  elements 
T,,  with  ky  = k,=  k and  expand  the  plane  wave. 


= exp(±i*, . R)  = Z (±i)'(2/+  l)Fi^k,R)P^li, . A)  (A.3) 

KK  1-0 


in  terms  of  the  Legendre  polynomials  P)  and  the  Recatti-Bessel  functions  F,  which  are, 
given  by  (Newton  1966), 


F^kR)  = (inkRy'% + ^(kR)  = {kR)MkR)  sin(/cR  - ^hc)  (A.4) 


where  j and  j,  are  the  Bessel  and  spherical  Bessel  functions  respectively.  By  contour 
integration,  the  resulting  integral  in  (A.2)  is 


J_  f exp(iAr,.R)exp(  iA^,.R')d^  ^ 1 — y ^2l+l)Ht(kR)FJikR')P/ik  .k') 

^ J k^-kl  + 'u  AiikRR'  ,to 


where  the  Recatti-Hankel  function  Ht  in  terms  of  the  Recatti-Bessel  functions  F,  and 
G|  of  the  first  and  second  kinds  respectively,  is  (Newton  1966) 


kR  ^ 1 

Ht(kR)  = Gi(kR)+iFj{kR)  = ikRiJ,  + i»/,) ►exp[i(kR  -i/x)]  (A.6) 


in  which  if,  is  the  spherical  Neumann  function  (or  spherical  Bessel  function  of  the  second 
kind). 

TTie  outgoing  Green’s  function  Go  in  (A.l)  can  be  expanded  as 


1 2u  * A t.(Fj{kR)H,*(kR'),  R < R'  .... 

G» (*,  = ~4i^’  F ,?o  ^ ^{H,*{kR)FJikR'),  R>R'. 


Hence  by  comparing  (A.5)  in  (A.2)  and  (A.7)  in  (A.l),  it  is  seen  that  the  contribution 
to  in  (A.2)  that  arises  from  ‘on-the-energy-shell’  T-matrix  elements  is  related  to 
(A.l)by 

K.m  = r>Ro  (a.8) 

where  Rq  is  some  radius  beyond  which  vanishes.  Similar  arguments  can  be 
applied  to  (45)  and  hence  (46)  holds.  Conversely,  full  information  on  the  scattering 
function  within  Rq  entails  full  knowledge  of  the  T matrix,  knowledge  which  cannot  be 
provided  experimentally. 
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New  semiclassical  treatments  of  rotational  and  vibrational 
i transitions  in  heavy-particle  collisions.  I.  H-H2  and  He-Hs 

I collisions* 
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Two  new  aemiclassical  methods — the  muhistate  otbital  treetment  and  the  multichannel  eikonal 
Ueatment— are  pro|)oaed  for  the  detciiplion  of  rotational  and  vibrational  exdution  in  heavy-paiticic 
ccOitiaiu.  The  first  method  includes  afipfopiiate  traiectories  determined  from  a certain  optical  potential 
desifned  to  couple  the  response  of  the  internal  structure,  which  is  described  by  a quantal  muhistate 
expansion,  to  the  orbit  for  the  relative  motion  and  vice  versa.  While  this  approach  is,  in  leneral,  valid 
when  the  quantal  imprecisioo  in  the  classical  trajectories  is  small  (as  for  heavy  particles)  the  second 
method  baaed  on  the  use  of  a straight-line  eikonal  for  the  relative  motion,  of  different  local  momeaiu  in  the 
various  channels  and  of  a multisttte  expansion  for  the  internal  motions,  is  valid  for  scattering  mainly  about 
the  forward  direction.  These  procedures  arc  applied  to  representative  rotational  transitions  in  H-Hj  and 
H»-H,  collisions  at  0.25-I.S  eV  and  yield  angular  distributioos  and  integral  cross  sections  in  very  close 
accord  with  corresponding  quantal  results.  The  methods  are  particularly  valuable  at  higher  impact  energies 
when  the  inclusion  of  the  resulting  many  routkmal  and  vibrational  channels  by  full  quantal  treatments  is 
prohibitively  difficult  Various  approximate  schemes— the  perturbed-rottting-atoms  approximation  and  the 
effective  potential  methixi — are  also  investigated. 


I.  INTRODUCTION 


Recenay,  there  has  been  considerable  activity*"*  in 
theoretical  descriptions  of  rotational  excitation  by  ap- 
proximate schemes  all  based  on  the  full  quantal  close- 
coupling  treatment. ''  Classical  studies  have  also  been 
presented.*  The  following  difficulties  have,  however, 
prevented  corresponding  progress  in  finding  adequate 
semiclassical  descriptions  of  rotational  excitation. 


(i)  The  extraction  of  differential  cross  sections  from 
the  usual  impact-parameter  treatment  (IPT)  is  not  im- 
mediately obvious  since  the  resulting  first-order  coupled 
equations*  naturally  follow  from  the  Ehrac  method  of 
variation  of  constants,  * a time-dependent  formulation. 


(11)  The  consequent  use  of  a straight-line  trajectory 
for  the  relative  motion,  adopted  for  the  needed  space- 
time  transformation,  is  clearly  quite  invalid  for  rota- 
tional excitation  which  mainly  occurs  at  large  scattering 
angles  8 due  to  the  required  repulsive  close-encounters, 
particularly  for  neutral-neutral  collisions. 


tion  and  the  internal  structure  by  an  expansion  of  eigen- 
states of  the  isolated  species,  Flannery  and  McCann 
have  recently  developed**'**  a multichannel  eikonal  treat- 
ment (MET)  which  reduced  to  the  Born-wave  approxi- 
mation in  the  weak-coupling  limit  and  to  the  customary 
impact-parameter  (IP)  equations*  in  the  heavy-particle/ 
high-energy  limit.  When  compared  with  measurements 
and  other  theoretical  results,  this  treatment  achieved 
notable  success**  for  e— H and  e— He  inelastic  collisions 
at  intermediate  energies  for  which  the  dominant  contribu- 
tion to  the  integral  cross  sections  arose  from  scatter- 
ing through  small  angles  8 S 40°,  where  electron  ex- 
change was  negligible.  Electronic  excitation  in  heavy- 
particle  collisions  at  keV  energies,  which  involved  only 
small  scattering  angles  fiSS®,  was  also  described,**  al- 
though lack  of  experiment  and  of  full  quantal  calculations 
prevented  complete  assessment  of  the  resulting  angular 
distributions. 


(iii)  While  elastic  scattering  is  mainly  about  the  for- 
ward direction  (0£4O°),  and  while  reasonable  integral 
elastic  cross  sections  can  be  obtained  from  the  usual 
classical  potential-scattering  formulas,  **  the  elastic 
distributions,  particularly  at  the  larger  scattering  angles 
8,  can  be  aflected  appreciably  by  inelastic  effects. 


By  appeal  to  a stationary -state  representation  of  an 
A-B  collision  in  which  the  relative  motion  appropriate 
to  each  channel  is  described  by  an  eikonal  approxima- 


Rotational excitation  is,  however,  quite  different  in 
that  detailed  quantal  results  are  available*'*  for  H-H^ 
collisions  and  that  inelastic  scattering  by  angles  02  00° 
is  significant.  Rather  than  modifying  MET  so  as  to 
properly  include  the  different  physical  trajectories  for 
appropriate  Interactions,  we  propose,  in  this  paper,  a 
corresponding  generallxation  to  the  heavy-particle  limit 
of  MET,  i.e.,  to  the  impact-parameter  prescription.  The 
accuracy  of  die  resulting  time -dependent  multistate  or- 
bital treatment,  while  aniUcable  to  heavy -particle  col- 
lisions in  general,  will  be  assessed  by  comparison  with 
the  detailed  quantal  treatments  of  the  collision  process- 


J 


Uh,(x‘s;,  v=0,J)-  v=0,r);  J,  J'=0,2,4,6. 

He(ls*))  He(ls*)) 


(1) 


Integral  and  differential  cross  sections  for  these  collisions  as  a fnnetian  of  scattering  angle  8 will  be  in- 
vestigated. It  is  worth  noting  thatithe  present  status  at  rotational  excitation  has  been  studied  from  various  a^iects 
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of  molecular  colUstona  in  aeveral  recent  reviews,  ” an 
acknowledgment  of  the  increased  theoretical  interest  in 
this  subject,  m this  paper,  we  present  new  develop- 
ments and  very  recent  progress  in  theoretical,  semi- 
classical  descriptions  of  rotational  (and  vibrational)  ex- 
citation. 

These  treatments  are  termed  semlclassical  in  that  the 
relative  motion  of  the  collision  partners  is  initially 
treated  separately  or  decoupled  from  the  internal  struc- 
ture . The  classical  Hamilton-Jacobl  eqwUon  (i.  e. , 
the  Schrddlnger  e<iuation  in  the  g-  0 limit)  or  Hamil- 
ton’s equations,  eikonal,  JWKB,  or  even  Born  approxi- 
mations describe  the  decotq>led  relative  motion  in  the 
static  field.  This  ntotlon  is  then  coiq>led  to  the  motion 
of  the  Internal  degrees  of  freedom  which  are  described 
by  full  quantal  procedures. 

II.  THEORY 

We  propose  here  two  new  descriptions  of  atomic  and 
molecular  collisions— the  multistate  orbital  treatment, 
valid  when  classical  trajectories  can  be  accurately  de- 
fined (with  small  quantal  Imprecision),  and  the  multi- 
channel eikonal  treatment,  valid  for  scattering  mainly 
in  the  forward  direction  and  which  Includes  different 
local  momenta  in  the  various  excitation  channels.  The 
overlap  of  the  two  methods  is  difficult  to  assess  without 
resort  to  detailed  calculation. 

A.  The  muhistatB  orbital  trsatnMnt 

The  time-dependent  response  of  the  Internal  structure 
of  collision  partners  A and  XY  with  unperturbed  Hamil- 
tonian 3Co  and  associated  eigenstates  and  eigenenergies 
0,  and  t„  respectively,  to  the  mutual  A-XY  electro- 
static interaction  V(R(f),  r),  with  time  dependence  gener- 
ated by  variation  of  the  channel  coordinate  R(X,  Y,  Z) 
with  time  t,  can  be  described  in  atomic  units  by 

*(r,  f)  = S 0,(0  0,(r)  exp(-  «€,/),  (2) 

ft 

where  r denotes  the  collective  coordinates  associated 
with  the  internal  degrees  of  freedom  relative  to  each 
parent  center.  Substitution  of  (2)  into  the  time-depen- 
dent SchrSdlnger  equation, 

fr*«[3C,(r)+  Y(R(f),r)]*  =i(8*/»f) , (3) 

results  in  the  following  set  of  first-order  coupled  differ- 
ential equations  for  the  transition  amplitudes: 

8 o.(f)  Y.,(R(f))exp(fc.»f), 

= «■) 

in  which  the  interaction  matrix  elements  are 

YrtOKO) = <«.(r)  I V(R(f),  r)  1 0.(r)>, . (4b) 

The  customary  procedure*  in  this  description  then  adopts 
a straight-line  (SL)  trajectory 


(4a),  which  can  then  be  solved  for  the  (asymptotic)  tran- 
sition probabilities  la)"'’(p,X=«<>)l*  by  standard  nu- 
merical procedures  to  give 

for  the  Integral  cross  section  for  excitation  of  state  /. 

By  appeal  to  a stationary-state  (rather  than  to  a time- 
dependent)  description  of  the  collision,  it  can  be  shown 
that  the  heavy-particle  limit  to  the  multichannel  eikonal 
treatment  (to  be  discussed  in  Sec.  H.B)  yields,  in  terms 
of  these 

= ^ J4(Jypsinfl)[o)*^‘(p,«)-6„)pdpl* 

(7) 

for  the  differential  cross  section  for  scattering  through 
small  angles  9,  where  fe,  and  kf  are  the  initial  and  final 
wavenumbers  of  relative  motion,  and  are  Bessel 
functions  of  Integral  order  At,  - M„  the  change  in  aai- 
muthal  quantum  number  of  the  internal  structures.  In 
the  high-energy  limit  A,  ■ » 1 and  for  small  angle  col- 

lisions (7),  when  integrated  over  all  solid  angles  (1  re- 
produces the  excitation  cross  section  (6).  For  larger- 
angle  scattering,  a major  improvement,  proposed  here, 
is  based  on  the  use  of  Hamilton’s  equations'* 


ag,/at=9X/apj  i 

apj/at=-a^aqj{ 


i = i,2,s 


(8) 


to  determine  the  actual  variation  with  time  / of  the 
generalised  coordinates  qj  and  associated  conjugate 
momenta  p)  of  a particle  of  mass  p with  the  "aver- 
aged” Hamiltonian 

^ 0 1 Xi(r)  + m(0,  r)l  ♦ (r,  f)>, , («) 


where  the  first  term  in  the  rhs  is  the  kinetic  energy  of 
A-XY  relative  motion,  p*(f)/2p,  and  the  second  term, 
the  expectation  energy  of  internal  motions  under  the  in- 
teraction V at  time  (,  is,  with  (2)  inserted, 

V(R(0,f)»8 [|<i.|*€,+  f a*(0a,(0  V;.(R)e‘’*’‘l.  (10) 

an  averaged  Hamiltonian  or  optical  potential  V designed 
to  couple  the  response  (2)  of  the  internal  A-XY  struc- 
ture to  the  perturbation  V back  to  the  relative  motion 
and  vice  versa.  Thus,  the  relative  motion  of  the  col- 
lision partners  (A,  XY)  is  coupled  at  all  times  f to  the 
A-XY  internal  motions  and  is  given  by  the  classical 
solution  of  a particle  moving  under  the  “optical”  poten- 
tial V instantaneous^  generated  at  time  f by  the  inter- 
nal structure  averaged  over  its  degrees  of  freedom.  The 
uncoupled  limit  neglects  this  V , and  from  (8)  p,  is 
therefore  constant,  such  that  (5)  is  recovered.  With 
Oiis  effective  Hamiltonian  (0),  Eq.  (8)  therefore  yields 
the  set  of  additional  coupled  equations 

aq,/at^p,(0/fi,  i = l,2,8  (lla) 

and 


K(0»P+V  (5) 

in  terms  of  the  impact  parameter  p(X,  F)  and  incident 
velocity  To,  taken  constant,  and  directed  along  the  Z 
axis  (say),  so  as  to  effect  the  transformation  Z>i^f  in 


SfiL.-SSffiiil,  i«l,2,8 
at  aq, 

« - f « «.*(0  oMUmO  (lib) 
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whose  solutions  are  coupled  at  all  times  / to  the  solution 
of  (4a).  For  central  potentials,  scattering  Is  in  a plane 
(XZ,  say),  and  when  N eigenstates  are  used  in  (2),  tUs 
procedure  effectively  increases  the  number  of  coupled 
equations  from  N to  N-^A,  Hence,  (4)  and  (11)  are  solved 
for  the  column  matrix  s(t)>  {<U  subject  to  the  initial 
(f=0)  boundary  conditions  that  X(0)=p,  Z(0)  = -*e,  (dA/ 
<ff)(0)>0,  {dZ/dt){0)‘Vi,  and  0,(0)  = 4,1,  where  i denotes 
the  initial  state. 

An  essential  feature  of  the  method  is  tbst  the  ‘'effec- 
tive” Hamiltonian  SC  i3  tinte  independent.  Thus,  total 
energy  is  conserved  and  is  continually  being  re^trlb- 
uted  between  the  relative  motion  and  the  internal  degrees 
of  freedom,  i.e.,  the  time  derivative 


when  small,  or  unity,  otherwise.  Thus  (14)  will  even- 
tually fail  in  a range  of  very  small  t,  a range  which  is 
covered  by  the  mulUcbannel  eikonal  treatment  (7).  The 
angular  range  of  overlap  between  the  above  two  treat- 
ments, (7)  and  (14),  is  difficult  to  assess  without  resort 
to  explicit  calculation. 


B.  The  multichannel  eikonal  treatment 

In  an  efiort  to  clarify  more  fully  the  basis  of  this 
method,  and  in  the  interest  of  providing  full  semiclassi- 
cal  descriptions  of  collisions  involving  rotational  transi- 
tions, we  devel(H>  in  this  section  the  present  multichan- 
nel eikonal  treatment  by  a method  alternative  to  that 
previously  described.*  The  wavefuncUon  for  the  mutual 
scattering  of  an  atom  (or  ion)  A and  a molecular  species 
XY,  in  general,  by  (heir  mutual  interaction  V(r,R)  at 
nuclear  separation  R(X,  Y,  Z)  is,  in  the  cm  frame. 


with  the  aid  of  (8)  and  (11a)  reduces  to  83C/4f,  which  in 
turn  vanishes  by  subsequent  use  of  (4a)  for  4,  and  i*. 

For  an  Incident  flux  of  N particles/cmVsec,  a num- 
ber \af\*Ndfi  are  scattered  in  channel / within  soUd 
angles  dO,  related  to  <fo  by 

dfi  = (da/dQ),da,  (13) 

where  (d<r/dCi)„  the  Jacobian  of  the  (p,  (1)  transforma- 
tion, is  the  classical  differential  cross  section  for  elas- 
tic scattering  by  the  optical  potential  V determined  pre- 
viously from  the  solutions  a(f)  in  (10).  Hence 

is  the  differential  cross  section  for  f-/  transitions  in 
this  time -dependent  orbital  method.  In  a one-channel 
case  (hr=l),  the  classical  formulas'"  for  potential  scat- 
tering by  F||(R(f))  are  recovered.  Hence  this  treatment 
is  the  natural  semiclassical  generalisation  of  classical 
potential  scattering  to  include  Inelastic  processes. 

Tbus,  (7)  and  (14)  are  complementary,  in  the  sense 
that  (7)  pertains  only  to  small  angle  scattering  while 
(14)  is  strictly  vaUd  for  well-defined  trajectories  R, 
i.  e. , when  the  angular  uncertainty  (h|ff)*'  is  much 
less  than  either  the  scattering  angle  e*  2pV’ii(R)/h{, 


X V(r',R')*:(r',R'),  (15) 

where  the  two-particle  Green'a  function  Go»  appropriate 
to  5C,,  the  Hamiltonian  of  the  unperturbed  system  of 
energy  £<  at  infinite  R,  satisfies 

(F,--JCo  + »€)GS(r,R;  r',R')  = C(r-r')«(R-R'),  (16) 

in  which  the  composite  internal  coordinates  are  denoted 
by  r relative  to  each  parent  nucleus.  The  free  particle 
Green’s  function,  which  propagates  the  effect  of  the  in- 
teraction V at  (r',  R')  to  (r,  R),  can  be  expanded  in 
terms  of  the  complete  set  of  eigenfunctions  of  3Co  as 

G;(r,  R;  r',  R') 

• 75^  ^ (f')  fTummrr  • 


where  i^,(r)  describes  the  Internal  structure  at  infinite 
nuclear  separation  R,  where  the  relative  motion  is  pla- 
nar with  propagation  vector  k(*„  k„  k,).  For  heavy -par- 
ticle collisions  and  for  electron-atom  Inelastic  collisions 
at  Intermediate  and  high  impact  energy,  scattering  about 
the  forward  direction  contributes  most  to  the  total  cross 
section,  "*'*  and  it  is  therefore  a good  approximation  to 
assume  that  the  major  contributions  to  the  propagator 
(17a)  arises  only  from  those  waves  it  Z'<  Z with  k* 

"k\  such  that 


where  B{Z  - Z')  is  the  Heaviside  step  function  (unity  for 
Z'  < Z and  zero  otherwise).  Hence,  by  contour  inte- 
gration and  with  introduction  of  the  impact  parameter 
PiX,  Y), 


The  reduction  of  (17a)  to  (17c)  can  also  be  obtained  by 
the  method  of  stationary  phase  (cf.  Schiff**).  The  midti- 
charnel  eikonal  approximation  follows  by  setting 

♦ ;(r,  R)  = § A,(p,Z)(f,(r)«'*-‘»',  (18) 


where  the  eikonal  S;,  lor  the  relative  motion  in  excite 
Uon  channel  m under  the  stetle  interaction 

v«(R)-<Mr)|»^(r,R)U»(r)),  U 


•nctly.  The  Green’s  function  corresponding  to  (18)  is 
(17c),  with  Jt,  replaced  by  the  local  wavenumber  x„  and 
hence,  (IS)  with  (16)  reduces  to 


the  diagonal  elements  of  4(b),  satisfies 
(VS,f  - mv*SJ  = - I'l  » *i(R) 


♦J»i^i(r)e‘»«‘“-iji  f *,iT)6(p-p’)ai2 

The  projection  of  (21)  onto  the  orthonormal  set  4,(r)  is 


classical  trajectory  s,  appropriate  to  V„,  with  the  re- 
sult that  the  coupled  set  (24)  are  then  obtained  with  Z 
replaced  by  s,. 

The  basic  formula  (2Sa)  for  the  scattering  amplitude 
can  be  further  reduced  for  two-partlcle  interactions  tor 
which  V/iCR)  s Vft(p,  Z)  esp(«d4),  where  d is  (M,  - M/), 
the  change  in  aalmuthal  quantum  number.  This  proper- 
ty permits  the  following  definition  of  a phase  4-inde- 
pendent transition  amplitude  h/i 

Bf{p,  Z) ^Afip,  Z)exp(-  id4)eapt J (Ity  - kf)dZ.  (26) 


which,  on  differentiation,  yields 

ez  K.a  • ^23) 

Ignore  the  second  term  of  the  Ihs  of  (20)  and  assume 
a straight-line  trajectory  along  the  Z axis,  i.e.,  IVj;,! 

<•  8£(,l  BZoxt,,  and  •«,  I »Z"0  [equivalent  to  the  neglect  of 
V*s;,  in  (20)j  such  that  (26)  becomes 


a set  of  first-order  coupled  differential  equations  to  be 
solved  for  A,.  Thus,  tor  a finite  number  of  states  n = l, 
Z,  the  direct  transition  matrix  element  7/i  or  its 

associated  scattering  amplitude  /</  can  be  evaluated  from 

r„  =<4,(r)e*^'*l  V(r.R)|8  >».*.(r)e**-‘*’>^. 


After  some  algebraic  manipulation,  the  scattering  ampU‘ 
tude  in  (25a)  can  be  expressed  as 

fu(e,  <t>)  = -i^^r  JJIZ'P)  UiiP,  e)  - t/,(p,  6)]  p dp,  (27) 

■'0 

where  are  Bessel  functions  of  integral  order  (M, 
-Mf),  and  6r'  is  the  JTK  component  A/sin6of  the  mo- 
mentum change  -k^.  The  collision  functions 

A(p.  9;  “)  (28) 


= S <s‘V ••  1 V>.(R)|  A.(^, Z)e‘^‘*V,  , (25b) 

the  basis  of  the  mulHchamtel  eikonal  treatment.  The 
transition  matrix  for  rearrangement  collisions  between 
the  projectile  at  R and  a target  particle  at  r|  is  obtained 
from  (25a)  by  die  R — ri  Interchange  in  the  wavefuncUon 
tor  the  final  state  /. 

The  above  derivation  therefore  shows  that  the  mulU- 
channel  eikonal  treatment  is  based  on  the  following  three 
assumpttons:  (a)  the  Green’s  functiou  (17c);  (b)  I Vj;,! 
■X.;  and  (c)  a straight-line  trajectory,  all  included 
within  a restricted  baaia  set  of  ff  target  states.  This 
treatment  can  be  immediately  generalised,  so  dwt  the 
eikonal  51,  in  (20)  is  the  integral  of  x;  along  the  actual 


^t(P.  «)  = [*/(*/  “ + )p  Z)exp(iaZ)dZ 

(26) 

contain  a dependence  on  the  scattering  angle  9 via 

a -cos6)  >2h,sln*i0,  (30) 

the  difference  between  the  Z component  of  the  momentum 
change  K and  the  minimum  change  h,  - ft/  in  the  collision. 
The  coupling  (phase  4-independent)  amplitudes  B/  are 
aolutions  of  the  following  set  of  M-coupled  ditferentlal 
equations 


6t(p,  Z)  Z)expHk,  - k,)Z.  /=  1, 2, 


a variety  of  useful  approximations  readily  follow,  and 
these  have  already  been  outlined  in  Ref.  11.  In  partlcu' 
lar.  It  can  also  be  shown  in  file  heavy-particle  limit, 

1.  a. , when  the  wavenumbers  can  be  expanded  as 


solved  subject  to  the  asymptotic  boundary  conditions 

8/(Pf  — »)  = V 

We  note  that  in  the  absence  of  all  couplings,  except 
that  directly  connecting  the  initial  and  final  channels, 

1.  e. , Bf*  6|/,  either  (25b)  or  (271  yields 

V/,(R)exp«K  - WdR,  (62) 

which  is  the  Bom-wave  acattsiing  amplltade.  Obviously, 


that  the  Bqs.  (26)-(Sl)  then  reduce  to 


/•/(«.  ♦)  = - *.  r JaOCp}IC,(p. -)  - 6„\pap.  (S4>) 

•'O 

where  K'*  ~K* -€)i/lf*v*,  and  the  amplitudes  Cf  satisfy 

ff 

(Sdb) 

We  note  on  the  adoption  of  the  space-time  transforma- 
tion Z=Vft  that  the  set  of  coupled  equations  (34h)  is  iden- 
tical with  (4a),  which  followed  from  a time -dependent 
formulation.  Also,  when  the  impact  energy  is  sufficient- 
ly high  (it,  *■  k/)  and  when  the  scattering  is  into  small 
angles  0 such  that  X**njc*m  2h}(i  - coed)  can  be  used 
in  (34a)  together  with 


P 


(35) 


such  that  (6)  for  the  excitation  cross  section  can  be  re- 
covered** from  (34a)  when  squared  and  integrated  over  all 
solid  angles. 

C.  Interaction  potentials 

H-Ht  system.  In  order  todirectfy  compare  the  above 
semlclassical  treatments  with  the  detailed  quantal  re- 
sults of  Chu  and  Dalgarno,  * we  adopt  the  same  interac- 
tion as  proposed  by  Wolken  et  al.  **  fOr  the  H-Hg  sys- 
tem in  the  ground  electronic  state,  i.  e. , the  Porter- 
Karplus  (PK)  semiempirical  short-range  potential  sur- 
face** joined  to  the  correct**  long-range  van  der  Waals 
If*  interaction.  The  PK  surface  was  expanded  according 
to*’ 

V*’‘(r, /t,  9)  = ^ i;?“(r,fl)P»(coa9),  cos9=r*R,  (36) 

where  r and  R are,  respectively,  the  nuclear  separation 
vector  of  Hg  and  the  relative  channel  vector.  For  the 
pure  rotation  transitions  in  (1),  the  interaction  averaged 
over  the  ground  vibrational  level  to  give 


"(ff, 


r'(R)P»(cos9), 


(37) 


where  the  coefficients  Vg(R)  have  been  tabulated**  for 
X=0,2,  ...,  12.  Chu  and  Dalgarno*  have  shown  that  the 
first  two  terms  of  (37)  dominate  the  scattering  and  are 
sufficient  for  an  accurate  determination  of  the  rotation- 
al transitions  in  (1). 

The  short-range  PK  contribution  (37)  is  joined  to  the 
following  correct  long-range  interactions**  (in  eV); 

vi(Jl)  = 511.  OeBe]q>(- 1. 9R)  - 251.  546/R*  (eV),  (38a) 

»^(ff)  = 346.664exp(-2R)-27.8767/R•  (eV),  (58b) 

with  R in  eg.  Thus  the  H-Rg  interaction,  adopted  here 
and  in  the  full  quantal  treatment,*  has  the  following  form: 

t 

V(R,9)=ge?“(R)Rg(c089)  RS4.6  (89a) 

V(R,9)  = ef(R)+t;f'‘(R)i^(cos«)  4.6SsS:Rs7s^  (89b) 
V(R,  9)  > vi(Jl) 4-  vf(R)  i>g(cos9)  R£  7i^,  (89e) 


where  4.6ag  and  7ag  are  the  respective  intersections  of 
Vg  with  Vg**  and  of  Vg  arith  We  note,  however,  that 
the  slopes  are  discontinuous  at  the  intersection  points, 
with  the  result  that  a nonpl^sical  rainbow  effect  will  be 
evident  in  the  semlclassical  cross  sections  (14). 

In  order  to  compare  also  with  the  detailed  quantal  re- 
sults of  Hayes  ef  of. , ' we  also  use  the  H-Hg  interaction 
of  Tang,  **  i.  e. , (87)  with 

^,(R)  = (90. 2/R*)  ejqH-  0. 617R-f  1. 234) 

-251.546/R*  (eV)  (40a) 

and 

t;k(R)  = 92.04exp(-1.87R) 

- 12. 92  exp(-  0. 26R*  - 0. 39R)  (eV).  (40b) 

Although  this  potential  is  weaker  and  less  anleotropic 
than  (39)  and  hence  will  yield  smaller  elastic  and  inelas- 
tic cross  sections,  it  is  nevertheless  continuous,  such 
that  no  nonphysical  rainbow  will  be  evident.  So  as  to  en- 
sure that  the  calculations  are  internally  consistent,  the 
energy  levels*'  used  with  (39)  and  (40)  are  those  associ- 
ated with  the  Morse  curve. " 

Matrix  elements.  Since  Hg  is  a linear  molecule  in  the 
*Sg  ground  electronic  state,  the  eigenfunctions  for  the 
rotational  state  (J,  M)  are  therefore  given  by  the  pure 
spherical  harmonics  With  the  aid  of  (38),  die 

interaction  matrix  elements  (4b)  appropriate  for  rota- 
tional transitions  reduce  to 

m 

(JM 1 V I JgAfg)  u,(R)2^  Ft  (H) 


x^Y%(i)r^(t)r,^^ii)di,  (41) 


where 


J r;,(r)  r^(;)  r,,,,(r)rff 

= <-^oM)0  I JD>(J,XMgp|  JAf)  (42) 

in  terms  of  the  Clebsch-Oordan  coefficients  Oi/gmimg  I 
JM)  and  where  Y%={- 1)*  defines  the  phase  con- 
vention. The  inclusion  of  an  extra  rotational  level  J in 
the  basis  expansion  (2)  therefore  implies  an  additional 
(<f -f  1)  degenerate  snbstates  such  that  the  number  of 
coupled  equations  to  be  solved  grows  rapidly  with  each 
addition  of  J.  Rabitx**  has,  however,  introduced  an 
effective  potential  method  which  eliminates  the  M de- 
pendence in  (41),  thereby  permitting  considerable  re- 
duction in  0»  number  of  equations  that  require  solution. 
Thus,  the  orientation  dependent  interaction  (41)  is  re- 
pined by** 

<^l  I A>  -(-  l)(8Ji+ 1)1*'*, 


I ?).  '«> 


•I-*  (I  Ji-^l  ♦Jg*A-inax<^,^g), 

and  the  JD-symbol  Is  either 
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(45) 


» 

t 


!• 

i 

1 

i 

I 

1 


I 

I 


i 

t 


! 


(2g-2J.)l  g\ 


tor  integral  X-f  J,),  or  uro  otherwise.  Thus  the 

nee  of  the  effective  potential  (43)  causes  a reduction,  in 
a ease  where  <f =0, 2, 4,  S rotational  levels  (with  16  sub- 
states) are  incluiM,  from  20  coupled  equations  [(4a), 
(lla),  (11b)]  to  8.  We  also  note  that  this  procedure  pro- 
vides a spherical  symmetric  optical  potential  for  (10) 
such  that  the  solution  of  (11)  becomes  more  simple  than 
that  involved  with  orientation-dependent  interactions. 

The  above  suggestion  of  Rabita  will,  however,  be 
tested  in  this  paper  by  performing  both  eapUc^t  16-state 
and  four-level  semiclasaical  calculations  with  the  nse  of 
(41)  and  (43),  respectively.  In  addition,  the  accuracy 
of  the  present  semiclasaical  procedures  will  be  as- 
sessed by  direct  comparison  of  the  resulting  integral  and 
differential  cross  sections  for  various  rotational  transi- 
tions in  the  H-Ht  collision  system  at  several  impact 
energies,  with  the  quantal  results  of  Hayes  et  at. ' (who 
closely  coupled  the  substates  of  the  >^=0  and  2 levels) 
and  of  Cbu  and  Oalgarno*  [who  used  (43)  within  a quantal 
treatment  which  closely  coupled  the  J = 0,  2, 4,  and  6 
levels). 

He-H|  system.  For  direct  comparison  with  the  full 
quantal  results  of  McGuire  and  Kouri,  ‘ the  hypersurface 
determined  by  Krauss  and  Mies**  is  adopted  for  the  Re- 
Ht  interaction.  Hence,  for  Ha  remaining  in  the  ground 
vibrational  state,  the  He-Ha  Interaction  in  eV  is  given 
hy  (39)  with  n”  and  replaced  by* 

of  (R)  = 0. 806  ejq)(-  3. 49  (H  - 1. 6)]  (eV)  (46a) 

o,”*(/l)  = 0. 157  exp(-  3. 47  (H  - 1. 6)]  (ev)  (46b) 

for  all  R measured  in  A. 

Direct  comparison  with  the  quanta!  results*  also  neces- 
sitates the  use  of  a corresponding  semlcUssical  analogur 
to  the  *V(-conserving  method.  ”*  During  a slow  collision, 
there  is  a natural  tendency,  especially  for  Intermediate 
encounters  with  impact  parameter  p in  the  range  Pi  < p 
< Pa,  for  the  quantisation  axis  of  each  collision  partner, 
which  is  fixed  in  the  treatments  developed  in  Secs.  II.  A 
and  n.  B,  to  follow  the  rotation  of  the  internuclear  vec- 
tor R.  This  effect  is  acknowledged  theoretically**  by 
I 


r 

the  "perturbed  rotating-atom  approximation.  ” Hence, 
if  the  direction  of  R is  taken  as  the  axis  of  quantisation 
at  the  collision  species,  the  matrix  elements,  (46)  in 
(41),  are  greatly  simplified  by  setting 

[2T  4.11*/* 

6*0  (47) 

in  (41),  thereby  causing  a reduction  in  the  number  of 
coupled  equations  that  require  solution. 

Ifowever,  this  tendency  of  the  quantisation  axis  to 
follow  R becomes  less  for  distant  collisions  p>Pt  be- 
cause the  perturbation  is  then  not  sufficiently  strong  to 
separate  the  degenerate  magnetic  substates,  and  also 
for  close  collisions,  p < Pi,  since  the  quantisation  axis 
of  each  collision  partner  is  reluctant  to  follow  the  rapid 
rotation  of  R.  These  effects  are,  of  course,  theoretical- 
ly acknowledged  by  including  couplings  between  the  M 
substates  but  are  ignored  in  the  perturbed  rotating  atom 
approximation  (PRA).  Therefore,  the  PRA  approxima- 
tion (or  its  quantal  equivalent,  the  j,-conserving  method) 
is  expected  to  be  invalid  (a)  for  distant  encounters  in 
small-angle  scattering,  and  (b)  for  very  close  encounters 
in  large-angle  scattering,  and  (c)  for  cases  involving 
sufficiently  high  relative  speeds  so  that  the  quantisation 
axis  cannot  adjust  itself  to  the  rapid  rotation  of  R.  The 
PRA  approximation  will  be  investigated  further  by  direct 
calculation  for  He-Ht  collisions. 

III.  RESULTS  AND  DISCUSSION 

A computer  program  was  written  for  the  solution  of 
the  coupled  equations  (4),  (11),  and  (34)  by  the  BurUsh- 
Stoer  rational  extrapolation  technique,  **  which  provided 
great  accuracy  and  efficiency.  A cubic  spline  interpola- 
tion routine  was  used  for  the  Interpolation  of  both  the 
Porter-Karplus  surface  and  of  {dp/d0).  Multiatate  or- 
bital treatments  (MOT)  and  multichannel  elkonal  treat- 
ments (MET)  developed  previously  in  Secs.  H.A  and 
n.  B,  respectively,  are  applied  to  the  following  collision 
processes: 


i 


i 


H(ls)  [ 
He(ls*)) 


H,(lf*E;,  v = 0,J) 


H(l«) 

He(ls*) 


2;. 


J,  .7' =0,2, 4, 6 


(48) 


at  several  impact  energies  £(eV),  the  interactions  and 
approximations  being  chosen  so  as  to  provide  direct 
comparison  with  corresponding  fuU-quantal  treatments 
carried  out  previously**''*  for  these  processes. 

H-I^  cotlistons:  Figure  1 displays  differential  cross 
sections  for  O-'  0 elastic  collisions  at  1 eV  determined 
from  (a)  a four-level  (•f'O,  2,4,6)  optical-potential  or- 
bital treatment  MOT,  (b)  a one-state  pure  classical  or- 
bital description  (|S||«1),  and  (c)  a four-charaisl  eikonal 


I 

treatment  MET,  together  with  (d)  the  corresponding 
multi-channel  quantal  results  Q of  Chu  and  Dalgarno* 
(who  used  the  technique  of  Rabita").  The  influence  of 
inelastic  effects  on  elastic  scattering  is  manifested  quite 
clearly  by  the  difference  between  (a)  and  (b).  Thus, 
while  essential  agreement  exists  at  small  angles  be- 
tween (a)  and  (b),  inelastic  effects  become  Increasingly 
important  with  larger  scattering  angles  6,  as  e:q>ected, 
since  rotational  excitation  primarily  results  from  close 
encounters.  Comparison  between  (a)  and  (d)  demon- 


■t*  t 

aO)«38.7  if' 
<HSCf>)*35A 
<r(5CT)‘3l.9  A* 


FIG.  1.  Differential  croes  section  (AVer)  vs  scattering  an^^e 
9*  for  H-HiV >0)  elastic  collisions  at  1 eV.— : Present  tOor- 
state  = 0, 2, 4, 6)  orbital  treatment  SC;— — : one-state  class! 
cal  treatment;  — : Quanta]  treatment  Q;  four-state  eikonal 
treatment  ME;  IP)  or  (7)  denotes  use  of  Porter— Karplus  sur- 
face*' or  of  interaction  of  Tang,*'  respectively. 


FIG.  3.  As3rmptotic  impact-parameter  p vs  * for  H— H|  scat- 
tering at  1 eV  determine  from  Tang  potential  T and  from  po- 
tential P exidained  in  text.  Region  I refers  to  oootribatlon  from 
long-range  portion  of  P and  n refers  to  the  short-range  Poiter- 
Kaiplus  surtace.  Noiqihysical  rainbow  indicated  by  arrow. 


quaatal  oscillatfons,  due  to  phaee-abift  interference, 
removed)  for  0>  30°.  AUn,  in  spite  of  the  validity  in 
describing  large-angle  scattering,  a one  state  pure 
classical  orbit  is  therefore  inadequate,  e.g.,  calcula- 


strates  that  Inclusion  of  inelasticity,  as  in  (a),  is  re- 
quired so  as  to  preserve  accord  with  the  full  quantal 
results  (d)  for  the  "background”  scattering  (i.  e. , with 


vise)  - 36.9  j 
<r(0)-  3S.6  A' 


d(deg)  fl(deq) 

FIG.  2.  Differential  cross  sections  (A'/ai)  for  the  2—2  and  4—4  atastle  tnastioas  in  H-H|  ooUtsioos  ad  anargies  Induatad.  SC; 
present  four-state  semiclaasical  treatmeiS;  C;  one-state  olaasieal  trastraent;  Q:  Quantal  rsMlts.*  Intetootioa  P and  effective 
potential  method**  used.  Integral  cross  sections  o<Af)  for  a given  treatment  M. 


TABLE  I.  lotacnl  oroaa  MOtiOBB  (A*)  for  H + HiM—'H'fHtU')  at  InpMt  eaergiaa  E(eV)°'0.5,  1,  aod  t.&. 


E(eV) 

J-P 

O.S 

1.0 

1.6 

(A) 

(B) 

(O 

(A) 

(B) 

(C) 

(A) 

(B) 

(C) 

0 — 0 

37.2 

39.0 

41.2 

35.8 

37.7 

38.7 

36.7 

37.3 

37.1 

2—2 

30.8 

40.8 

41.3 

36  9 

38.4 

38.6 

37.5 

39.0 

36.7 

4—4 

41.9 

43.7 

43.3 

38.2 

39.9 

40.4 

39.1 

39.6 

38.3 

6 — 6 

41.6 

43.1 

45.4 

40.2 

41.7 

42.6 

41.8 

42.4 

40.4 

0—2 

4.37 

4.17 

4.02 

5.16 

5.04 

5.00 

4.58 

4.51 

4.44 

2-0 

0.  81 

0.85 

0. 88 

1.00 

1.02 

1.06 

0.90 

0.91 

0.92 

2—4 

1.07 

0.96 

0.63 

1.88 

1.76 

1.76 

1.78 

1.72 

1.70 

4—2 

0.60 

0.66 

0.45 

1.04 

1.06 

1.01 

0.99 

1.02 

1.03 

4-6 

0.26 

0.22 

0.014 

0.85 

0.78 

0.48 

0.96 

0. 91 

0.83 

6—4 

0.18 

0.21 

0.018 

0.687 

0.631 

0.43 

0.66 

0.69 

0.63 

0—4 

0.228 

0.192 

0.104 

0.607 

0.468 

0.437 

0.375 

0.356 

0.344 

4-0 

0.020 

0.023 

0.017 

0.054 

0.056 

0.055 

0.041 

0.043 

0.043 

2-6 

0.014 

0.010 

0.0004 

0.066 

0.074 

0.046 

0.082 

0.076 

0.068 

6—2 

0.006 

0.006 

0.0004 

0.033 

0.037 

0.024 

0.031 

0.034 

0.030 

0—6 

2.1-** 

1.32-* 

4.2-* 

0.013 

0.011 

0.007 

0.010 

0.009 

0.008 

6-0 

1.0-* 

1.3-* 

*.5"* 

0. 001 

0.001 

0. 001 

7.0-* 

8.0-* 

1.0-* 

Column  (A):  Present  semtclasslosl  (our-level*  orbital  treatment  MOT(J'  = 0, 2,4, 6). 

Column  (B):  Elastic  aoatterlog.  Four-level*  elkonal  approslmation  MET  (0^4  520*)  combined  with  MOT 
for*  a 20*. 

Column  <B):  Inelastic  scattering.  Present  semtclasstoal  MOT  cross  sections  xUt//lk|). 

Cidumn  (C);  Corresponding  four-level*  quantal  treatment*  Q. 


‘Exponent  gtrss  pcnver  of  10  by  erhieh  entry  Is  to  be  multiplied. 
*Effeottve  poteMlal  method**  used  In  all  treatments. 


Uon  shows  that  the  probability  for  Hg  remalniiig  rota-  In  order  to  obtain  the  actual  inelastic  cross  sectioiis 

Uonless  at  0>80‘’  is  ~0.5,  rather  than  unity,  as  in  (b).  ofrom  those  S determined  directly  from  the  etfectiTS  po- 


Flgure  2,  a display  of  the  2->  2 and  4*>  4 transitions  at 
two  impact-energies,  shows  again  that  inclusion  of  in- 
elasticity is  needed  to  introduce  harmony  with  the  quan- 
tal distributions.  The  inelastic  effects  are  controlled  by 
the  variation  with  d and  £ of  the  cross  sections  for  ro- 
tational excitation.  The  semiclassical  and  integral 
cross  sections  given  in  Fig.  2 show  good  agreement. 

However,  the  one  oscillation  observed  in  the  semi- 
classical  distributions,  in  both  Figs.  1 and  2,  at  ~ 10* 
arises  directly  from  a nonphysical  rainbow  effect  intro- 
duced by  the  artificial  graft  of  the  short-range  potential 
(37),  to  yield  (30)  as  the  full  interaction  P.  Figure  3 
isolates  this  raiabow,  by  exhibiting  an  infinite  {dp/dB) 
in  the  variation  of  p vs  d for  H-H|  collisions  at  1 eV. 

The  rainbow  angle  (at  which  dp/dB-^  ">)  decreases  with 
increase  of  E.  Figure  3 also  shows  that  this  nonphysi- 
cal rainbow  vanishes  on  using  the  Tang  interaction  T, 

Eq.  (40),  which  is  continuous.  The  full  quantal  values 
ba^  on  p and  d given  at  S”  intervals  in  Figs.  1 and  2 
also  contain  this  effect,  although  in  contrast  to  the  semi- 
classical  results,  all  angular  momenta  (or  p)  contribute 
hare  to  a given  d,  tbsreby  causing  an  averaged  and  sm>- 
presssd  effect,  evident  in  the  inset  of  Fig.  1.  Because 
of  this  peculiarity,  strict  comparison  between  (a)  MOT, 
(b)  MET,  and  (d)  the  quantal  results  are  precluded  in 
tile  angular  range  5*  s d^  20*  about  the  ralbbow  angle. 
Ths  inset  In  Fig.  1 illustrates  the  very  slow  divergence 
of  ths  ssmiclassical  MOT  results  for  scattering  in  the 
forward  diroctlon.  With  ths  aid  of  Fig.  i,  the  quantal 
Imprecision  to  scattering  by  small  angles  ■*(*•£)** '’1° 
at  1 eV, 


FK3.  4.  Differential  cross  sectlonB  (AVsH  for  0 alaatlo 
H-HiW)  ooUislons  at  l.S  eV.  SC(P),  SC(T);  Present  tour-slats 
(^•=0,2, 4,0)  orbital  treatment  simidlfied  by  effective  pntisSlal 
mothcd  It  of  Rabitx**  and  determined  from  Interactions  J***  sad 
7*',  respectively.  C(P):  Present  one-state  pure  classical 
treatment  wltb  Interactlca  P.  Qtit)  oorreepondlog  quantal  re- 
sults determined  from  USeractlon  P within  method  H, 
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H-Hj 

E=025eV 

0-2 


crO-aSSlA* 
<Ksa'a376  If 
or(SCR)-a377  If 
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E=a25eV 


<r(SO-44.0  i* 
<r(ESa*4ai  A* 


'^0  40  80  120  160 

e(de^ 

FIG.  5.  Differential  cross  sections  (AVsr)  forJ "O—O  elastic 
H»H|  (J)  collisions  at  0. 26  eV.  SC:  Preseot  four-state  V,  ±M 
»0,0;2, 0; 2,1; 2, 2)  orbital  treatment.  MM:  Present  four- 
state  etkonal  treatment.  Q:  corresponding  quantal  results.' 
oiSC):  integral  SC  cross  section.  otfSC):  Integral  cross  sec- 
tion determined  from  comUnation  of  MB  for  O^t  SSO*  and  of 
SC  for  » >30*. 

TABLE  Q.  Integral  cross  sections  Off  (A*)  givoi  by  a 16-state, 
four-state,  and  four-Isrel  semlclassioal  orbital  treatments  of 
the  collision  H -MltVfMi) —H  at  1 eV  widi  interaction  T. 


lO-State' 

Fouivatate* 

FcHirwlevel^ 

00 

00 

39.5 

39.5 

31.5 

00 

20 

0.106 

0.197 

00 

21 

0.461 

0.471 

00 

22 

0.237 

0.241 

0—2* 

0.873 

0. 909 

0. 913 

00 

40 

O.W** 

00 

41 

8.17^ 

00 

42 

8.40^ 

00 

43 

6. SO-* 

00 

44 

1.44-' 

0-4* 

2.7r* 

2.  OS'* 

00 

00 

s.oi-* 

00 

61 

1.04-* 

00 

62 

i.os-* 

00 

63 

i.tV* 

00 

64 

7.66-' 

00 

65 

3. 64-* 

00 

so 

8.92-* 

0-0* 

4.71-* 

2.26-* 

tontUl  metliod,  '*  the  following  traneforinetioi^  was 


In  Table  I we  preeent  vahiea  of  the  Integral  croaa  aec- 
Uona 

dn - 2» J |<^|*p4p  (50) 

and  of  (k,/ki)o„  for  aU  the  elastic  and  Inelastic  transi- 
tions in  (48).  Although  the  ratio  (A^/A()  does  not  follow 
exactfy  from  the  present  eemlclassical  treatment,  its 
inclusion  noneOieleos  introduces  seen  better  accord  of 
the  semiclassical  cross  sections  with  the  full  quantal 
results.  The  agreement  is  very  good  for  the  elastic 
and  the  stronger  inelastic  transitions  (AJ>2)  and  is  im- 
proving for  the  weaker  • 4 transitions  as  B increases 
- 1. 5 eV. 

Figure  4,  a display  of  the  angular  distribution  in 
H-H|  collisions  at  1. 5 eV,  confirms  that  tbe  nonphysical 
rainbow  present  with  interaction  P vanishes  on  using  the 
continuous  interaction  T (see  also  Fig.  1).  It  also  shows 
that  the  uncertainty  In  the  H—Hi  interaction,  as  evidenced 
by  the  differences  entailed  in  using  P and  T,  introduces 
error  greater  than  tbe  neglect  of  inelastic  eflects.  Po- 
tential T is  (a)  leas  anisotropic  than  P,  such  that  in- 
elastic effects  are  reduced  and  elastic  scattering  is 
therefore  enhanced  at  large  0,  and  is  also  (b)  weaker 


‘Combiiicd  transition  to  snbntatea  -t-Mf  and  -Mf.  See  note  added 
in  proof. 

'belaslon  of  all  aubstatee  aM  of  i/-0,2,4,.  and  6 rotational 
levala. 

*Inalnston  of  all  aubatates  atJ^O  and  2 ratationnl  lavMa. 

^foelaaioa  of  ^-0,3,4,  and  6 levels  within  etfeottve  potaetial 
methad"  of  Habits. 

*Traasitioa  between  rotational  levels  apoolfled. 

'Exponaie  gtvee  power  of  10  by  wUoli  entry  is  to  bo  nattipltod. 
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FIG.  6.  Differential  cross  sections  (AVsr)  for  the^-0— 2 
indastio  transition  in  H-St  (/"O)  coilisiooa  at  0. 26  eV.  SC: 
present  four-state  (/,aM  *0,012, 0;2,1;2,2)  orbital  treatment. 
SCR:  present  two-state  (/-0,2)  orbital  traetmant  simpitfled 
by  use  of  affeottve  poteikial  method  of  Babtts."  Q:  qnaiSal  n 
suits'  oorresponding  to  SC,  s<r);  latagml  oross  saetions 
given  hy  eaoh  of  the  above  three  traatmsma  T, 
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at  large  distances  with,  consequently,  less  elastic 
scattering  by  6s20°  which  provides  most  of  the  integral 
cross  section  which  is  therefore  reduced. 

Figure  5 exhibits  the  impressive  agreement  of  the 
quantal  differential  cross  sections  of  Hayes  et  of. ' (who 
used  potential  T)  at  0. 25  eV  with  both  the  corresponding 
four-state  eikonal  and  four -state  orbital  treatments,  in 
which  the  substates  U,  ±M)^(0,0),  (2,0),  (2,1),  and 
(2, 2)  are  closely  coupled.  The  eikonal  treatment  suc- 
cessfully describes  scattering  by  0<3O°,  while  the  or- 
bital description  is  excellent  for  0>5‘’. 

Figure  6 shows  that  the  differential  cross  sections  for 


FIG.  7(a).  Present  differential  cross  sections  for  rotational 
excitation  in  H— H]  (J)  collisions  at  1 eV.  Transitions  J —iT 
indicated  on  each  distributions.  Integral  cross  sec- 

tions. Interaction"  T used  within  R method."  (b)  Present  four- 
state  orbital  treatment  of  differential  cross  sections  for  0—2, 
2-4,  4-6  rotational  transitions  in  H-H]  collisions  at  1 eV.  In- 
teraction" P used  within  R method.'*  (c)  Present  four-state 
orbital  treatment  of  differential  cross  sections  for  0 —4  and 
2—6  transitions  in  H— H2  collisions  at  1 eV.  Interaction  " T 
used  within  R method." 


tile  af = 0—  2 rotational  transition  in  Ht  by  H impact  at 
0. 25  eV  are  much  smaller  than  those  for  the  elastic 
case,  in  accord  with  the  small  Inelastic  effects  evident 
in  F^.  4 when  interaction  T is  used.  The  present  seml- 
classlcal  results  are  finite  for  scattering  In  the  forward 
direction  (since  a,  tends  to  sero  tor  these  distant  en- 
counters) and  are  in  genera'  ^armoiqr  with  the  quantal 
distribution*  Q,  While  the  procedure  of  Rabits"  intro- 
duces a deeper  minimum  In  the  angular  distribution,  the 
integral  cross  sections  are  essentially  unaffected.  The 
semiclassical  integral  cross  sections  o(SC)  displayed  in 
Fig.  6 are  calculated  from  (12)  alone;  multiplication  of 
(12)  by  the  ratio  (kf/k,)  yields  o(9C)  *0. 34  A,  in  closer 
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E=0.9eV 
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(r(SC)'43.4  A* 
<r(RA)'43.3  A* 
<r(R)'49.3  A* 
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E = 0.9  eV 
0-2 

SC(R) 


SC(RA) 


o-CSC)'  3.43  A* 
(J-(RA)«  3.63  A* 
<r(R)  ■ 5.22  A* 
<r(0)-  3.52  A 
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FIG.  8.  Dtfferenttel  cross  sections  (AVsi)  (a)  for  elastic 
scattering  and  (b)  J<°0— 2 transtttona  in  He— H]  U~0)  collisions 
atO.SeV.  SC:  Present  nine-state  orbital  treatraeid  alone, 
with  rotating  axis  an>roKiniation  AA,  or  with  effeotlve  potsntlal 
method'*  R.  c.  Corresponding  integral  cross  sections  ob- 
tained from  p integration  in  (50).  Q:»,  quantal  j,-cooservlng 
treatment. ' 


accord  with  the  quantal  result. 


spectlvely,  and  for  transitions  with  interaction  T. 

Since  T is  less  anisotropic  than  P,  the  corresponding 
integral  cross  sections  are  therefore  much  smaller  (cf. 
also  Table  I).  The  figures  also  show  that  rotational  ex- 
citrtion  in  neutral-neutral  collisions  mainly  arises  from 
repulsive  encounters  causing  scattering  through  large 
angles.  The  spikes  in  Fig.  7(b)  arise  from  the  non- 
physical rainbow  in  potential  P. 

Finally,  in  order  to  test  both  the  convergence  of  the 
wavefunction  expansion  in  rotational  states  and  the  effec- 
tive potential  method  R of  Rabitz,  ” a 16-state  treatment 
which  closely  coupled  all  the  ± Af  substates  of  the  = 0,  2, 
4,  and  6 rotational  levels,  a four-state  treatment  which 
ignored  all  levels  with  </  £ 4,  and  a four-level  treatment 
within  method  R were  all  performed.  In  Table  II  we 
present  the  integral  cross  sections  for  all  the  included 
transitions  at  1 eV.  The  four-state  treatment  agrees 
well  with  the  more  elaborate  16-state  calculations,  since 
the  transitions  probabilities  to  the  liigher  J = 4 and  6 
states  are  extremely  small.  Curiously  enough,  while  the 
four-level  treatment  within  R provides  reasonable  cross 
sections  for  the  AJ’=2  and  4 transitions,  it  considerably 
underestimates  both  the  elastic  and  the  much  weaker 
AJs 6 transitions . 

It  is  important  to  note  that  the  l.nclusion  of  the  Af 
substates  necessitates  the  deter-r'ination  of  the  semi- 
classical  trajectory  under  an  orxentation-dependent 
optical  potential  (10).  It  is  also  worth  noting  that  all 
the  present  computations  on  all  the  various  transitions 
in  the  H-Hj  collision  entails  ~1  h Cyber  74  (CDC  6600 
processor). 

He-Hj  collisions:  Part  of  this  investigation  will  in- 
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FIG.  9.  Differential  cross  sections  (AVer)  for  0—0,  0—2, 

Figures  7(a)- 7(e)  lUustmte  differential  cross  sectiona  and  0-4  transitions  in  He-H,  W-0)  coHlslons  at  1.2  eV,  s, 
for  fUs  2 transitions  with  interactions  T and  P,  re-  s,  a : oorreq>onding  quanta!  results.' 
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volve  direct  comparison  with  the  full  quantal  results  of 
McGuire  and  Koori,  ‘ who  closely  coupled  the  J=0,  2, 
and  4 rotational  levels  within  the  ^.-conserving  method 
and  who  adopted  the  interaction  (48)  determined  from 
that  given  by  Krauss  and  Mies.**  The  accuracy  of  the 
rotating  axis  ai^roxlmation  PRA  will  also  be  assessed. 

In  Table  m we  present  differential  cross  sections  for 
elastic  scatterii^  in  He-E^  (J =0)  collisions  at  0. 9 eV 
determined  from  the  following  three  semlclassical 
schemes:  (a)  the  present  multistate  orbital  treatment 
MOT  with  all  the  substates  (J,  ±M  = 0,0;  2,0;  2,1;  2, 2; 

4, 0;  4, 1;  4, 2;  4, 3;  4, 4)  closely  coupled,  (b)  MOT  with 
the  (0, 0)  (2, 0)  and  (4, 0)  substates  closely  coupled  within 
the  PRA  approximation,  and  (c)  MOT  with  the  J=0,  2, 
and  4 levels  closely  coupled  within  the  effective  poten- 
tial method.  Columns  2-4  in  Table  IH  illustrate  the  ef- 
fect of  the  above  approximations  (a)-(c),  respectively, 
the  accuracy  of  which  can  be  assessed  by  comparing  with 
the  full  quantal  results  (d)  and  (e)  in  columns  5 and  6, 
which  are  the  respective  quantal  analogues  of  ai^roxima- 
tions  (a)  and  (b).  The  agreement  between  (a)  and  (d)  and 
between  (b)  and  (e)  can  be  considered  as  excellent.  We 
note  that  the  PRA  approximation  (b)  is  somewhat  in- 
adequate for  smaU-angle  scattering,  i.e,,  distant  en- 
counters, as  expected.  Its  closeness  with  (a)  fOr  large- 
angle  scattering  simply  indicates  that  the  required  re- 
pulsive encounters  are  not  sufficiently  close  to  cause 
breakdown  of  this  approximation.  The  PRA  approxima- 
tion which  causes  some  decrease  in  the  scattering  through 
small  angles  is  therefore  apparently  successful  in  de- 
scribing elastic  collisions  at  1 eV,  since  here  both  the 
distant  and  close  encoimters,  at  which  it  fails,  are  not 
important.  On  the  other  hand,  the  effective  potential 
method^*  consistently  overestimates  the  cross  section. 

Table  IV  presents  similar  findings  for  the  0—  2 rota- 

TABLE  in.  Differential  (A’/sr)  and  integral  cross  sections 
of  A*i  given  by  various  treatments  of  He— HjfJ  = 0)  elastic  scat- 
tering at  0. 9 eV. 


Multistate  orbital  treatment 


Quantal  treatment 


a 

(Nine- 

b 

c 

d 

e 

« 

state) 

(PRA) 

(R) 

(cc) 

(cs) 

0 

(9. 12*) ' 

(9. 12*) 

(1.54*) 

8.45* 

8.45* 

30 

3.601 

3.561 

3.714 

3.61 

3.58 

60 

0.941 

0.906 

1.062 

0.960 

0.935 

90 

0.394 

0.382 

0.507 

0.414 

0.398 

120 

0.212 

0.209 

0.306 

0.227 

0.219 

ISO 

0.148 

0.147 

0.224 

0.157 

0. 152 

165 

0.136 

0.135 

0. 207 

0.145 

0.140 

<J(A»)‘ 

43.4 

43.3 

49.3 

41.3 

41.1 

•■Present  nine-state  W.  =0, 0;2,0;2, 1;2,2;4, 0i4,l;4,2;4,3; 
4, 4)  orbital  treatment. 

•ihree-etate  (0,0;  2,0;  4,0)  rotating-atom  orbital  treatment. 
•Three-level  U = 0,2,4)  orbital  treatment  within  effective  poten- 
tial method.'* 

^ine-state  close-cotgiling  quantal  method.' 

•^..Conserving  quantal  method.' 

'Exponent  gives  power  of  10  by  which  entry  is  to  be  multiplied. 
Parenthesee  denote  values  at  0. 6*  which  are  cloeeet  to  the 
quaital  values  at  0*  scattering. 

^Obtained  from  « Integration  in  (60). 


TABLE  IV.  Differential  (AVsr)  and  inte- 
gral cross  sections  oik*)  given  by  various 
treatments  of  the./ >0—2  rotational  tiao- 
sition  in  He-H|U>0)  collisions  at  0.9  eV. 


e 

(Nine- 

statd 

b 

(PRA) 

c 

(B) 

0 

2.62" 

2.89 

5.76 

30 

2.78 

3.20 

3.56 

60 

3.02 

3.29 

4.18 

90 

2.87 

2.99 

4.38 

120 

2.55 

2.60 

4.31 

ISO 

2.32 

2.31 

4.19 

165 

2.26 

2.24 

4.14 

0(A*)* 

3.41 

3.61 

5.19 

Quantal 

3.33* 

3.52' 

. . . 

•present  nine-state  (,/,  ±Af  = 0,0;2,0;2,1;2,2; 
4, 0;4, 1;4, 2;4,3;4,4)  orbital  treatment. 
•Three-state  (0, 0;  2, 0;  4, 0)  rotating-atom 
orbital  treatment. 

•Three-level  (J  = 0,2,4)  orbital  treatment 
within  effective  potential  method.'* 

•All  the  entries  for  the  differential  cros  j 
sections  are  to  be  multiplied  by  0. 1. 
•Nine-state  close-coupling  quantal  method.' 
'^.-Conserving  quantal  method.' 

•Obtained  from  t integration  in  (50). 


honal  excitation  except  that  the  PRA  approximation  en- 
hances all  scattering  but  through  the  largest  angles.  The 
agreement  of  (a)  and  (b)  with  the  corresponding  quantal 
integral  cross  sections  is  very  good. 

Figure  8 exliibits  quite  clearly  the  effect  of  tlie  vari- 
ous approximations.  Finally,  Figure  0 illustrates  the 
relative  importance  of  the  =0,  2,  and  4 transitions  in 
He-Ht  collisions  at  1.2  eV  and  shows  excellent  agree- 
ment between  the  present  semlclassical  and  quantal  an- 
gular distributions. 

In  conclusion,  two  new  semlclassical  treatments  of 
rotational  transitions  in  heavy-particle  collisions  have 
been  presented  and  their  accuracy  assessed  by  compari- 
son with  the  detailed  quantal  angular  distributions  and 
integral  cross  sections.  These  methods  would  prove 
particularly  valuable  for  high-energy  collisions  when 
the  inclusion  of  the  many  rotational  and  vibrational  chan- 
nels, which  is  prohibitively  difficult  and  time  consum- 
ing in  full  quantal  treatments,  is  relatively  straightfor- 
ward. Moreover,  as  mentioned  in  the  introduction  and 
in  Sec.  II. B,  the  multichannel  eikonal  treatment  can  be 
generalized  so  as  to  include  appropriate  trajectories  with 
the  result  that  electron-molecule  collisions  can  be  de- 
scribed. Also,  preliminary  semiclassical  treatments 
of  other  collisions,  e.g.,  the  Ll*-N|,  and  H-HF 

systems  for  which  the  interactions  are  stronger,  have 
longer  range  and  are  more  anisotropic  than  those  evident 
in  the  present  neutral— neutral  collisions,  reveal  that  the 
present  procedures  are  extremely  successful  when  com- 
pared with  full  quantal  treatments.  **** 

Note  added  in  proof:  For  a given  rotational  level  J, 
the  associated  {2Jr  1)  substates  M are  explicitly  acknowl- 
edged in  the  basis  set  expansions  (2)  and  (18).  The 
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i(J*  1)(^*  -f2)  coupled  equatioiu  (4a)  and  (31)  resulting 
from  such  an  expansion  which  included  ^ > 0, 2, 4, . . . / * 
levels  were.  In  the  present  study,  reduced  by  parity 
arguments,  to  \(J*  + OF  coupled  equations  with  explicit 
account  taken  of  nonzero  couplings  between  all  the  Jlf 
sublevels. 
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11.3  Appendix  C 


The  Multichannel  Eikonal  Treatment 
of  Electron-Atom  Collisions 

M.  R.  Flannery  and  K.  J.  McCann 


A muilichaime/  tnaimau  cf  atomic  coUiUont  is  presented  <md  appUeJ  to  the  ex- 
citathH  of  atomic  hfAro$eii  and  helium  by  electrons  with  iacklent  energy  above  the  . . 
ionization  threshold.  The  calculated  cross  sections  compare  very  favourably  with 
other  refined  theoretical  procedures  and  with  various  experiments. 


Introduction 

A variety  of  methods  have  been  proposed  for  the  theoretical  description 
of  electron-atom  collisions  at  low  and  intermediate  energies.  The  close- 
coupling  expansion  with  its  pseudostate  modifications  (Burke  and  Webb, 
1970)  and  the  polarized-orbital  distorted-wave  model  of  McDowell  et  al. 
(1973)  are  among  those  that  follow  from  the  full  wave  treatment  of  the 
collision.  Other  methods,  termed  sentklassical — the  eikonal  approximations 
of  Bates  and  Holt  (1966),  Callaway  (1968),  Byron  (1971),  and  of  Chen  et  al. 
(1972),  the  impact  parameter  approach  (Bransden  and  Coleman,  1972),  and 
the  Glauber  approximation  (cf.  Tai  et  al.,  1972) — all  essentially  separate  the 
relative  motion  of  the  incident  electron  (described  by  an  eikonal-type  or 
Bom  wave  function  for  the  electron  in  a static  field)from  the  internal  electronic 
motions  of  the  atomic  system  which  is  described  by  a multistate  expansion. 
In  this  paper,  a new  generalization  of  the  eikonal  approximation  to  multi- 
channel scattering  is  presented. 


M.  R.  FLANNBtv  and  K.  J.  McCann  • School  ofPbyiics,  Georgia  Institute  ol' Technology 
Atlanu,  Georgia  30332,  U.S.A. 
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Consider  the  collision  of  a particle  B of  mass  M • and  incident  velocity 
V,  along  the  Z axis  with  a one-electron  atomic  system  (A  + e)  of  mass 
(Ma  + m).  The  subsequent  analysis  can  be  immediately  generalized  so  as 
to  cover  multielectron  systems.  Let  ■,  r,  and  r,  denote  the  A-B,  B-(Ae) 
center  of  mass,  e-(AB)  center  of  mass,  and  e-A  separations,  respectively. 
In  the  (ABe)  center-of-mass  reference  frame,  the  scattering  amplitude  for  a 
direct  transition  between  an  initial  state  i and  a &nal  state  / of  the  collision 
system,  of  reduced  mass  fi,  is 

fi/O.  q,)  = p<‘l'/(k/;  r.  «)l  ^'(r.  r.  K)>r.a  (D 


in  which  K(r,  ■)  is  the  instantaneous  electrostatic  interaction  between  the 
collision  species,  and  where  the  scattering  is  directed  along  the  final  relative 
momentum  tkf  (1, 0,  (p).  The  final  stationary  sUte  of  the  isolated  atoms  in 
channel /is  S'/,  and  S'*  is  the  solution  of  the  time-independent  Schrodinger 
equation, 

—'Vi  + H^r)  -i-  K(r,  R) js',*(r,  R)  = E,S',*(r,  R)  (2) 

solved  subject  to  the  asymptotic  boundary  condition 

large  X p 

S';(r,  R) ►S I + fdO. 

in  which  qiJirf)  are  eigenfunctions  of  the  Hamiltonian  HJr)  « HJrJ  for  the 
isolated  atomic  system  (A  + e)  with  internal  electronic  energy  e.  such  that 
the  total  energy  E,  in  channel  i is  e,  which  is  conserved  throughout 

the  collision. 


(3) 


The  Multichannel  Eikonal  Approximation 
The  eikonal  approximation  to  (2)  sets 

S',*(r,R)  {*(ma  + 

where  the  nuclear  separation  R * (R,®,^)  s (p,^,Z)  in  spherical  and 
cylindrical  coordinate  frames  respectively.  The  eikonal  S.  in  (4)  is  the 
characteristic-function  solution  of  the  classical  Hamiltonian-Jacobi  equation 
(i.e.,  the  Schrddinger  equation  in  the  fi  -» 0 limit)  for  the  A-B  relative  motion 
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under  the  static  interaction  I^R)  = (.<Pm\y\<Pm}t  ttnd  is  therefore  given  by 

SJifi,  Z)  = k^+C  [kJR)  - kj  dZ  (5) 

» — 00 

in  which  the  local  wave  number  k^/R)  of  relative  motion  at  R is 
[ki  - (2/i/k*)FJR)]>« 


and  where  dZ  is  an  element  of  path  length  along  the  trajectory,  which,  at 
present,  is  taken  as  a straight  line.  For  electron-atom  collisions,  k.  is  always 
real.  The  use  of  the  actual  classical  trajectory  with  its  “built-in”  turning 
point  is  therefore  not  as  essential  as,  for  example,  in  positron-atom  collisions, 
where  k,  becomes  imaginary  for  sufficiently  close  rectilinear  encounters.  The 
general  problems  associated  with  the  choice  of  classical  trajectory  within  a 
multichannel  framework  are  at  present  unresolved,  although  the  force- 
common-turning-point,  two-state  procedure  of  Bates  and  Crothers  (1970) 
is  attractive. 

On  assuming  that  the  main  variation  of  Vi*  on  p is  contained  in  S„ 
i.e.,  provided  f^JR)  varies  slowly  over  many  wavelengths  2]c/ic(R)  of  relative 
motion,  and  the  coefficients  AJip,Z)  therefore  vary  primarily  along  Z, 
substitution  of  (4)  in  (2)  yields  the  set  of  coupled  differential  equations 


ih^  Z) 


dZ 

N 


+ -Kf(Kf  - kf)  F^/R)  B/p,  Z) 


= X BJp,Z)F^.(R)exp{f(k,-k/)Z], 

R*  I 

a set  of  fV  coupled  equations  to  be  solved  for 


/=  1.2 N 


(6) 


= /4yexp 


(Kf  - kf)dZ 


i 


J 


subject  to  the  asymptotic  condition  B/p,  - oo)  = Sf„  which  ensures  that 
'Fi  ^ v>f(r«)cxp  {ik,Z}  as  Z — 00.  The  scattering  amplitude  (1),  with  the 
undistorted  final  wave  Vf  = i/>/r.)exp  {/ky  - R}  inserted,  is  therefore 


/./(fl, V)  = -^  p J «P  •»}<*!  BJip, Z)FyJR)exp  {i(k.  - k,)Z} 


(7) 


where  K is  the  momentum  change  k,  - ky  caused  by  the  collision.  Since  the 
electrostatic  interaction  F(r,  R)  is  composed  of  central  potentials, 


Vf,  = <<P/\V\(l>,>  = Ky^B,0)exp{iAO}, 
where  A = M,  — Mf  is  the  change  in  the  azimuthal  quantum  number  of 


203 


. 1 
1 


the  atom.  Hence,  with  the  eubetitution 


Cjip,  Z)  - B/p,Z)exp  { 
the  Kt  of  phase  ^independent  equations 

- M + fV^.Z)]c^,Z) 

= i cjip, z)Vjjj>,z)txp {i(*.  - kfyz)  (8) 

0*1 

is  obtained,  solved  subject  to  the  boundary  condition  Cy(p,  — oo) » 

On  completion  of  the  0-integration  in  (7),  the  scattering  amplitude  reduces 
to 


Jo 


(9) 


where  K'  is  the  XY  component  k/  sin  0 of  K and  where  are  Bessel  functions 

of  integral  order.  Both  the  functions 

exp{iaZ}dZ  (10) 

^(p,0■,<l)  = J"  - k,)  -I-  Z)cxp  {taZ}  dZ  (11) 


and 


contain  a dependence  on  the  scattering  angle  B via 

Q 

a = iky<l  — cos  B)  = Tkf  sin*  - 


(12) 


the  difference  between  the  Z component  of  the  momentum  change  K and 
the  minimum  momentum  change  k,  - kf  in  the  collisions.  Equations  (8)-(  1 2) 
are  the  basic  formulas  given  by  the  present  multichannel  eikonal  description 
for  the  scattering  amplitude,  and  they  can  be  easily  generalized  so  as  to 
cover  collisions  involving  multielectron  systems.  It  is  apparent  that  a variety 
of  approximations  readily  follow.  Note  Aat  in  the  abmce  of  all  couplings 
except  that  connecting  the  initial  and  final  channels,  i.e.,  C.  = 6^,  either  (7) 
or  (9)  directly  yields 

f,AB,B)  = Wexp{iK.R}dR  (13) 

which  is  the  Bom-wave  scattering  amplitude. 
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Moreover,  it  can  be  shown  (Flannery  and  McCann.  1974)  by  successive 
approximation  that  the  above  equations  can  reproduce  (a)  the  customary 
one-channel  eikonal  expression  (cf.  Bransden.  1970)  for  elastic  scattering 
and  (b)  the  distorted-Bom-wave  expression  of  Qien  et  al.  (1972).  Also,  in 
the  hravy-partkle  or  high-energy  limit  the  usual  impact-parameter  and 
Glauber  formulas  are  recovered. 

In  summary,  the  present  method  (i)  has  defined  a scattering  amplitude 
rather  than  an  excitation  probability,  the  key  quantity  occurring  in  time- 
dependent  impact-parameter  treatmenu;  (ii)  has  acknowledged  different 
local  momenta  of  relative  motion  in  various  channels;  and  (iii)  has  auto- 
matically included  an  infinite  number  of  partial  waves,  via  the  eikonal  in  (4), 
which  are  distorted  by  the  static  interactions  associated  with  the  various 
channels  and  which  in  turn  are  coupled  to  the  internal  electronic  motions 
via  A,  in  (4). 


Results  and  Discussion 

i 

As  examples  of  the  preceding  analysis,  the  full  eikonal  equations  (8)-<12) 
are  now  applied  to  the  examination  of  the  excitation  processes 

e 4-  H(ls)  - e -H  H(2s  or  2p)  (14) 

and 

e He(l ‘S)-e -4  He(n‘S or  n'P),  n = 2,3  (15) 

in  which  the  initial  and  all  final  channels  with  the  same  n are  closely  coupled. 
Note  that  the  resulting  set  of  coupled  equations  in  which  exchange  is 
neglected  are  not  the  semiclassical  analogues  or  even  approximations  to  the 
actual  coupled  differential  equations  obtained  from  the  full  close-coupling 
method  (cf.  Burke  and  Webb,  1970). 

In  Figures  1-3  are  displayed  the  total  cross  sections,  labeled  FE, 

o/E,)  = 2n^  J (p)\^  sin  0 d0  (16) 

computed  as  functions  of  electron-impact  energy  £,.  together  with  various 
theoretical  results  and  experimental  measurements,  as  referenced  in  the 
captions.  For  process  (14),  curve  EB  is  an  approximation  to  FE  in  which 
K,  = k,  and  I2  in  (9)  and  the  term  in  square  brackets  in  (8)  are  ignored. 
For  (IS),  two  sets  of  orthogonal  wave  functions  for  He  (n  2)  are  used. 
The  cross  sections  labeled  FEl  and  FE2  refer  to  calculations  performed 
with  the  analytical  wave  functions  respectively  given  by  Flannery  (1970) 
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and  the  multiparameter  Hartree-Fock  frozen-core  set  of  McEachran  and 
Cohen  (1969)  and  Crothers  and  McEachran  (1970). 

The  figures  provide  an  indication  of  the  overall  ability  of  the  present 
method,  and  very  little  need  be  said.  The  situation  appears  rather  encourag- 
ing. 

1.5 
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Bfi  I.  Cron  sectkmi  for  (a)  the  2p  and  (b)  the  2r  excitations  of  H(ls)  by 
electron  impact.  Theerp:  IHE,  hill  eikonal  treatment ; EB,  eikonal  approxima- 
tion (k.  » kj;  S,  leoond-oider  potential  method  (SulHvan  et  at.,  1972); 
B.  Bom  approximation;  •.  pteudoataie  method  (Burke  and  Webb,  1970); 
X,  polariaed-orbital  dklort^wam  model  (McDowell  <t  of..  1974);  Q, 
fouT'etate  impact-parameter  method.  Experiment:  A (•)  Long  et  at  (1968); 
(b)  Kauppila  et  at.  (1970). 


Incidtnt  EltCtron  Entrgy  E(tV) 


FifMc  2.  ToUl  CTOtt  sectiooi  for  (a)  the  2'P  and  (b)  the  2'S excitations  of  Hefl’S) 
by  electron  impact.  Theory:  FEI ; Four-channel  eikonal  treatment  with  first 
set  of  atomic  wave  functions;  FE2:  Four-diannel  eikonal  treatment  with  second 
set  of  atomic  wave  functions;  S:  SeoOnd-ord^  potential  method  with  first  set  of 
atomic  wave  functions  (Berrington  et  of.,  1973);  B:  Bom  approximations 
(BeB  el  al,  1969)  Experiment:  [2('P)]  A:  Donaldson  et  of.  (1972);  ■ : Jobe  and 
Sl  John  (t%7);  * : Moustala-Moussa  et  at.  (1969);  •:  van  Eck  and  de  Jongh 
(i970);(2'S)  A'-  Lasaettre  et  of.  (1970);  x : Miller  et  of.  (1968);  •;  Viiensetal. 


flga*  3.  Total  ctom  wctioM  for  (a)  the  S'^aad  (b)  the  3'S  exdtaiioai  of  He(l  *3) 
by  dectroa  impacL  Theory  .-FE:  Four-chaaiiel  cikotial  tieatmeat  with  Hartree- 
Fock  frozen  core  wave  functioii*;  B:  Bom  approximation  (Bell  et  al.,  1969).  £x- 
perimeM;  •:  Donahkon  ct  af.  (1972);  A'-  Mouetafa-Moona  et  at.  (1969); 
X van  Eck  and  de  Joaph  (1970);  ■:  St.  3obn  et  al.  (1964). 


A cknowledgment 

This  research  was  sponsored  by  the  Air  Force  Aerospace  Research 
Laboratories,  Air  Force  Systems  Command,  United  Sutes  Air  Force, 
Contract  F 33615-74^-4003. 


208 


Note  Added  in  Proof 

We  have  recently  presented  in  J.  Phys.  B,  8,  1716  (1975)  a more 
elaborate  ten-channel  treatment  of  differential  and  integral  cross  sections 
for  the  excitation  processes 

e -I-  He(l‘S)  - e He(2'S.  2‘P,  3‘S,  3'P.  3'D) 

This  work  also  includes  comparison  with  experiment  and  theoretical 
predictions  of  the  2 and  x parameters  which  provide,  as  functions  of  0 and  £, 
the  orientation  and  alignment  vectors  together  with  the  circular  polarization 
fractions  of  the  radiation  emitted  from  the  n‘P  levels.  We  have  ^so  recently 
reported  [Phys.  Rev.  A.,  12,  846  (1975)]  a similar  treatment  of  the  w = 3 
exciution  and  n = 1 de-excitation  arising  in  e - He(2‘’’S)  collisions. 
Finally,  a pseudostate  and  seven-state  eikonal  treatment  of  the  2s,  2p,  3s, 
and  3p  excitations  in  e - H(ls)  collisions  is  presented  in  J.  Phys.  B..  7, 
L522(1974). 
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